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AC Transients

Sinusoidal Response of R-L Circuit:

Consider a circuit consisting of resistance and inductance are |
connected as shown in fig. the switch S is closed at t=0. At t=0, sinusoidal
voltage Vcos(wt + 8) applied to RL circuit, where V is the amplitude of
the wave and 6 is the phase angle. Application of Kirchoff’s laws we can
determine the differential equations.
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Veos(wt + 0) = iR + Lo e (1)
di ,R._V
d—: +—i=—cos(Wt + 6) ----mmeemmoee (2)

The corresponding characteristic equation is
R,._ V
(D+ Z)i=- cos(wt + ) ------mmmmmee- 3)

For the above equation, the solution consists of two parts. One is complementary function and
other is particular integral.

The complementary function of the solution is

ip=ce '@ 4)
The particular solution can be obtained by using undetermined co-efficient.
By assuming,

I, = A cos(wt + 6) + B sin(wt + 6) ---------- 5)

i,' =-Aw sin(wt + 6) + Bw cos(wt + 6) -------- (6)
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Substituting equations 5 & 6 in 3 we get,
{-Aw sin(wt + 6) + Bw cos(wt + 0) + g[A cos(wt + 0) + B sin(wt + 6)]} :% cos(wt + 6)
(-Aw +¥)Sin(wt + 6) + (Bw +ATR)COS(Wt +60) :% cos(wt + 6)

Comparing cosine terms and sine terms, we get

BR

-Aw +—=10
L
R_V

Bw +—=—
L L

From the above equations we have

B R
A=V R2+(wL)2
_ wL
B=V R2+(wL)2

Substituting the A and B values in equation (5) we get

= R wL N
ip =V saroemz COSWE +0) +V otz sin(wt + 6) —---oe- (7)
Putting M cos@ =V RZ;;WL)Z
Msing =V ——
sin T

To find M and@®, we divide one equation by the other

sing _wlL

tan(b :cos(D R

Squaring both equations and adding, we get

2 2 2 cin2 = 14
M?“ cos“@ + M* sin“® VR2+(WL)2
-V
VR2+(WL)?
The particular current becomes
S A —tan 1%y
[ mcos(wt+0 tan R) (8)

The complete solution for the current, i =i, + i,
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R

e e t@ 4 14  tan-1 WL
1=ce mcos(wt+9 tan R)
Since the inductor does not allow sudden changes in currents, at t=0, i=0
S A — tan— 1%t
C Tt cos(f — tan

The complete solution for the current is,

i= e_t(g)[_—v cos(f — tan™! W—L)] o cos(wt + 6 —tan™?! W—L)
VRZ+(WL)? R VRZ+(WL)? R

Example: In the circuit shown in fig. determine the complete solution for the current, when the
switch S is closed at t=0. Applied voltage is V (t) = 1000cos(1000t + g ), Resistance=20(, and

inductance= 0.1H.

}(6 ﬁ\?;’: L

100c0s(1000¢ + ) = 20i + 0.1 %

dit" +200 i = 1000 cos(1000¢ +2)
The corresponding characteristic equation is

(D + 200) i = 1000 cos(1000¢t + )

The complementary function of the solution is

R
i,=c e—t(z) — ¢ @200t
The particular current becomes
. 100 n _1 100
iy = cos(1000t + - — tan1 —
\/202+(1000%0.1)2 2 20
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ip =0.98 cos(1000¢ + > —78.6)
The complete solution for the current, i = i. + i,
i=ce200t + (.98 cos(1000¢t + g —78.6)
At t=0, the current flowing through the circuit is zero, i =0
c=-0.98 cos(g —78.6")
The complete solution for the current, i = i. + i,
i=[-0.98cos (5 — 78.6")] e 2% +0.98 cos(1000¢ + ~ — 78.6)

Sinusoidal Response of R-C Circuit:

NI,
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Consider a circuit consisting of resistance and capacitance in series as shown in fig. the switch
S is closed at t=0. At t=0, sinusoidal voltage Vcos(wt + 0) applied to RL circuit, where V is the
amplitude of the wave and 6 is the phase angle. Application of Kirchoff’s laws we can determine
the differential equations.

Veos(wt + 0) = Ri += [ i dt -----e-es (1)
' _RE L
- Vwsin(wt + 0) = Rdt +2 (2)
1,. —-Vw .
(D T) 1=— sin(wt + 0) --------- 3)

—t
The complementary function, i, = ¢ erc

The particular solution can be obtained by using undetermined coefficients.
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I, = A cos(wt + 6) + B sin(wt + 6) ---------- 4)
ip1 =-Aw sin(wt + 0) + Bw cos(wt + 8) -------- (5)

Substituting equation 4 & 5 in 3 we get

{-Aw sin(wt + 8) + Bw cos(wt + )} +

% { A cos(wt+6)+Bsin(wt +0)} = % sin(wt + 0)

Comparing both sides,
B -Vw
- 4+ =2 ="
Aw RC R
A
Bw+—=0
RC
So we get,
_ VR
R2+ ()7
-V

WC[R2+ (-)2]

Substituting A and B values in 4 we get

. VR i 4 .
bp =iz aET cos(wt + 0) ol 7] = sin(wt + 0)
. VR
Putting M cos@ = R
4

MSIDQ):W

To find M and@®, we divide one equation by the other

tan @ =

cos® WwCR

Squaring both equations and adding, we get

174
200152
R +(wc)

M? cos?@ + M? sin?9=V

%4

M:
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The particular current becomes

=V -1y
iy cos(wt + 6 + tan WCR) (8)

R?+(2)?

The complete solution for the current, i = i. + i,

1
i=ce t®d + —L cos(wt + 0 + tan~t —

’R2+($)2 WCR)

Since the capacitor does not allow sudden changes in voltages, at t=0, i= % cos 6

% cosf = ¢+ ——— cos(f + tan"1 —)

1 wCR
[R2+()?

Therefore, ¢ = % cos @ - ——~—— cos(0 + tan~! —

,RZ"'(%)Z WCR)

The complete solution for the current is,

14
[ oS0 - ————
/R2+(—)2 R?+()?

Example: In the circuit shown in fig. determine the complete solution for the current, when the
switch S is closed at t=0. Applied voltage is V (t) = 50cos(100t + % ), Resistance=10(), and

f(RC)

cos(6 + tan~t—)] + cos(wt + 6 + tan™1 —)
WCR wWCR

capacitance= 1pF.

S
A,
S ke
I\ (AME
W o~
ye
50cos(100t + —) = 10i + —— [idt
- 500sin(100¢ +5) = 105 + ——
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1

+
(D 11075

)i=-500sin(100¢t + g)

—t —t
The complementary function, i = c erc = ¢ 107>

The particular current becomes

. v 11
i =——=—==cos(wt + 60 +tan"'—)
/RZ+($)2 WCR
. 50 _
iy = cos(wt + = + tan"t ————)
102+( 1 2 4 100%107°+10

100%10~6
=4.99%1073 cos (100t + % +89.94")
At t=0, the current flowing through the circuit is,
%cos 0 = %cos%z 3.53A

The complete solution for the current, i =i, + i,

t

i=c o5+ 4.99%1073 cos(100t + 7 +89.94°)
At t=0, i=3.53 A then we get ¢ value
353=c¢ elo__‘t5+ 4.99*%1073 cos (100t + % +89.94")
¢ =[3.53-4.99*1073 cos(100t + % + 89.94%)]
The complete solution for the current,

-t

i =[3.53- 4.99%1072 cos(100¢ + = + 89.94")] €105+ 4.99%1073 cos(100¢ + = + 89.94")

Sinusoidal Response of R-L-C Circuit:
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Consider a circuit consisting of resistance, inductance and capacitance in series as shown in fig.
Switch s is closed at t=0. At t=0, a sinusoidal voltage Vcos(wt + 8) applied to RLC circuit,
where V is the amplitude of the wave and 6 is the phase angle. Application of Kirchoff’s laws
we can determine the differential equations.

Vcos(wt+9)=iR+Ls—i+%fidt --------- (1)
By differentiating above equation we get,
d?i

; SRE LA,
- Vwsin(wt + 0) _Rdt+Ldt2 i (2)

di  Rdi 1 . .
E+ZE+EI_'VWSIH(Wt+9) ----------- (3)

(D2 +2D + =i = - Zsin(wt + ) ------nees ()

The particular solution can be obtained by using undetermined coefficients.

ip=A cos(wt + @) + B sin(wt + 0) ---------- %)
ip" =-Aw sin(wt + 6) + Bw cos(wt + 6) ------- (6)
iyt =-Aw? cos(wt + 6) - Bw? sin(wt + ) -------—-- (7)

Substituting 5,6 & 7 in equation 4 we get,
{ -Aw? cos(wt + 0) - Bw? sin(wt + 6)} + %{-Aw sin(wt + 0) + Bw cos(wt + 0)}
+—{ A cos(wt + 0) + B sin(wt + 0)} =- ~sin(wt + 6)

Comparing both the sides, sine and cosine coefficients we get,
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2_ WR, B _ VW
-BwT- ATt L
R 1.V
ACD+BW? - )= e ®)
~Aw?2+B2R 1 A -
L LC
2. Ly BBy 4 =0 e
AW -2 -BEH + =0 9)
Solving equations 8 & 9 we get
[(%R)" - (w2 - 2271

Substituting A and B values in 5 we get

. v WoR w2 —Lyevw
i =——> L2 — cos(wt + 6) + —= ch — sin(wt + 0) ---- (10)
(%) - w2 =52 LI(E) = w2 - 171
Vs w2R

Putting M cos @ =

To find M and®, we divide one equation by the other

1
sing  (WL-5)
cos @ R

tan @ =

Squaring both equations and adding, we get

%
R2+(o-—wL)?

M? cos?*@ + M? sin?9=V

%4

2.0 2
,R +(WC wL)

M:

The particular current becomes
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. 14 -1 %_WL
I, =———=—==cos(wt + 6 + tan T)

/R2+(%—WL)2

The complementary function is similar to that of DC series RLC circuit.
D2+%p+2=0
L LC

The roots above equation are,

__R Ry 1
by, D =-5. % \’ (ZL) LC
By assuming, K;= - :;L and K, = /(%)2 _ %

D1 = K1+ KZ
D, =K;- K,

Here K, may be positive or negative or zero.

. R 1
K, Is positive, when (Z)2> —

The roots are real and unequal, and give the over damped response as shown in fig. then
equation (4) becomes

[D — (K1 +K)I[[D = (K1-K3)]]i=0
The solution for the above equation is,

iC = Cle(K1+K2)t + Cze(Kl_KZ)t

Therefore the complete solution is, 1 =i + i,

. _ 1% 4 WL
i= cle(Kl”"Z)t + cze(Kl K2)t ———cos(wt + 0 + tan 12—
R2+(———wL)? R
wc

K, 1Is negative, when (ZR;L)Z<$. The roots are complex conjugate, and give the under damped the

equation as shown in becomes
[D — (K147 KR)][[D — (K;-jK3)]1i=0
The solution for above equation is,

i. =efit[c; cos Kot +c, sin Kyt |

www.sakshieducation.com




www.sakshieducation.com

Therefore the complete solution is, i = i, + i,

L Kt : 1w Wk
1=e"1" [c; cos K,t +c, sin Kyt |+ cos(wt + 6 + tan - )

v
/RZ +(o—wL)?
K, Is zero, when (:;L)ZZ%. The roots are equal, and give the critically damped response as shown
in fig. the equation becomes
[D - K3 ][[D - K,]]i=0
The solution for above equation is
i = ef* [c1+eot ]

Therefore the complete solution is, i = i. + iy

C_Kqt v s
i=e"1" [¢;+cyt |+ ———=——==cos(wt + 0 + tan T)

/R2+($—WL)2

Example: In the circuit shown in fig. determine the complete solution for the current, when the
switch S is closed at t=0. Applied voltage is V (t) = 400cos(500t +% ), Resistance=15(1,

inductance= 0.2H and capacitance= 3puF.

o

L -
> A

By applying Kirchoff’s voltage law to the circuit,

1 .
= J i) dt

400cos(500¢ + =) = 15 i(t) + 0.2 % +

By differentiating above equation we get,

. 2.
-2 ¥10% sin(500¢ +5) = 152 +0.2 5+ —.

1
dt?2 3x1076
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(D? +75D +16.7 ¥10)i = - 10 *10° sin(500¢ +*)
The roots of the characteristic equation are,
D; =-37.5+j1290 and D,= -37.5-j1290
[D — (K1 4jKp)][[D — (K;-jK3)]1i=0
The solution for above equation is,
i. =e 375 [¢; cos 1290t +c, sin 1290¢ ]

The particular solution is

P v -1 %_WL
i, = ——=—==cos(wt + 6 + tan - )

’R2+(%—WL)2

i, = 0.71 cos(500¢ + % +88.5")

Therefore the complete solution is, 1 = i + i,
i=e 375 [¢; cos 1290t + ¢, sin 1290t ] + 0.71 cos(500t + % +88.5")
Att=0,i, =0
c;=0.71 Cos(% +88.5") =0.49
Differentiating the current equation, we get

Z—i e =375t [—=1290c; sin 1290t + 1290c, cos 1290t | — 37.5e 7375t [¢; cos 1290t +

¢, $in 1290t ] — 500 # 0.71 sin(500¢ + = + 88.5)
Att=0, £ =1414
dt

1414 = e=375t[—1290c, sin 1290t + 1290c, cos 1290t | — 37.5e737">t [¢; cos 1290t +
¢, 5in1290¢ ] — 500 * 0.71sin(500¢ + = + 88.5)

Solving this we get, ¢, = 1.31
Therefore the complete solution is,

i=e737510.49 cos 1290t + 1.31sin 1290t ] + 0.71 cos(500t + 133.5")
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