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Steady State AC Circuit Analysis

In this unit, we will study about mathematical representation of sinusoidal quantities and
steady state analysis of AC circuits excited by sinusoidal voltage. We have seen that by applying
Kirchhoff’s laws to a circuit and we get differential equations. The solution of these equations
will be in two parts. One will be transient solution which will be short period and other is steady
state solution which determined by algebraic equations.

e Here fundamental wave form we consider here is sinusoidal.

Phasor relations between voltage and currents in passive elements:
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Let V =V, sin wt be the voltage and

I = I,,, sin wt be the current

[=Y=tmsinot Vi g
R R R
Therefore, V =1 R
\5?:% = N S

Phasor diagram:
Power factor = cos @ = cos 0 = 1 [UPF]
Instantaneous power, P (t) =V () * | (t)
P (t) =V, sinwt * I, sin wt

=V, L, sin® wt

1—cos 2wt
——1

=V L[
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= % -% cos 2wt (if cos 2wt = 0)

Vim Im

V2v2

Pavg = Vemslrms Watts

e If asinusoidal voltage is given to a resistor, the same sinusoidal current flows through it.
e Current and voltage are in phase in pure resistance.

e Resistor does not create a phase shift between voltage and current. (=0 and p.f=1)

e Pure resistive circuits in AC are called as “UPF Circuits”

e Resistor always dissipates electrical energy in the form of heat. So average power exists.

Inductor:
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Letl =1, sinwt
Andv=L%
dt
V =L 4(1, sin wt)
=L Iy sinw
V =wll,, cos wt
V = wLl,, sin(90 + wt)
V = wLl,, sin(wt + 90)
V = wlLl,, sin wt [j]
Therefore, V = j wLl = jX,I

Where X, = inductive reactance = wL
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Phasor diagram:
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Power factor = cos @ = cos90 =0

e When sinusoidal voltage is given to an inductor, sinusoidal current flows through it.

e Current lags the voltage in pure inductance by 90 degrees.

e Inductor involves in creating a phase shift between voltage and current in it.

e A pure inductor never absorbs power, so average power is zero but it continuously stores
and releases. Electrical energy in its electromagnetic form and back to the AC supply
system.

PO=V®*1(

—VmlIn

= /= sin 2wt
2

Vi Im Vplpm _ 1 2
Energy stored, w = [2 - sin2wt =2 =Ly,

e So an inductor is a passive lagging element in AC.

Capacitor:

T/’@) C—

LetV =1, sinwt

And | = c%¥
dt
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| = C = (V sin wt)

I =w CV, cos wt

| = w CV, sin(90 + wt)

| = w CV, sin( wt + 90)

I = w CV, sinwt [j]

I=jwcV

Therefore, V = i =-jX.I (where X, :i)
Where X, = capacitive reactance

Phasor diagram:

—

Power factor = cos ® = cos90 =0

e If asinusoidal voltage is given to a capacitor, sinusoidal current flows through it.

e Current leads the voltage by 90 degree in a pure capacitor.

e Capacitor creates a phase shift in voltage and current.

e A pure capacitor never absorbs the power, so average power is zero but it continuously
stores and releases electrical energy in its electrostatic form from and back to the AC
system.

PO =V@®)*I()

—= sin 2wt
2

1

ToVmln . Vin I
Energy stored, w = [2* T sin 20t = - =~ CV,?

e A capacitor is a passive leading element in AC.

Impedance:
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The impedance of a branch or circuit element or complete network is defined as the ratio
of voltage function to current function. With sinusoidal voltage and current the Z will have
magnitude and angle.

Voltage function _ Vin _ Vems

=™ ohms

Impedance, Z = — =
current function Ly  ILrys

Admittance:

The reciprocal of impedance is called as admittance, and is denoted by Y. The unit of Y
is mho or seimens.
_ current function _ Im _ Iyms

= — == mho
voltage function Vi  Vems

Phase Angle:

If voltage and current both are sinusoidal functions of time, the phase difference is called
as phase angle. The phase angle never exceeds+90. The phase angle is the angle of phasor
current with phasor voltage is taken as the account.

Impedance form table:

Element v-i relation V across element Phase angle Impedance
For i=I,, sin wt
R V=ir RI,, sinwt 0 R
L V=Y wLl,, sin(wt + 90) | 90 (lagging) wlL
dt
I leadi 1
C - M in( wt — 90) 90 (leading) 1
V== [idt wC wc
C
Admittance form table:
element v-i relation I across element Phase angle Admittance
For v=V,, sin wt
R I=Gv V—msin wt 0 l
; T - 1
C | = c% wcVy, sin(wt + 90) | 90 (leading) wC
dt

Series RL circuit:
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impedance traingle ' power traingle

2l

Applying KVL,
V+IR+jlX, =0
V=I1[R+jX,]=1Z where Z=R + jX; in ohms
Impedance triangle:
21 =VR? +X,?
Impedance angle from triangular circuit, = tan™?! %L
Z=R+jX, > 1?Z=I?R+jX,I?
V*I =I?R+jX,I*> S=P+jQ,

Where S is apparent power or total power, P is active or real power measured in watts and Q; is
Reactive power measured in VAR.

IS| = /PZ +Q,%and @ = tan‘l%

cos @ = g - P =Scos @ = Vlcos @ watts

Power triangle:

sin@ :% - Q, =Ssin@ = VIsin ® VAR

Phasor diagram:
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N " N s Ny = Tew
L w o =
“F f = koer LI V=TS
o T o= Y T UACAARS
4
Series RC circuit:
JE ||
N | o
—_— \‘I\L‘:? . _
T PN (=7
e N - T
& = '
™ impodance trainglc y power traingle
Applying KVL,

-V+IR-jlX;=0
V=1[R-jX;]=1Z whereZ=R-jX, in ohms

Impedance triangle:

|1Z| = /RZ + X2

. o . _1X _ 1
Impedance angle from triangular circuit, @ = tan™? ?C =tan~! -

Z=R-jX; > I2Z=1I?R-jX.I?
V* = I2R - jX.I2 > S=P -0,

Where S is apparent power or total power, P is active or real power measured in watts and Q; is
Reactive power measured in VAR.

S| = /PZ +Qc” and ¢ = tan™1 &

cos@ = 2 - P =Scos @ = Vicos @ watts

Power triangle:
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sin @ :% - Q. =Ssin® = VlIsin @ VAR

Phasor diagram:

g Mzlwes g =T
@:%mﬁ@%ﬁ Vo= T

v cash=" e ~ T a8

Note:

v Reactive power controls the voltage while real power controls the frequency.
v' -Qc is generating VAR and +Q,, is absorbing VAR.

Series RLC circuit:

= .
QU I ]
B
‘-H-__,_-T.—;
Applying KVL,

-V+IR+jlX, -jlX, =0
V=I[R+)(X,—Xc)]whereZ=[R +] (X, — X.)] in ohms

o IfX, > X, then Z=R +j X, which behaves like a RL circuit and phase angle @ <90
lagging power factor.

o X, <X:Then Z =R - j X, which behaves like a RC circuit and phase angle @ >90
leading power factor.

e X, =X;ThenZ=Rand @ = 90 unity power factor.

Y=G+/B

www.sakshieducation.com



www.sakshieducation.com

v Y=G- jBwhere B, = Xi = i = %ﬂ -> inductive susceptance (mho)
L
v Y =G+ jB where B = Xi = wc = 2mfc —> capacitive susceptance (mho)
Cc
Phasor diagram:
o PR NN WA IV PR S A
N RS AN
\ e
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~J \J’L_,__\]\r -
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Parallel RL circuit:
@ A LR ~J
™ ~J s 2 7
g
N * - P
S
SO

v Vv,
IR_E AndIL_E_XLl 90

=12+ 1,7

a1
@ =tan 1%
IR

cosP = ITR (Lagging)
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Parallel RC circuit:

e
S9N . /
‘w;;q— 'ﬁ(_ L/ "S;
o % - 4 | G
T \:r

v v _ Vv
IR_E AndlC__X_XC l+90

—-jXc
| = /IRZ + 1.2

11
@ =tan 1<
IR

cosP = ITR (Leading)

Parallel RLC circuit:

"_‘;- s [(.,ﬂ—_ﬁ

ne RN < vIoa

Y
o
W
€
P
-
Y

IR = R
|74 74

, =—=—1|—

L™ jx, XLl 90
|74 14

- = = —

C= Txe T e [+90

Caseliif X, > X, 2 I, <I,

www.sakshieducation.com




www.sakshieducation.com

T
Vel T e (e
&f j__‘l_—___""/:g"i'-— o . EC—_'_'-"__L
th R P =tam T T
= ~] Ccﬁ%gﬁf_ /;‘?« C g\w
RN
Case2:if X, <X, =21, > I
I =
A o A S O e S G
T — AN T,
e -~ — —
hs
T T
(5 RN Cﬁfgf{) — == C \_baj
—
—.H"..S—_.H_.
s ".E\‘erj—'l
=3 - CIQI
= adsh=14 CurD
~a

Concept of power and power factor:

In a DC system, power is given by the product of voltage and current and is measured in
age and current are the functions of time. So, the product

watts. In the AC system, since the volt

of voltage and current at any instant is called the instantaneous power.

Power, P (t) =V (t) * I ()

. 1 T
Bu we will take average power = ;fo v

® * i(®dt

)
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Let us consider a general ac circuit, in which current may lead or lag the voltage by an angle @
Vv (t) = 1, sinwt
i (t)=1,sin(wt +0)
p®=v®=*i()
=V, sinwt I,,, sin(wt +0)
= i (2V;,, sin wt Iy, sin(wt +@)) ------------ 2
According to trigonometric formula (2) can be written as,

p (t) = %™ cos ¢ - 2™ (cos @ cos 2wt) £ “™ (sin 2wt Iy, sin ) - (3)

iy T b v i &
fj,w,_ e =Y = — — — — —= — = -

From equation (3) if we plot a graph, considering first two terms it is always positive and
represents the real power.

The average value of first two terms is, P = =ImIn 065 @) = Vicos @ --------- 4

Equation (4) is known as real power or active power and it is expressed in watts.

From equation (3) if we plot a graph, if we consider next two it is sinusoidal variation and
represents the oscillating part of energy between the source and reactive elements and this
contributes for reactive power Q. This is measured in reactive volt amperes (VAR).

Reactive power = “"sin @ = Vlsin @ -------- (5)
Different types power and definitions:

Active power:

The active power or real power in an AC circuit is given by the product of voltage and
current and cosine of the phase angle. It is always positive.

P =VIlcos @ watts
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Reactive power:

The reactive power in an ac circuit is given by the product of voltage and current and sin of
the phase angle.

Q =Vlsin® VAR

e If @ is leading, then reactive power is taken as positive and it is capacitive.
e If @ is lagging, then reactive power is taken as negative and it is inductive.

Apparent power:

The apparent power in AC circuit is the product of voltage and current. It is measured in
volt amperes.

S = VI volt amps

The equations associated with the above components of power can be developed from phasor
diagram by consulting the power triangle as shown in fig.

4 Lt %

~J . .
g = 7 fi’ <
f““*&l -
5 N\ - Q
N .

The component Isin @ is reactive or quadrature component of current. The product of
voltage and this component gives the reactive power.

The component Icos @ is active or real or in phase component of current. The product of
voltage and this component gives the active or real power.

By multiplying each side of current triangle with voltage, then the current triangle
becomes the power triangle as shown in fig.

Apparent power, S = VP2 + 52

Other expressions for power:

Real power, P = Vicos @ = g
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="E=P2R
Reactive power, Q = VlIsin@ = 1% X
Apparent power, S=VI=]?Z
Power factor:

It is defined as the cosine of the phase angle@. It is also the ratio of real power to
apparent power.

Real Power

Power factor = cos @ = ———
Apparent Power

Depending on whether the current lags or leads the voltage the power factor is also taken as
lagging or leading power factor.

The factor sin @ is called the reactive power.

The phase angle @ i.e. phase difference between V and I, is same as the impedance angle (6).
This can be depicted from the impedance triangle as shown in fig below:

ta's

Q.

Z=+R? 4+ X?
c059=ﬂsin6:£
VA VA
R_P

Power factor = cos@ =—-=—
Z S
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