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Trigonometric Identities

1. Prove the following trigonometric identities:

(i) (l-sin®f) sec’6=1 (ii) +sec? @+ cosec?d = tanf+cotd
Solution: (i) We have,

LHS=(1-sin?f)sec® @
= cos’@sec’ [-1-sin® 8 = cos® G]

= coszﬁ( 12 jzlzRHS rsec = 1 0 sec’@= 12
cos” @ cos @ cos” @

(i) We have,

LHS = v/sec? 6 + cosec?d
= /(1+tan? 8) + (1+ cot’ 6)
:\/tan2+cot26?+2) =+tan? @+ cot? @+ 2tancot & [+ tandcot 6 =1]
= J/(tan@ + cot §)? =tan &+ cot @ = RHS

2. Prove that following trigonometric identities:
(i) (L+tan® @) (L+sinf) (1-sind) =1

) oo 1
i) tan“@ o 1

Solution: (i) We have,

LHS=(1+tan’ @) (L+sind) (1-sinb)

= (@+tan?@){@+snb) (L-sind))
= (1+tan®6) (1-sin®0)
= sec’fcos’f ['.'1+tan29:%029andl—sin29200526?]
~ 1 xcos?6=1=RHS ['.-secﬁzimseczez 12 }
cos” 6 cos® cos” &
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(i) We have,
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LHS = tan® 6 - 12
cos“ @
2 2 1 2
= tan“f-sec”d [— S — = SEC 0}
Ccos cos” @
= —(sec’f-tan’f) =-1=RHS
3. Prove the following trigonometric identities:
2 n_ inZ A —

(i) cot6?—tan6?:2,CL61 (ii) tan6?—cot6?:2,sm—6’1

siné cosé siné coséd

Solution: (i) We have,

LHS =cotd -tan &

cosd sind
s§n@  cosé
. cos® -sin” @ _ cos® 6 - (1-cos’ 6)
sin@ cosé sin@ cosé
N cosZQ—1+00520: 2.c0529—1: Ris
sin@ cosé sin@ cosé

(i) We have,

LHS=tand-coté

sinéd cos@

= —
cos@d sSné

N sinze—coszé?:sinze—(l—sinze)
sin@ cosd sin@ cosd
a2 i 2 20

g sin 0 1+s8n 6?:2_sm 17 1:RHS
sin@ cosd sin@ cosd

[-sin®8 =1-cos® d]
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4. Prove the following trigonometric identities:
—q +
(i) 1/1 s!né? =secd-tand (ii) 1+coso = cosecé +cot 8
1+singd 1-cosé

Solution: (i) We have,

1-sin@ 1-siné@ . o .
X Multiplying and dividing by (1-sin&
_ - \/1+sin9 1-sind [ PIYINS 9 by ( )]
LHS = /if_“z N \/(1—sin9)2 :\/(1—sin6?)2
sin 1-sin?@ cos’ @
. 2 . .
. (1—51 0] _l-snf_ 1 _snb__ o o_mus
cosd cosd cosd cosé
(i) Wehave
LHS = 1+ cosé
1-cosé
- \/1+ cosd  1+cosd Multiplying and dividing within the
1-cosfé 1+cosé sgquare root sign by (1+ cosd)

1-cos’ 8

. \/(1+cosH)2 _\/(1+cosé?)2

sin’ @

(1+cos€j2=1+cosﬁ_ 1 , cost

: : =— : = cosecd +cotd = RHS
sin@ sin@ sind sné@

5. Prove the following identities:
(i) (sin@ + cosech)? + (cosB + sech)? = 7 + tan” @ + cot? &
(i)  (cosecO-cotd)? ==~ 050

1+ cosé

(iii) sec*f-sec’fd=tan*H+tan®
Solution: (i) We have,

LHS = (sin@ + cosecd)? + (cosé + sech)?
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= (sin? 8+ cosec?6 + 2sin 6 cosech) + (cos? § + sec? 6 + 2cosHsecd)

= (sin2 @ + cosec?d + Zsiné?_ij +(cos2 @+sec? @+ Zcosﬁij

sin@
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cosd

= (sin® @+ cosec’d + 2) + (cos® G + sec” 6 + 2)

— sin? @+ cos® @ + cosec’d +sec? O+ 4

= 1+(1+cot’ ) +(1L+tan’ 6) + 4

= 7+tan’8+cot’ = RHS
(i) Wehave

LHS = (cosecd - cot 8)°

( 1 cos¢9j2
=\ =5 =5
sind sin@

(1—cos¢9j2
= ;
snéd
(1-cosd)® _ (1-cosb)®
= =
sin’ @ 1-cos® @
(1- cosf)? _1-co0sé _

(1-cosb) (1+cosb) " 1+cosf
(iii) We have,
LHS =sec* §-sec? @

= sec’ f(sec® 8-1)
= (1+tan?H)(L+tan’H-1)

-» cosec’d =1+ cot? 6,
sec’@=1+tan’ @

[1sin26=1-cos? 4]

RHS

[ sec® 8 =1+tan® 4]

= (1+tan’@)tan’* G =tan® G +tan* & = RHS

6. Prove the following identities:

sin@ tand

(i) + =secd cosecd + cot &

1-cos@ 1+cosd

Solution: (i) We have
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LHS = siné N tand
1-cos@ 1+cosé
sing(1+ cosb) N tan 8(1- cosé)
(1+cosf) (1-cosf) (1+cosb)(1-cosb)
_ sing(1+ cosb) N tan&(1- cosb)

1-cos® 8 1-cos® @
_ sing(1+ cosb) N tan 8(1- cosé) _ sing(1+ cosb) N sin@(1- cosb)
sin’@g sin®@ sin® @4 cosd sin’ @
=1+cosé?+ l1-cosé _ 1 +cosé?+ 1 cosé

sin@d cosfsind sinf sné cosHsinH_cosesinH

1 cosé 1 1
+ +

=— - — =cot @ +secd cosecd = RHS
sind sn@d cosfdsin@d sind

7. Prove the following identities:
(i) cos’ A-cos®* A=sin* A-sin’ A
(i)  sin* A+cos* A=1-2sin” Acos’ A
(iii)  sin® A+cos® A=1-3sin* Acos® A
Solution: (i) We have,

LHS = cos* A-cos® A

cos’ A (cos® A-1)

—cos® A (L-cos® A)

—-cos® Asin® A= - (1-sin” A)sin® A= -sin® A+sin* A
sin* A-sin® A= RHS

uu Uy

ii We have,

Fan
~"

LHS =sin* A+cos* A

= (sin® A)? +(cos® A)? + 2sin® Acos® A-2sin® Acos® A
[ Adding and subtracting 2sin® Acos’® Al
= (sin® A+cos® A)? —2sin® Acos® A=1-2sin®> Acos’ A= RHS
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(iii) We have,
LHS = (sin? A)® + (cos® A)®

= (sin® A+cos® A)® —3sin® Acos® A(sin® A+ cos® A)
[ a° +b® = (a+h)® —3ab(a+b)]
= 1-3sin® Acos®* A= RHS

8. Prove that: (1-sin@+ cosf)* = 2(1+ cosd)(1-sinb)
Solution: We know that (a—b+c)® =a” +b” +c* —2ab-2bc + 2ac
LHS = (1-siné +cosé)®

— 1+sin?@+cos’* 8 -2sin@+2cosf —2sin@cosé
= 2-2sin@+2cosf-2sin8cosl
= 2(1-sinf) +2cs0f(1-sinf) =2(1-sinH)(1+ cosf) = RHS

9.If Sn@+sin” @ =1, prove that cos® 9 +cos* =1
Solution: We have,
sn@+sin’d=1=sind=1-sin?8 = sin@d = cos* &

Now cos® 8 +cos’ 8 = cos® 8+ (cos” 8)* =cos’+sin”8 =1 [+ cos® @ =sind]

10. If tan@+sin@ =mand tan8 —sind = n, showthat m? —n? = 4y mn
Solution: We have, m=tan@d+sind and, n=tan&d -siné.

O LHS=m?-n®* =(m+n)(m-n)
=(tan@+sinf@+tan@d-sinf)(tan@+sinfd—-tanf+sinH)
= (2tan6)(2sin ) = 4tan@sin 6 = 4/tan? Gsin? @
= 4\/tan2 6(1-cos® 8) = 4\/(tan2 6 —tan” cos® @
= 4/tan? §-sin? 8 = 4 f(tan B+ sinB)(tan & -sin ) = 4/mn = RHS
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11. If cos<9+sin9:\/§cose, show that cos@-sing=+/2sin@

Solution: We have,
cosf +siné = /2 cosé

— (cosf+sin6)? = (\/2 cosb)?

= cos’@+sin® @+ 2sindcosd = 2cos’ 6
= 00s’ -sin® @ =2sindcosd

= (cosf@ +sinf)(cosd —sinf) = 2sin@cosb

: 2sin@cosd
= cosf-snf=———
cos@d+sind
. 2sin@cosd .
= cosf-snf=——— [+ cos@ +sind = /2 cosd]
ﬁcos@

— cosf-singd =+/2sind

2 2
12. If x=asinfdand y =btand, then prove that a—z—b—z =1
X" g

Solution: We have x=asinfand y=btan6

a’? b?
O |_HS:—2_—2
X y
a’ b? .
_ ‘»X=asnég, y=btan
a’sin’@ b*tan?éd [ y d
1 1

$n?6 tan’@
= cosec’d-cot’@=1=RHS [. 1+cot® @ =cosec’d cosec’d —cot® =1]

13. If tan@+cot@d =2, find thevalueof tan® @+ cot? 6.

Solution: We have

tand+cotd=2
= (tan@+coth)* =4 [On squaring both sides]
= tan®@+cot’ G+ 2tanfHcotf =4
= tan’f+cot’f+2=4 [+ tan@cotd =1
= tan’G+cot’f=2
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14.  Prove the following identities:
(i) 2(sin® @+cos® @) —3(sin* 8+ cos* ) +1=0
(i)  sin®@+cos’ @+3sin*Hcos®F=1
Solution: (i) We have
LHS = 2(sin® 8+ cos’ 8) - 3(sin* 8+ cos’ ) +1
= 2 (sin’*8)*® +(cos’ H)°} -3(sin* G+ cos’ ) +1
Using a®+b® =(a+b)*® -3ab(a+b) and a* +b? = (a+b)* - 2ab, we obtain

2 (sin”® 8+ cos’ 8)° —3sin® @cos” G(sin® G + cos” H)}
-3(sin® 8+ cos® §)* - 2sin”® Bcos’ B+ 1}
= 2(1-3sin® @cos’ 8) - 3(1-2sin’ Gcos® H) +1
= 2-6sin*dcos’ §-3+6sin*Jcos’ §+1=0=RHS

(ii) We have
LHS =sin® 8 + cos® @+ 3sin® @cos’ 6

= (sin® 8)* + (cos® 8)°® + 3sin® Hcos® &
= (sin® 8+ cos® 8)° —3sin® fcos® G(sin® @ + cos® B) + 3sin® Gcos®

[-a®+Db® =(a+b)® -3ab(a+Db)]
= 1-3sin”® §cos” @ +3sin® Gcos* @ =1= RHS

15. If sin@+ cos@ = p and secd + cosecd = g, showthat q (p> —-1) = 2p.
Solution: We have, p=sinf+cosf and q = secé + cosecl

0 LHS=q(p*-1)
= (secd + cosecd) {(sin8 + cosb)® -1
:[ ; +_i sin® @+ cos® 8+ 2sin@dcosf -1
cosfd sind
_(sin@+cosf
_[ cosdsind
=(sin«9+cosﬁ

j(1+ 2sin@cosf -1)

- j(ZsianosH) =2(sin@+cosf) =2p=RHS
cosdsnéd
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16.  If cosecd+ cotd = p,then provethat cosé = SZ +i

Solution: We know that cosec—cotéd = -

cosecd +cotd
O cosecd+cotfd=p
= cosecd —cotd = 1
p

Adding (i) and (ii), we obtain
2
2cosecd = p+£:> cosect =2 +1: sn@= fp
p 2p p°+1

Subtracting (ii) from (i), we obtain

p>-1
2p

200t6’:p—%:>cot€:

Now, cosd=cotdxsiné

p’-1 2p _p°-1

= c0sf= .
2p2 p2 +1 p2 +1

17.  If cosecd-sind=mand secd-cosé = n, provethat (m’n)?® +(mn?)** =1

Solution: We have,

cosecd -sind =mand secd —cosfd =n

i—siné?:mand ie—cosezn

sin@ cos
1-sin’@ _ 1-cos’8 _
- =mand —————=n

sin@ cosd

cos’ 8 _ sin’é@ _

g = mand =

sin@ cosd

4 ) 2/3 2 . 4 2/3
0 (mzn)2’3+(mn2)2’3:(cos Hxsm HJ +(cos Hxsm HJ

sn’d cosd snd cos’é
=(cos*9)?® +(sin*#)*3 = cos’ +sin’H =1

Hence, (m’n)?*+(mn?)*3=1
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18.  If sin@+cos6 = /3, then provethat tan&+cotd =1.

Solution We have
sin@+cosf =+/3

—  (sin@+cosd)? = (/3)?
= sin®+cos” @+ 2sindcosd =3
= 1+2sin@cosfd =3
= 2sinfcostfd =2
= sindcosf =1
= sindcosd =sin” @ +cos’ 4 [-1=sin”8+cos’ d]
sinfcosf _sin*@+cos’ 6
sinfcosf  sinfcosé
sin*@ cos’ 4

= 1=— +— =1=tanf+cotd
sindcos@d sinf@cosd

19. If cosé@ :g, find thevalueof cot@ + cosecd.

Solution:  We have, cos@ = §

O sin@ =4+/1-cos 9:>sm9—1/1 /-—5 5

and, cot@—ﬂ t6—§—§ cosecé?——:>cosec¢9—E
sin@ 4/5 4’ sin@ 4
O cot6’+cosec6’—§+§ § =2
4 4 4

2sin? A+3cot? A

20. If cosecA = /2, find the value of )
x/_ 4tan® A—cos® A

Solution: We have, cosecA= V2

[ 1 . 1
[l SnA= =>sSnA=—
COSecA V2
1) 1
cosA=+1-sin* A= cosA=_|1-| —=| =—
(ﬁj V2
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1
A:& tanA:ﬁ:land,cotA——:cotAzlzl
cos 1 1
2
. ox| L 2+3(1)2 oxlig
2sin? A+3cot?’ A~ (/2 B _1+3_8
Hence, > > = > = = =_
4tan® A—cos® A , (1 4_} 712 7
V2
21, If snf=—2__ 0<6<90° find thevaluesof cosd and tan6.

a’ +b?

Solution: We have, sin@=

a

2 2
0 costxll—sin20:>c056?:\/1— a :\/ b= _ b

a’+b® Va’+b® . a2+p?
: [ A2 2
and tanezﬂ:tane-a/ a +b -2

cosé _b/«/az +Db? b

22.  If sin@+cosé =+/2sin(90° - 8), det er minecot &
Solution: We have,
sin@ + cosé =~/2sin(90° - 6)

—  sin@+cosd=+/2cosd
= sinH:x/Ecosé?—cose
— sin@=(J2-1)cosé

sing _ (V2 -1)cos8
cosé cos@
= tanf=(/2-1)

1 1
cotfd=——— o cotfd=——
- J2-1 [ tané?}

_ W2+ V241
" Wa-dWaey 21 V2t

[ Dividing throughout by cosé]
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