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DC Transients

Steady state and transient response:

A circuit having constant sources is said to be in steady state of the
currents and voltages do not change with time. Thus, circuits with
currents and voltages having constant amplitude and constant
frequency sinusoidal functions are also considered to be in a steady
state. This means that the amplitude or frequency of a sinusoidal
never changes in a steady state circuit.

In a network containing energy storage elements, with change in bl B £ ™
excitation, the currents and voltages change from one state to other [ 988 1 +0) BT L0 [ A%
state. The behavior of the voltage or current when it is changed from BEEEETISEITER SN TN

one state to another state is called as transient state. This time is known as transient time.

The application of KVL and KCL to circuits containing energy storage elements results
in differential, rather than algebraic equations. When we consider a circuit containing storage
elements that are independent of the sources, then the response depends on the nature of the
circuit and is called the natural response. Storage elements deliver their energy to resistances.
Hence the response change with time gets saturated after some time and is referred to as the
transient response. When we consider the sources acting on the circuit, the nature depends on the
nature of sources and this response is called as forced response. In other words, the complete
response of a circuit consists of two parts; they are forced and transient response. When we
consider a differential equation, the complete solution consists of two parts, one is
complementary solution and another is particular solution. The complementary function dies out
after short interval, and is referred to as the transient response or source free response. The
particular function is the steady state response or forced response. The first step in finding the
complete solution of a circuit is to form a differential equation for the circuit. By obtaining the
differential equation, several methods can be used to find out the complete solution.

DC Transients

DC Response of an R-L Circuit:
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Consider a circuit consisting of a resistance and inductance as shown in fig. the inductor in the
circuit is initially uncharged and is in series with the resistor. When switch S is closed, we can
find the complete solution for current. Application of Kirchoff’s law to the circuit results in
fallowing differential equations.

V=i a
—1R+Ldt (D)

di R _V

E+ZI_L ______________ (2)

In the above equation, the current i is the solution to be found and V is the applied constant
voltage. The voltage V 1is applied to the circuit only when the switch S is closed. The above
equation is linear differential equation of the first order comparing with the non homogenous

differential equation.

94X 4 P X =K whose solution is x = e Pt [ Ke*Pt dt+ ce Pt —ooemmev (3)

dat

Where c is an arbitrary constant, in similar way we can write the current equation as

R
i=ce”@* +E ------------- (5)

To determine the value of ‘c’, in equation (5) we use initial conditions. In the circuit shown in
fig the switch S is closed at t=0. At t=07, i.e. just before closing the switch S, the current in the
inductor is zero. Since the inductor does not allow sudden changes in currents, at t=07 just after
the switch is closed, the current remains zero.

Substituting above conditions we get,

14
R
v
Therefore, ¢ = - 3

Hence from equation (5),

eV DY
R R
R
i= % (1 e_(f)t) --------- (6)

Equation (6) consists of two parts, the steady state part % and other is transient part. When

switch S is closed the response reaches a steady state value after a time interval as shown in fig.
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hence the transient period is defined as the time taken for the current to reach its final or steady

state value from its initial value. In the transient part of the solution, the quantity — Is important

in describing the curve since - 1s the time required for the current to reach from its initial value

14 . .V By . .
of zero to the final value = The time constant of a function = ce (Dt is the time at which the

. : : : L. :
exponent of e is unity, where e is the base of the natural logarithms. The term s called time

constant and is denoted by 7.

g
e

of 1 2 3 45 ¢ g

L
T=2 seconds

. L v _t
The transient part of solution is, i(7) = - zer

. . . v _t
At time constant is one, i(7) = - e r=-

<

e~1=- 0368~
R

The transient response reaches 36.8 percent of its initial value.

. . _ v = § Vo o 4
Similarly, i(27) = - e r=- e = 0.135R

t

i30) == 2 et=- L e3=_ 0.0498%

R R R
t

i(57)=- L et=- L e=5=_ 0.0067%

R R R

After 5, the transient part reaches more than 99 percent of its final value. In fig we can find out
the voltages and powers across each element by using the current.

R
Voltage across the resistor, V; =Ri=R * % (1- e_(f)t)

R
Ve =V (1- e”@")
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Similarly, the voltage across the inductor, V; =L Z—i
V=L*Y @Ry
R L
. . , ~Bty v -B¢
Power in the resistor, Pg=Vz i =V (1- e *7°) * 7 (1- e %)
2R

=Z (1267 @+ o0

R R
Power in the resistor, Pg=V, i = Ve @’ * % (1- e~ @Y

- V?f (e @Dt - =Dy

=
=
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o

8113456% miﬁﬁqse,ﬂl\f

Example: A series RL circuit with R=30Q and L=15H has a constant voltage V=60v applied at
t=0 as shown in fig. determine the current i, the voltage across the inductor.

X -
(T o g

By applying KVL we get,

60=30i+15%
dt
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= +2i=4
The general solution for a linear differential equation is,
i=e Pt [Ke™P! dt+ce ?*
i=e 2t [4e2t dt+ce

At t=0, the switch S is closed. Since the inductor never allows sudden changes in currents. At
t=07 the current in the circuit is zero.

Therefore, t=0%, i=0
O0=c+2
c=-2
Substituting the value of ¢ in the current equation, we have
i=2(1-e2)A
Voltage across resistor, Vg =iR=2(1-e~2)*30=60(1-e ~2!)V
Voltage across the inductor, V, =L Z_i =15% %(2(1-e—2t) = 60e~2tV

DC Response of an R-C Circuit:

Consider a circuit consisting of resistance and capacitance as shown in fig. the capacitor
in the circuit is initially uncharged, and is in series with resistor. When the switch S is closed at
t=0, we can determine the complete solution for current. Application of Kirchoff’s laws we can
determine the differential equations.

By differentiating the above equation we get,
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—RE L
0= dt * c 2)
di i
S+ = (o P (3)

Equation (3) is linear differential equation with only the complementary function. The particular
solution for the above equation is zero. The solution for this type of differential equation is

Here, to find the value of c, we use the initial conditions. In the circuit shown in fig switch S is
closed at t=0. Since the capacitor never allows sudden changes in voltage, it will act as short at
t=0%. So, the current in the circuit at t=0% is V/R.

Substituting the i value in equation (4) we get,

1=—€ RC ——mmmmemmmm (5)

A

%

ol - T 2 32 (5 ¢ &

When switch S is closed, the response decays with time as shown in fig. In the solution, the
quantity RC is the time constant, and is denoted byt, where 7= RC seconds.

After 5, the transient part reaches more than 99 percent of its final value. In fig we can find out
the voltage across each element by using the current equation.

t t
Voltage across the resistor V;, =Ri=R * % e Rc=V e RC
Similarly, voltage across the capacitor V, = % [idt

t
[~ eRe dt

alr

__(E* RCe rC)+c
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t
=—V e rRC+c
At t=0, voltage across the capacitor is zero.
c=V

t
Ve =V (1- e kc)

t t
. . . _ Vv -
Power in the resistor, Pg=Vz i =V e rC * ze ke

. . , Lo v b
Power in the capacitor, P.=V;i=V (1- e rc) * ze ke

vz _t _z2t
:?(e RC — e RC)

The responses are shown in fig.

" g

= 4 5 B

Example: A series RC circuit with R=10Q and C=0.1F has a constant voltage V=20v applied at
t=0 as shown in fig. determine the current i, the voltage across the capacitor.
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By applying KVL to the circuit,
20=10i +— [idt
0.1

By differentiating the above equation we get,

di i
0=102+L
dt 0.1
i i_ g
at 1

The solution for this type of differential equation is

t

i=ce rRc=cet

At t=0, Switch S is closed. Since the capacitor does not allow sudden changes in voltage, the

current in the circuit is, i=V/R=20/10=2A
Therefore the current equation is, i=2 e ¢

Voltage across the resistor Vg =Ri==Ve t=10*2e t=20e 'V
t
Voltage across the capacitor Vi, =V (1-2 e rc)
Ve=20(1-e7H)V

DC Response of an R-L-C Circuit:

Consider a circuit consisting of resistance, inductance and capacitance as shown in fig.
the capacitor and inductor are initially uncharged, and are in series with a resistor. When the
switch S is closed at t=0, we can determine the complete solution for current. Application of
Kirchoff’s laws we can determine the differential equations.
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— DL At e
V_1R+Ldt+cfldt (1)

By differentiating above equation we get,

o di d%i | 1.
O—RE‘FLF"‘EI ------------ 2)

d?i Rdi 1.
it Dl | JE— 3)
dt? Ldt LC

The above equation is a second order linear differential equation, with only

complementary function. The particular solution for the above equation is zero. Characteristic
equation for the above differential equation is

The roots above equation are,

__R Ry 1
Dy, Dy =- T \/ (ZL) LC
By assuming, K;= - ;;L and K, = /(:;L)z _ i

Dl = K1+ Kz
D; = K;- K,
Here K, may be positive or negative or zero.
1

.. R
K, Is positive, when (Z)2> %

The roots are real and unequal, and give the over damped response as shown in fig. then
equation (4) becomes

[D — (K1 +K)][[D — (K1-K3)]]i=0
The solution for the above equation is,
i = Cle(K1+K2)t =+ Cze(Kl_KZ)t

The current curve for the over damped case is shown in fig.
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Q
(:,r‘xr‘

K, Is negative, when (ZR;L)Z<$. The roots are complex conjugate, and give the under damped

response as shown in fig. the equation as shown in becomes
[D — (K1 HjK)]IID — (K1-jK2)]]i=0
The solution for above equation is,
i=ef1t [¢; cos Kyt +c, sinK,t |

The current curve for the under damped case is shown in fig.

D}_r‘.\
N A S

K, Is zero, when (:;L)Z:é. The roots are equal, and give the critically damped response as shown

in fig. the equation becomes
[D — K, J[[D — K;]]i=0
The solution for above equation is

i=ef1t [c+c,t ]
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The current curve for critically damped case is as shown in fig.

F
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g
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Example: A series RLC circuit with R=10Q, L=0.05H and C=20uF has a constant voltage
V=100v applied at t=0 as shown in fig. determine the current i.

5‘2@9"
5 N

% li:)ti]-UH 2
X1 C

T a,_ —goMt

100 = 20i+ 0.05 £ + —
dt 2010

[idt
By differentiating above equation we get,

i

di d?i 1
0=20—+0.05—+ —
dt dt2  20%107°

2. .
2L 1 400£+105i=0
dat dat

D?+400D+10°=0

The roots above equation are,

400 , 400
D1, D, :'Ti (T)z — 10°

=-200 + /(200)2 — 106
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D, = -200+j979.8
D, = -200- {979.8

Klt [

Therefore the current, i =e ¢, cos Kyt +c, sin K, t |

i=e20% [¢, c0s979.8t +c,sin979.8t | A
At t=0, the current through the circuit is zero

1=0=1[c; cos 0 +c, sin 0 ]

c; =0
i=e200 [¢,s5in979.8t | A
Differentiating we have,
z—i = ¢,[€7299'979.8 c0s 979.8t ] + e~29°%(-200) sin 979.8t
At t=0, the voltage across the inductor is 100V
L £ =100 or = =2000
Att=0, = =2000 = ¢, 979.8cos 0
c, =2.04

Therefore the current equation is, i= e 72°°t [2.04 sin 979.8t | A
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