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INTRODUCTION TO TRIGONOMETRY

> Trigonometric ratios of any angle :

Consider a circle with centre ‘O’ and radius ‘r’. Let 8 be any angle in the standard position such

that its terminal ray intersects the circle in P(X,Y).

D Wehave OP:rand X2+y2:I’2

The six trigonometric ratios are

i)siné?:?y iv) cosecd = - (y # 0)
y

.. X r
||)cosé?=? v)%cﬁz;(x:tO)
_y . _X
iii) tan@d==(x#0) vi)cot@=—(y #£0)

X y
> Signs of the trigonometric ratios :

Signs of the trigonometric ratios depend on the quadrant in which the terminal side OP lies.

Case i): If P(x,y) liesin Q,, then x>0, y>0and r >0. Hence all the six ratios are positive.

Case ii): If P(x,y) lies in Q,, then x<0,y>0andr >0. 0sing,cosecd are positive and the

rest are negative.

Case iii): If P(x,y) lies in Q;, then x<0,y<Oandr >0. Otang,cotd are positive and the rest

are negative.

Case iv): If P(x,y) liesin Q,, then x>0, y<Oandr >0. [J cosf,secé are positive and the rest

are negative.

Note: If 8 liesin Q,,Q,,Q,,Q, then the signs of trigonometric ratios are as follows.

Y - axis
Silver All
Q Q,
(90° < 6 < 180°) (0 8 < 90°)
sinf and cosecd are Allratios are positive
positive
x1 = X - axis
Q, Q.
(180° < 8 < 270°) (270° < @ < 360
tan@ and cot ¢ are cosOandsecO are
positive positive
Tea Cups
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The signs of the trigonometric ratios can be remembered by using the phrase ‘All Silver Tea Cups’.

> Trigonometric ratios of complementary angles :
Consider a right angled triangle ABC, right angled at B.
Let 00C =@ then JA=90° -8 where 8 is measured in degrees

In AABC,
Sin(90° - 6) = = = cos#. a
AC
AB )
CO 900_9 =—=gné. (50° -0
S( ) AC
tan(90° - ) = 2% = cot 6.
AB N
Smilarly cosec(90° - 6) = secd B C
sec(90° - 6) = cosecd
cot(90° - ) =tan @
> The Values of trigonometric functions of certain angles in terms of angle in the first
quadrant. :
Ny 00° -6 | 90°-6 | 180° -6 | 180° -4 | 270° -6 | 270° -8 | 360° -6@ | 360° -4
Q Q Q, Qs Q; Q, Q, Q
snx | +coséd | +coséd +snéd -snéd —cosd - cosd -snd +snéd
COSX | +snfd | —sné@ —cosd —cosd -snéd +snéd + cosd + cosd
tanx | +cotd | —cotd —-tan @ +tand +cot g —-cotd —-tan @ +tand
CSCX | +secld | +secd +cscd -csch -secd -secd -cscd +cscd
secX | +cscd | —cscd -secd -secd -csch +cscd +secd +secd
cotx | +tand | —tand —cotd +cot +tand —-tan @ -cotd +coté
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1. In a AABC, right angled at A, if AB =12, AC =5 and BC =13, find all the six trigonometric
ratios of angle B.

Solution:

Adjacent side = Base = AB = 12, opposite side = AC = 5 and, Hypotenuse = BC =13 Using the
definitions of trigonometric ratios, we have

_AC _5
snB=">=>2
BC 13
AB 12 c
cosB=——="—
BC 13 |
t B:A_C:E 13 5
AB 12
_BC _13 |
cosecB=— == ]
AC 5 B 12 A
_BC_13
AB 12
and, cotB:E:E
AC 5

2.In a AABC,right angled at B, if AB=12 and BC=5, find:

(i) sin A and tan A (ii) cos C and cot C
Solution: By Pythagoras theorem, we have ¢
AC? = AB* + BC?
13
= AC®=12°+5’ .
= AC? =169
= AC=13

(i) When we consider t - ratios of A, we have
Base = AB =12, opposite side = BC =5 and, Hypotenuse = AC =13

4 oppositeside _5 and. tan A= oppositeside _5
Hypotenuse 13 Base 12

O sin A

(i) ~ When we consider t- ratios of JC, we have
Base = BC =5, opposite side = AB = 12 and, Hypotenuse = AC =13

O cosCzBi:iand,cotC: Base = O

Hypotenuse 13 oppositeside 12
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3. If cosB = %, find the other five trigonometric ratios.

Solution:  We have,

Base 1
cosB=——=—
Hypotenuse 3
By Pythagoras theorem, we have A
B® =BC? + AC? )
=3 =1+ AC?
— AC?=9-1=8
— AC=+8=22 g " ¢

When we consider the t- ratios of [1B,we have

Base = BC= 1, opposite side = AC = 2//2 and, Hypotenuse = AB=3

4. In aright triangle ABC, right angled at C, if tan A =1, then verify that 2 sin A cos A=1.

Solution: In AABC, we have
tan A=1

BC
= —=1 B
AC

= BC=xand AC =X
By Pythagoras theorem, we have

= AC? + BC?

b
(o]

= AB?=x®+x?
= AB=+/2x

O smA—B—C——— f andcosA—AC X = L. 1 1

AB  J2x 2 A Vx 2 T2 2

5.1If sec a —% eval uateltﬂ

l+tana
Solution: We have,

Hypotenuse _ 5
Base 4

seca =

AC? = AB® + BC? 3

A 4

w
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4% + BC?

— BC?*=5°-4*=9

— BC=+4/9=3
Dtana:E:g
AB 4
-3 1
Now, 1—tana: g:%:l
l+tana 142 1 7
4 4

6. In a triangle XYZ, O Y is right angle. XZ =17 cm and YZ =15 cm, then find (i) sin X (ii) cos Z

Sol.

O

Sol.

(iii) tan X
In AXYZ, OY =900

By Pythagoras theorem Z
\/XZz _Yzz =\/172 _152 17 cm -
=/64=8cm

15 am

_yz_15 8cm

Is it right to say cos (60°+30°) = cos 60°. cos 30° - sin 60°. sin 300?

LHS=cos(60° +30°) =cos90° =0
RHS=co0s60°.cos30° —sin60°.sin30°

_1V3 V31_43_V3_,
22 22 4 4
OLHS=RHS

Thus, the given equation is right.

For which value of acute angle

(i)~ 4 950 _jigrien
1-snfd 1+sind

For whichvalueof 0° <8<90°, aboveequationisnot definded ?
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cosé@ N cosé _
Sol. 1-sin@ 1+sné@

1-sin@ 1+siné@

1+sin@+1-sin@
cosd _ :

(1-sind)(1+sinb)

cose[ 1 + 1 }=4

cose[#z} =4
(1-sin“9)

cosé x 22 =4
cos- 4
L:4
cosd
2 0
cos@zz ==—=co0s60
8=60°

For above equation 6 = 900 is not defined.

9. If sin A = cos B, then prove that A + B =90°
Sol.  Suppose sin A = cos B
= sin A = sin (900 - B)
=A=900-B
[ If both are acute angles]

= A+ B=90°

10. Given AABC right angled at C in which AB=29 units, BC=21 unit and OABC =6.

Determine the values of
(i) cos’@+sin’é (ii) cos’8-sin* @
Solution: In AABC, we have

AB® = AC*+BC?

— AC =+ AB? - BC? =+/29% - 21? = /(29 + 21)(29 - 21) = /400 = 20 units
A

29 .

20

www.sakshieduca
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(i) Using the values of sind and cosé, we obtain

2 2
cos’@+sin?@ = (2—1j +(§j
29 29
_ 441+ 400
841

=1

(ii) Using the values of sind and cosf, we obtain

2 2 1_ 2 _
COSZH_szg:(z_lj _(@j _20-20°_ (21+20)(21-20) _ 41
29) \29 29 841 841

11. In AABC, right angled at B, if tan A = i find the value of

V3
(i) sin A cos C + cos A sin C (ii) cos A cos C - sin A sin C
Solution: We have,
1
tan A=—
V3
_BC_1
AB 3
= BC = xand AB =+/3x c
Using Pythagoras theorem in AABC, we have 2
AC? = AB” + BC?
— AC? = (/3%)? + X [
A B
= AC?=4x* J3x
= AC =2x
gnA:B_C_l_l, A:E:@:ﬁ
AC 2x 2 AC 2x 2
Now, Fx 3 BC L
smC—ﬁ:—X:—and,cosC——:i——
AC 2x 2 AC 2x 2
@) sinAcosC+cosAsinC:1x1+£x§:1+§:1
2 2 2 2 4 4
(ii) cosAcosC—sinAsinCzﬁxl—lx—B:O
2 2 2 2
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12. Give that 16 cot A =12; find the value of w
sin A—cos A
. 12 3
Solution: We have, 16 cot A =12 = cot A=— = cot A=—.
sin A+cos A
A ==
Now, s!n AtCOSA_ __SnA (Dividing Numerator and Denominator by sin A)
sin A—cosA Sin A-cosA
sn A
12
_1rcotA_" 16 .+16COt A=12 = cot A= 22
l1-cotA ,_12 16
16
2
= T=2=7
-3 1
4 4

2sind cosé
cos?@-sin?8’

13. If tan 6= 2 ,evaluate
13

Solution: We have, tan 8= 1—2
. 2sin6 cosé
Now, cssgzge—c:rslf . Cosfgs_z gnz -~ [Dividing N"and D'by cos® 4]
cos’ 8
2 24 A

_2tnd _ Y13 _ 13 _ 13 _24 169_312

T1-tan’8 (12 .. 144 25 13 25 25
1-[==£ ] 1-—
13 169 169

14. If tan 6+ 4 =2, find the value of tan?@+
tan @

tan® @

Solution: We have,

tan @ + 1 =2
tand
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=tan’f+1=2tanb
=tan’d-2tanf+1=0
= (tan-1)2=0

= tanfd=1

O tan® 6+ =1+1=2

tan’ 6
15.  Show that
(1) tan48°. tan16°. tan420. tan740 =1
(ii) cos360. cos549 - sin360. sin540 = 0
Sol. (i) LHS = tan480. tan16°. tan420. tan74°
= tan480. tan420. tan160. tan749
= tan (900-420). tan429.
tan (900-749). tan429.
= cot429. tan420. cot749. tan749

1 ~.tan42°. ! =.
tan42 tan74

=1=RHS
(ii) cos 360 . cos540 = cos (900-549).
Cos (900-369)
= sin 549 . sin 360
[ cos(900-8) = sinf]
0 cos36° . cos540 - sin 360 . sin54% = 0

tan74°

16. Express sin 750 + cos 65° in terms of trigonometric ratios of angles between 00 and 45°.
Sol.  Sin 750 = sin (900 - 150)
= cos 159 [sin (900 - B) = cos 0]
cos 650 = cos (900 - 259)
= sin 250 [*.*cos(900 - B) = sin O].

[J sin 759 + cos 650 = cos 150 + sin 250
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17. Show that cot 0 + tan 8 = sec 6. cosec 6
Sol. LHS=cotb+tan©

:&Sg +ﬁ
sind cosé
cos’ 8+sin® @
sind.cosé
1
sing. cosd
[--cos® @+sin” 8=1]
:_i.i:cosece.sece
sin@ cosé
=secd.cosecd=RHS

Following table gives the values of various trigonometric ratios of 0°,30%,45°,60° and 90Q° for ready

reference.
g
\ Q° 30° 45° 60° a0°
T. ratios
sné 0 1 1 V3 .
2 V2 2
coséd 1 E = 1 0
2 V2 2
1
tand 0 ﬁ 1 J3 Not defined
Cosec 6 Not defined 2 2 2 1
NE)
sec o 1 i \/E 2 Not defined
NE)
cot ¢ Not defined J3 1 L 0
NE)
0 : 0
18. Prove that: C0S30 :S' n 60 5= N3
1+cos60” +sin30 2
Solution: We have,
REPRCIP R
cos30° +sin60° _ o " o 2 :ﬁ

1+ cos60° +sin30° _1+1+; 2 2

2
www.sakshieducation.com
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19.  Show that:
(i)  2(cos’ 45’ +tan’60°) —6(sin® 45° —tan® 30°) = 6
Solution: (i) We have,

2(cos® 45° + tan® 60°) — 6(sin® 45° — tan® 30°)

_ i2 o] i2_ i2

_2{(ﬁj “ﬁ)} 6{(@} (@j}

AP
2 2 3 2 6

20.  Find the value of 8 in each of the following:

(i) 2sin260=+3  (ii) 2cos36=1 (iii) V3tan20-3=0
Solution: (i) We have,
2sin20=+/3

= sin29:§:>sin2023in600:>29:6O°:>H:3O°

(i) We have,
2cos36 =1

= 00530:%3005362005600 —30=60°= =20°
(iii) We have,
J3tan26-3=0

— /3tan20=3
3 _

NE

21.  Find the value of X in each of the following:

— tan26= J3 = tan 260 = tan60° = 26 =60° = g = 30°

(i) ~ tan 3x=sin45’ cos45’ +sin30°
Solution: (i) We have,

tan 3 x= sin 45° cos45’ +sin30°

= tan3x=i><—+E

V2 422
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= tan3x:1+1
2 2

= tan3x=1= tan3x = tan45° = 3x =45’ = x =15’
22.  If 6 is an acute angle and tan 6 + cot 6=2, find the value of tan’d+cot’6h
Solution: We have,

tan 8 + cot =2

= tan@+ ! =2
tanéd
tan’6+1 _
tand
= tan’f-2tanf+1=0
= (tan6-12=0
=tanfd-1=0=tanf=1=tand=tan45’ = =45

O tan’ @+cot’ 8 =tan” 45° = cot’ 45° = (tan 45°)" + (cot45°)" = (1)’ +(1)' =2

2

23.  Show that tan20 + tan*0 = sec?0 - sec20
Sol. LHS = tan?0 + tan*0 = tan20 (1+tan20)
=tan® .sec’ 9[- sec’ O—tan® 8=1]
=(sec’ §-1).sec’* 4
=sec’ §-sec’ 9=RHS

1+ cosé

24. Pr ovethat =cosecd+cot 8
1-cos
Sol. LHS=,|1tcoest
1-cos@
_\/1+ cosg | 1+cosd
1-cos@ 1+cosd@

_ \/(1+cos€)2 _ \/(1+cos€)2
"V 1-cos’6 | sin?6
=1+cosé?= 1 +cos€
snd snfd snéd
=cosecd+cot @=RHS
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25.  Showthat (cosecd-cot 8)° = 1= cosé
1+cosf

Sol. LHS = (cosecd-cotd)?

:( 1 _cosej2
sngd snd

_ (1— cosﬁj2 _ (1-cosH)*

snéd sn*é@
_ 2
:—(1 zng 39 +sin”@=1-cos’ @

_ (1—cof)(1-cosb)
(1—cosf) (1+cosb)

1-cosé
1+ cosd

[provided cos@ #1 or 8 # 0]

= RHS
)
26. Showthatlg&q:tan2 A
cot“ A-1
_ 2
Sol. LHS= 1A A
cot“ A-1
_ 2
:M ‘rcot A= i
1 tan A
tan® A
_ 2
=% =tan? A= RHS
tan® A

cosH—sinHzl—\@
cos@+siné 1++/3

27.  Find an acute angle &, when

Solution: We have,

cosH—sinHzl—\@
cos@+siné 1++/3

cosH—sinHzl—\@
cos@+sinf 1+4/3

cos@d—-sind
" cosg _1-43 Dividing Numerator and
cosf+sind  1+.3 Denominator by cosé@

cosd
www.sakshieducation.com
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1-tand _1-+/3
1+tanf 1++/3

— tand=+/3
= tan 8 = tan 60° [On comparing two sides]
= 6 =60°

g,o" < A+B<90°, A>B then find A and B.

28.1If sin(A+B) =1 and cos(A-B) =

Solution: We have,
sin(A+B)=1
= sin(A+B)=sin90°
— A+B=90° (1)

N

and, cos(A-B)= >
= cos(A- B) = cos 30°
= A-B=30°
Adding (i) and (ii), we get .(ii)
(A+B)+(A-B)=90°+30° = 2A=120" = A=60"
Putting A=60°n (i), we get
60°+B=90°= B=30°
Hence, A=60° and B=30°

29. If @ is an acute angle and sin @ = cos @, find the value of 2tan”@+sin”6-1.

Solution: We have,
sin 6@ = cos 6,

— G 0550 [Dividing both sidesby cos 4]
cosf cosé

—tanfd=1= tanf =tan 45° = G = 45°
0 2tan®’@+sin’8-1
2
= 2tan? 45° +sin? 45° —1 = 2(1)? +(ij 1=2+19=24-3

V2 2 2 2

30. In a rectangle ABCD, AB=20cm, [IBAC= 60° Calculate side BC.

Solution: In AABC, we have

AB =20, IBAC =60°

www.sakshieducation.com
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tan JBAC :E
AB

= tan60° _BC
BC
_ 3=BC
20

— BC =203 cm

31. Showtaht i@ —-cosfd=tand.sin@

Sol.

32.

Sol.

33.

Sol.

34.

Sol.

COS
_ 2
LHS= —-cosd :M
cosd cosé
)
_sn°6 [-sin® 8+ cos’ 6=1]
cosd
=S8 Gn@=tan@.5n@=RHS
cosd

Simplify (1-cosB) (1+cosB) (1+cot26)
(1-cosB) (1+cosB) (1+cot?0)

= (1-cos20) (1+cot?0)

=sin20 (1+cot?0)

= sin20 . cosec?0 [ 1+cot?0 = cosec?0]

1

sin?@

=sin?é. =1

If sec + tanb = p then what is the value of sec6 - tan6 ?
Suppose secB + tan = p

We have, sec?0 - tan20 =1

= (secB + tanB) (secB - tanb) =1

= p (secB - tanB) = 1.
1
= secf-tanf=—
P
Prove sec20 + cosec20 = sec?0 . cosec?0

LHS = sec20 + cosec?0

1 1 :sin2¢9+0052¢9
cos’d sn?’@ cos’dsin?é

111
cos’ @sin’6 cos’ 8 sin’é
=sec? .cosec’d=RHS

www.sakshieducation.com
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35.  Evaluate the following:
(i) sin39° —cos51° (ii) cosec25’ —sec65’ (iii) cot34° —tan56°
sn36° sin54°

iv - v) cos’13® —sin? 77°
(i) cos54° cos36° )

Solution: (i) We have,

sin39° - cos51° = sin(90° - 51°) — cos51°
= c0s51° - cos51° =0 [ sin(90° — &) = cosd]

(ii) We have,

cosec25’ — sec65° = cosec(90° - 65°) — sec 65°
=sec65’ -sec65’° =0 [ cosec(90° — 6) = secd]

(iii) We have,

cot 34° - tan56° = cot(90° —56°) — tan 56°
=tan56° - tan56° =0 [ cot(90° - ) = tan 4]

(iv) We have,

sin36° _sin54° _ sin(90° -54°) sin(90° - 36°)

cos54°  cos36° cos54° cos36°
_Cos54’ cos36° _, . _ 0 .- sin(90° - ) = cosé,

" cos54°  cos36° cos(90° - 8) =sinéd

(v) We have,

c0s*13° -sin® 77° = cos?(90° — 77°) —-sin® 77°
=sin?77° -sin? 77° =0 |-+ cos(90° - 8) = sin 4]

36. Express each of the following in terms of trigonometric ratios of angles between ° and 45°:
(i) sin85° + cosec8s’ (ii) tan68’ +sec68’  (iii) cosec69’ + cot69°
(iv) sin81° +tan81° (v) Sin72° +cot 72°

Solution: (i) We have
sin85° + cosec85’

=sin(90° - 5°) + cosec(90° - 5°%)
= cos5’ +sec5’ [+ sin(90° - @) = cos@ and cosec (90° - 8) = secd]
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(ii) We have

tan68° + sec68’

= tan(90° — 22°) + sec(90° — 22°)

= cot 22° + cosec22° [ tan(90 — &) = cot 8,5ec(90 - &) = cosecd]
(iii) We have,

cosec69” + cot 69°

= cosec(90° - 21°) + cot(90° — 21°)

=sec 21’ + tan 21° [ cosec(90° — &) =secd and cot (90° — 8) = tan &]

(iv) We have,
sin81° + tan81°

= §in(90° —9) + tan(90° — 9°)

= cos9° + cot 9° [ Sin(90° — 8°) = cosé and, tan(90° —18°) = cot 90°]

(v) We have,
sin72° +cot 72°

=sin(90° -18°) + cot(90° —18°)

= cos18° + tan18° [+ sin(90° —18°) = cos18° and, tan(90° —18°) = cot 18°]

37. If A,B,C are the interior angles of a triangle ABC, prove that tanB;ZC = cot

Solution: In AABC, we have

A+B+C=180°

— B+C=180°-A

BrC _gp-A
2 2

= tan(BLCj = tan(90° —éj = tan(ﬁj = coté
2 2 2 2

38. If sin58 =cos48, where 50 and 46 are acute angles, find the value of 6.

Solution: We have,

sin56 = cos44d,

= sin54 =sin(90° - 46)
— 50 =90° - 44
= 96=90°
= 6=10°
www.sakshieducation.com
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39. If tan2A =cot(A-18"), where 2A is an acute angle, find the value of A.
Solution: We have,

tan 2A = cot(A—-18°),

= tan 2A = tan{90° - (A-18°)}

= tan2A = tan (108° — A)

= 2A=108" - A= 3A=108" = A=36"

40. If tan A=cotB, prove that A+B=900
Solution: We have

tan A=cotB
=tan A=tan(90° -B) = A=90°-B= A+B=90"

41. Prove that:
(i) tan10°tan15’tan75°tan80° =1 (i) tan1’tan2’tan3’...tan89° =1
(iii) cos1’ cos2° cos3...cos180° =0

Solution: (i) We have,
LHS = tan10° tan15° tan 75° tan 80°
= tan(90° - 80°) tan(90° — 75°) tan 75° tan 80°
= cot 80° cot 75° tan 75° tan 80° [ tan(90° - &) = cot ]
= (cot 80° tan80°)(cot 75° tan 75°) =1x1=1=RHS [ cot.tan 8 =1]

(ii) We have,
LHS = tan1’ tan 2° tan 3°...tan 89°

= tan(90° — 89°) tan(90° — 88°) tan(90° — 87°)...tan 87° tan 88° tan 89°
= cot 89° cot 88° cot 87°...tan 87° tan 88° tan 89°
= (cot 89° tan 89°)(cot 88° tan 88°)(cot 87° tan 87°)...(cot 44° tan 44°).tan 45°
=1x1x1..x1=1=RHS [ cot@tand =1and tan45° =11]
(iii) We have,
LHS = cos1® cos2° cos3’...cos180°
= cos1’ cos2° cos3’...cos89° cos90° cos91°...cos180°
= cos1’ cos2° cos3....x cos89° x 0x c0s91° x...cos180° = 0= RHS [ cos90° = 0]

www.sakshieducation.com
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42. If secB + tan@ = i3l then find secB - tan®.

Sol. Given secB + tanf = ﬂ

We have sec?0 - tan20 =1

(secB + tanB) (secB - tanB) =1

gX (secB - tanB) =1

=secO-tanB=1X

Nlw
Nlw

0O secO - tanB = 12

43. Prove that sin?A + cos?A =1.
Sol.  Suppose AABC is a right angled triangle.
By Pythagoras theorem
AB? +BC?=AC?
AB? BC? _AC?
= + =
AC? AC*? AC?
ABY (BCY _
= —| +-—=| =1
AC AC

=00s” A+sin® A=1 (or)

sin® A+ cos® A=1
44. Prove Sec A(\/l—sin2 A)Il
Sol. LHS =Sec AVl-sin’A

=sec A/cos® A
['-sin® A+cos® A=]]
=SecA CosA

.C0SA=1=RHS
COosA

cot d—cos@ _cosecld -1

45. Provethat = )
cotd+cosfd cosecd+1

cosé — cosO
_cotf-cosb _ 5ng

Sol. LHS=
cot@+cosd coséd

+ cosé
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1
cosd ——-1
_ H[sme }_cosece—l
cose{ 1 +1} cosecd +1

sin@

[provided cosB # 0 or 8 # 90°]
= RHS

1+secA _ sin’A

46 =
sec A 1-cosA

proveit.

1+71
1+seCA_" cosA

sec A 1
cos A

Sol. LHS=

(1+cosA)

—_ COsA
1

COSA
=1+cosA
_(1+cosA) (1-cosA)
- 1-cosA
_1-cos’A_ sin*A
" 1-cosA  1-cosA

=RHS
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