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Substituting equations 5 & 6 in 3 we get, 

  {-Aw sinሺݐݓ ൅ ݐݓሻ + Bw cosሺߠ ൅ ሻ + ோߠ
௅
[A cosሺݐݓ ൅ ݐݓሻ + B sinሺߠ ൅ ሻ]} = ௏ߠ

௅
 cosሺݐݓ ൅  ሻߠ

     (-Aw +஻ோ
௅

)sinሺݐݓ ൅ ሻ + (Bw +஺ோߠ
௅

)cosሺݐݓ ൅ ሻ = ௏ߠ
௅

 cosሺݐݓ ൅  ሻߠ

Comparing cosine terms and sine terms, we get 

                         -Aw +஻ோ
௅

 = 0 

                         Bw +஺ோ
௅

 = ௏
௅
 

From the above equations we have 

                               A = V ோ
ோమାሺ௪௅ሻమ 

                               B = V ௪௅
ோమାሺ௪௅ሻమ 

Substituting the A and B values in equation (5) we get 

               ݅௣ = V ோ
ோమାሺ௪௅ሻమ cosሺݐݓ ൅ ሻ + V ௪௅ߠ

ோమାሺ௪௅ሻమ sinሺݐݓ ൅  ሻ -------- (7)ߠ

Putting    M cos V ோ = ׎
ோమାሺ௪௅ሻమ 

                M sin V ௪௅ = ׎
ோమାሺ௪௅ሻమ 

To find M and׎, we divide one equation by the other 

                                    tan ୱ୧୬ = ׎ ׎
ୡ୭ୱ ׎

 = ௪௅
ோ

 

Squaring both equations and adding, we get 

V ௏ = ׎ଶ݊݅ݏ ଶܯ + ׎ଶݏ݋ܿ ଶܯ            
ோమାሺ௪௅ሻమ 

                                        M = ௏
ඥோమାሺ௪௅ሻమ 

The particular current becomes 

                  ݅௣ = ௏
ඥோమାሺ௪௅ሻమ cosሺݐݓ ൅ ߠ െ tanିଵ ௪௅

ோ
ሻ ----------- (8) 

The complete solution for the current, i = ݅௖ + ݅௣  
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                 i = c ݁ି௧ሺೃ
ಽሻ + ௏

ඥோమାሺ௪௅ሻమ cosሺݐݓ ൅ ߠ െ tanିଵ ௪௅
ோ

ሻ 

Since the inductor does not allow sudden changes in currents, at t=0, i=0 

                            c = ି௏
ඥோమାሺ௪௅ሻమ cosሺߠ െ tanିଵ ௪௅

ோ
ሻ 

The complete solution for the current is, 

     i = ݁ି௧ሺೃ
ಽሻ[ ି௏

ඥோమାሺ௪௅ሻమ cosሺߠ െ tanିଵ ௪௅
ோ

ሻ] + ௏
ඥோమାሺ௪௅ሻమ cosሺݐݓ ൅ ߠ െ tanିଵ ௪௅

ோ
ሻ 

Example: In the circuit shown in fig. determine the complete solution for the current, when the 
switch S is closed at t=0. Applied voltage is V (t) = 1000cosሺ1000ݐ ൅ గ

ଶ
 ), Resistance=20Ω, and 

inductance= 0.1H. 

         

                                       100cosሺ1000ݐ ൅ గ
ଶ

ሻ = 20i + 0.1 ௗ௜
ௗ௧

   

                                           ௗ௜
ௗ௧

  +200 i = 1000 cosሺ1000ݐ ൅ గ
ଶ

ሻ  

  The corresponding characteristic equation is 

                                        (D +  200 ) i = 1000 cosሺ1000ݐ ൅ గ
ଶ

ሻ  

The complementary function of the solution is 

                                        ݅௖ = c ݁ି௧ሺೃ
ಽሻ = c ݁ିଶ଴଴௧ 

The particular current becomes 

                  ݅௣ = ଵ଴଴
ඥଶ଴మାሺଵ଴଴଴כ଴.ଵሻమ cosሺ1000ݐ ൅ గ

ଶ
െ tanିଵ ଵ଴଴

ଶ଴
ሻ  
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                  ݅௣ =0.98 cosሺ1000ݐ ൅ గ
ଶ

െ 78.6°ሻ 

The complete solution for the current, i = ݅௖ + ݅௣  

                 i = c ݁ିଶ଴଴௧ + 0.98 cosሺ1000ݐ ൅ గ
ଶ

െ 78.6°ሻ 

At t=0, the current flowing through the circuit is zero, i = 0 

                               c = - 0.98 cosሺగ
ଶ

െ 78.6°ሻ 

The complete solution for the current, i = ݅௖ + ݅௣  

                 i = [- 0.98cosሺగ
ଶ

െ 78.6°ሻ] ݁ିଶ଴଴௧ + 0.98 cosሺ1000ݐ ൅ గ
ଶ

െ 78.6°ሻ 

Sinusoidal Response of R-C Circuit: 

                  

    Consider a circuit consisting of resistance and capacitance in series as shown in fig. the switch 
S is closed at t=0. At t=0, sinusoidal voltage Vcosሺݐݓ ൅  ሻ applied to RL circuit, where V is theߠ
amplitude of the wave and ߠ is the phase angle. Application of Kirchoff’s laws we can determine 
the differential equations. 

                               Vcosሺݐݓ ൅ ሻ = Ri + ଵߠ
஼
׬   (1) ----------- ݐ݀ ݅

                             - Vwsinሺݐݓ ൅ ሻ = Rௗ௜ߠ
ௗ௧

 + ௜
஼
 ------------- (2) 

                                  (D + ଵ
ோ஼

) i = ି ୚୵
ோ

 sinሺݐݓ ൅  ሻ --------- (3)ߠ

The complementary function, ݅஼ = c ݁
ష೟
ೃ಴ 

The particular solution can be obtained by using undetermined coefficients. 
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               ݅௣ = A cosሺݐݓ ൅ ݐݓሻ + B sinሺߠ ൅  ሻ ---------- (4)ߠ

                ݅௣
ଵ = -Aw sinሺݐݓ ൅ ݐݓሻ + Bw cosሺߠ ൅  ሻ -------- (5)ߠ

Substituting equation 4 & 5 in 3 we get 

   {-Aw sinሺݐݓ ൅ ݐݓሻ + Bw cosሺߠ ൅  + {ሻߠ

                              ଵ
ோ஼

 { A cosሺݐݓ ൅ ݐݓሻ + B sinሺߠ ൅ ሻ} = ି ୚୵ߠ
ோ

 sinሺݐݓ ൅  ሻߠ

Comparing both sides, 

                                  -Aw + ஻
ோ஼

 = ି ୚୵
ோ

 

                                    Bw + ஺
ோ஼

 = 0    

So we get, 

                                     A = ௏ோ
ோమା ሺ భ

ೢ೎ሻమ 

                                     B = ି௏
௪஼ሾோమା ሺ భ

ೢ೎ሻమሿ
 

Substituting A and B values in 4 we get 

                     ݅௣ = ௏ோ
ோమା ሺ భ

ೢ೎ሻమ cosሺݐݓ ൅ ሻ -  ௏ߠ
௪஼ሾோమା ሺ భ

ೢ೎ሻమሿ
 sinሺݐݓ ൅  ሻߠ

Putting    M cos ௏ோ = ׎
ோమା ሺ భ

ೢ೎ሻమ 

                M sin ௏ = ׎
௪஼ሾோమା ሺ భ

ೢ೎ሻమሿ
 

To find M and׎, we divide one equation by the other 

                                    tan ୱ୧୬ = ׎ ׎
ୡ୭ୱ ׎

 = ଵ
௪஼ோ

 

Squaring both equations and adding, we get 

V ௏ = ׎ଶ݊݅ݏ ଶܯ + ׎ଶݏ݋ܿ ଶܯ            
ோమାሺ భ

ೢ೎ሻమ 

                                        M = ௏

ටோమାሺ భ
ೢ೎ሻమ
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The particular current becomes 

                  ݅௣ = ௏

ටோమାሺ భ
ೢ೎ሻమ

 cosሺݐݓ ൅ ߠ ൅ tanିଵ ଵ
௪஼ோ

ሻ ----------- (8) 

The complete solution for the current, i = ݅௖ + ݅௣  

                 i = c ݁ି௧ሺ భ
ೃ಴ሻ + ௏

ටோమାሺ భ
ೢ೎ሻమ

 cosሺݐݓ ൅ ߠ ൅ tanିଵ ଵ
௪஼ோ

ሻ 

Since the capacitor does not allow sudden changes in voltages, at t=0, i= ௏
ோ
 cos  ߠ

                         ௏
ோ
 cos c + ௏ = ߠ

ටோమାሺ భ
ೢ೎ሻమ

 cosሺߠ ൅ tanିଵ ଵ
௪஼ோ

ሻ 

     Therefore, c = ௏
ோ
 cos ௏ - ߠ

ටோమାሺ భ
ೢ೎ሻమ

 cosሺߠ ൅ tanିଵ ଵ
௪஼ோ

ሻ 

The complete solution for the current is, 

     i = ݁ି௧ሺ భ
ೃ಴ሻ [௏

ோ
 cos ௏ - ߠ

ටோమାሺ భ
ೢ೎ሻమ

 cosሺߠ ൅ tanିଵ ଵ
௪஼ோ

ሻ] + ௏

ටோమାሺ భ
ೢ೎ሻమ

 cosሺݐݓ ൅ ߠ ൅ tanିଵ ଵ
௪஼ோ

ሻ 

Example: In the circuit shown in fig. determine the complete solution for the current, when the 
switch S is closed at t=0. Applied voltage is V (t) = 50cosሺ100ݐ ൅ గ

ସ
 ), Resistance=10Ω, and 

capacitance= 1μF. 

          

                               50cosሺ100ݐ ൅ గ
ସ

ሻ = 10i + ଵ
ଵכଵ଴షల ׬   ݐ݀ ݅

                             - 500sinሺ100ݐ ൅ గ
ସ

ሻ = 10ௗ௜
ௗ௧

 + ௜
ଵכଵ଴షల  
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                                  (D + ଵ
ଵכଵ଴షఱ) i = - 500sinሺ100ݐ ൅ గ

ସ
ሻ  

The complementary function, ݅஼ = c ݁
ష೟
ೃ಴ = c ݁

ష೟
భబషఱ 

The particular current becomes 

                  ݅௣ = ௏

ටோమାሺ భ
ೢ೎ሻమ

 cosሺݐݓ ൅ ߠ ൅ tanିଵ ଵ
௪஼ோ

ሻ  

                  ݅௣ = ହ଴

ටଵ଴మାሺ భ
భబబכభబషలሻమ

 cosሺݐݓ ൅ గ
ସ

൅ tanିଵ ଵ
ଵ଴଴כଵ଴షలכଵ଴

ሻ 

                       = 4.99*10ିଷ cosሺ100ݐ ൅ గ
ସ

൅ 89.94°ሻ 

At t=0, the current flowing through the circuit is, 

      ௏
ோ

cos ହ଴ = ߠ
ଵ଴

cos గ
ସ
 = 3.53A 

The complete solution for the current, i = ݅௖ + ݅௣  

                 i = c ݁
ష೟

భబషఱ+ 4.99*10ିଷ cosሺ100ݐ ൅ గ
ସ

൅ 89.94°ሻ 

At t=0, i=3.53A then we get c value 

                 3.53 = c ݁
ష೟

భబషఱ+ 4.99*10ିଷ cosሺ100ݐ ൅ గ
ସ

൅ 89.94°ሻ 

     c = [3.53- 4.99*10ିଷ cosሺ100ݐ ൅ గ
ସ

൅ 89.94°ሻ] 

The complete solution for the current,  

     i = [3.53- 4.99*10ିଷ cosሺ100ݐ ൅ గ
ସ

൅ 89.94°ሻ] ݁
ష೟

భబషఱ+ 4.99*10ିଷ cosሺ100ݐ ൅ గ
ସ

൅ 89.94°ሻ 

 

 

 

 

 

Sinusoidal Response of R-L-C Circuit: 
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  Consider a circuit consisting of resistance, inductance and capacitance in series as shown in fig. 
Switch s is closed at t=0. At t=0, a sinusoidal voltage Vcosሺݐݓ ൅  ,ሻ applied to RLC circuitߠ
where V is the amplitude of the wave and ߠ is the phase angle. Application of Kirchoff’s laws 
we can determine the differential equations. 

                                  Vcosሺݐݓ ൅ ሻ = iR + L ௗ௜ߠ
ௗ௧

 + ଵ
஼
׬  i dt --------- (1) 

By differentiating above equation we get, 

                               - Vwsinሺݐݓ ൅ ሻ = R ௗ௜ߠ
ௗ௧

 + L ௗమ௜
ௗ௧మ + ଵ

஼
 i ------------ (2) 

                                  ௗమ௜
ௗ௧మ + ோ

௅
 ௗ௜
ௗ௧

 + ଵ
௅஼

 i = - Vwsinሺݐݓ ൅  ሻ ----------- (3)ߠ

ଶ + ோܦ)                                  
௅
 D + ଵ

௅஼
ሻi = - ௏௪

௅
sinሺݐݓ ൅  ሻ ---------- (4)ߠ

The particular solution can be obtained by using undetermined coefficients. 

               ݅௣ = A cosሺݐݓ ൅ ݐݓሻ + B sinሺߠ ൅  ሻ ---------- (5)ߠ

                ݅௣
ଵ = -Aw sinሺݐݓ ൅ ݐݓሻ + Bw cosሺߠ ൅  ሻ -------- (6)ߠ

                ݅௣
ଵଵ = -Aݓଶ cosሺݐݓ ൅ ݐݓଶ sinሺݓሻ - Bߠ ൅  ሻ ---------- (7)ߠ

Substituting 5,6 & 7 in equation 4 we get, 

        { -Aݓଶ cosሺݐݓ ൅ ݐݓଶ sinሺݓሻ - Bߠ ൅ ሻ} + ோߠ
௅
{-Aw sinሺݐݓ ൅ ݐݓሻ + Bw cosሺߠ ൅   {ሻߠ

                   + ଵ
௅஼

{ A cosሺݐݓ ൅ ݐݓሻ + B sinሺߠ ൅ ሻ} = - ௏௪ߠ
௅

sinሺݐݓ ൅  ሻߠ

Comparing both the sides, sine and cosine coefficients we get, 
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                                  - Bݓଶ - ܣ ௪ோ
௅

 + ஻
௅஼

 = - ௏௪
௅

 

                           A (௪ோ
௅

ሻ + B (ݓଶ - ଵ
௅஼

) = ௏௪
௅

 --------- (8) 

                                  - Aݓଶ + ܤ ௪ோ
௅

 + ஺
௅஼

 = 0 

                           A (ݓଶ - ଵ
௅஼

) - B (௪ோ
௅

ሻ +  = 0 --------- (9) 

Solving equations 8 & 9 we get 

                                      A = 
௏כ ೢ

మೃ
ಽమ

ሾቀೢೃ
ಽ ቁ

మ
ି ሺ௪మ ି భ

ಽ಴ሻమሿ
 

                                      B = 
ሺ௪మ ି భ

ಽ಴ሻכ ௏௪

௅ሾቀೢೃ
ಽ ቁ

మ
ି ሺ௪మ ି భ

ಽ಴ሻమሿ
 

Substituting A and B values in 5 we get 

               ݅௣ = 
௏כ ೢ

మೃ
ಽమ

ሾቀೢೃ
ಽ ቁ

మ
ି ሺ௪మ ି భ

ಽ಴ሻమሿ
 cosሺݐݓ ൅  + ሻߠ

ሺ௪మ ି భ
ಽ಴ሻכ ௏௪

௅ሾቀೢೃ
ಽ ቁ

మ
ି ሺ௪మ ି భ

ಽ಴ሻమሿ
 sinሺݐݓ ൅  ሻ ---- (10)ߠ

Putting    M cos  = ׎
௏כ ೢ

మೃ
ಽమ

ሾቀೢೃ
ಽ ቁ

మ
ି ሺ௪మ ି భ

ಽ಴ሻమሿ
 

                M sin  = ׎
ሺ௪మ ି భ

ಽ಴ሻכ ௏௪

௅ሾቀೢೃ
ಽ ቁ

మ
ି ሺ௪మ ି భ

ಽ಴ሻమሿ
 

To find M and׎, we divide one equation by the other 

                                    tan ୱ୧୬ = ׎ ׎
ୡ୭ୱ ׎

 = 
ሺ௪௅ି భ

ೢ಴ሻ

ோ
 

Squaring both equations and adding, we get 

V ௏ = ׎ଶ݊݅ݏ ଶܯ + ׎ଶݏ݋ܿ ଶܯ            
ோమାሺ భ

ೢ೎ି௪௅ሻమ 

                                        M = ௏

ටோమାሺ భ
ೢ೎ି௪௅ሻమ

 

 

The particular current becomes 
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                  ݅௣ = ௏

ටோమାሺ భ
ೢ೎ି௪௅ሻమ

cosሺݐݓ ൅ ߠ ൅ tanିଵ
భ

ೢ೎ି௪௅

ோ
ሻ  

The complementary function is similar to that of DC series RLC circuit. 

ଶ + ோܦ                                     
௅
 D + ଵ

௅஼
 = 0  

The roots above equation are, 

ଶ = - ோܦ ,ଵܦ                                
ଶ௅

 േ ටሺ ோ
ଶ௅

ሻଶ െ ଵ
௅஼

   

By assuming, ܭଵ= - ோ
ଶ௅

 and ܭଶ = ටሺ ோ
ଶ௅

ሻଶ െ ଵ
௅஼

  

 ଶܭ +ଵܭ = ଵܦ                         

 ଶܭ -ଵܭ = ଶܦ                         

Here ܭଶ may be positive or negative or zero. 

ଶ Is positive, when ሺܭ  ோ
ଶ௅

ሻଶ> ଵ
௅஼

 

     The roots are real and unequal, and give the over damped response as shown in fig. then 
equation (4) becomes 

                                  [D – (ܭଵ+ܭଶ)][[D – (ܭଵ-ܭଶ)]]i=0 

The solution for the above equation is, 

                                  ݅௖ = ܿଵ݁ሺ௄భା௄మሻ୲ + ܿଶ݁ሺ௄భି௄మሻ୲ 

Therefore the complete solution is, i = ݅௖ + ݅௣ 

         i = ܿଵ݁ሺ௄భା௄మሻ୲ + ܿଶ݁ሺ௄భି௄మሻ୲ + ௏

ටோమାሺ భ
ೢ೎ି௪௅ሻమ

cosሺݐݓ ൅ ߠ ൅ tanିଵ
భ

ೢ೎ି௪௅

ோ
ሻ                        

ଶ Is negative, when ሺܭ ோ
ଶ௅

ሻଶ< ଵ
௅஼

. The roots are complex conjugate, and give the under damped the 
equation as shown in becomes 

                                 [D – (ܭଵ+݆ܭଶ)][[D – (ܭଵ-݆ܭଶ)]]i=0 

The solution for above equation is, 

                                ݅௖ = ݁௄భ୲ [ܿଵ cos ଶܿ+ ݐଶܭ sin  [ ݐଶܭ
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Therefore the complete solution is, i = ݅௖ + ݅௣ 

         i = ݁௄భ୲ [ܿଵ cos ଶܿ+ ݐଶܭ sin ௏ +[ ݐଶܭ

ටோమାሺ భ
ೢ೎ି௪௅ሻమ

cosሺݐݓ ൅ ߠ ൅ tanିଵ
భ

ೢ೎ି௪௅

ோ
ሻ                       

ଶ Is zero, when ሺܭ ோ
ଶ௅

ሻଶ= ଵ
௅஼

. The roots are equal, and give the critically damped response as shown 
in fig. the equation becomes 

                                       [D – ܭଵ][[D – ܭଶ]]i=0 

   The solution for above equation is 

                                       ݅௖ = ݁௄భ୲ [ܿଵ+ܿଶݐ ]  

Therefore the complete solution is, i = ݅௖ + ݅௣ 

         i = ݁௄భ୲ [ܿଵ+ܿଶݐ ]+ ௏

ටோమାሺ భ
ೢ೎ି௪௅ሻమ

cosሺݐݓ ൅ ߠ ൅ tanିଵ
భ

ೢ೎ି௪௅

ோ
ሻ             

Example: In the circuit shown in fig. determine the complete solution for the current, when the 
switch S is closed at t=0. Applied voltage is V (t) = 400cosሺ500ݐ ൅ గ

ସ
 ), Resistance=15Ω , 

inductance= 0.2H and capacitance= 3μF.         

        

By applying Kirchoff’s voltage law to the circuit, 

                                  400cosሺ500ݐ ൅ గ
ସ
 ) = 15 i(t) + 0.2 ௗ௜

ௗ௧
 + ଵ

ଷכ ଵ଴షల ׬ iሺtሻ dt  

By differentiating above equation we get, 

                               -2 *10ହ sinሺ500ݐ ൅ గ
ସ
) = 15 ௗ௜

ௗ௧
 + 0.2 ௗమ௜

ௗ௧మ + ଵ
ଷכ ଵ଴షల i 
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ଶ + 75 D + 16.7 *10ହሻi = - 10 *10ହܦ)                                   sinሺ500ݐ ൅ గ
ସ
)   

The roots of the characteristic equation are, 

 ଶ= -37.5-j1290ܦ ଵ =-37.5+j1290 andܦ                         

                                 [D – (ܭଵ+݆ܭଶ)][[D – (ܭଵ-݆ܭଶ)]]i=0 

The solution for above equation is, 

                                ݅௖ = ݁ିଷ଻.ହ୲ [ܿଵ cos ଶܿ+ ݐ1290 sin  [ ݐ1290

The particular solution is 

                  ݅௣ = ௏

ටோమାሺ భ
ೢ೎ି௪௅ሻమ

cosሺݐݓ ൅ ߠ ൅ tanିଵ
భ

ೢ೎ି௪௅

ோ
ሻ  

                  ݅௣ = 0.71 cosሺ500ݐ ൅ గ
ସ

൅ 88.5°ሻ  

Therefore the complete solution is, i = ݅௖ + ݅௣ 

         i = ݁ିଷ଻.ହ୲ ሾܿଵ cos ݐ1290  ൅ ܿଶ sin ሿ ݐ1290 ൅ 0.71 cosሺ500ݐ ൅ గ
ସ

൅ 88.5°ሻ  

At t=0, ݅଴ ൌ 0 

     ܿଵ= 0.71 cosሺగ
ସ

൅ 88.5°ሻ = 0.49 

Differentiating the current equation, we get 

     ௗ௜
ௗ௧

 = ݁ିଷ଻.ହ୲ ሾെ1290ܿଵ sin ݐ1290  ൅ 1290ܿଶ cos ሿ ݐ1290 െ 37.5݁ିଷ଻.ହ୲ ሾܿଵ cos ݐ1290  ൅

ܿଶ sin ሿ ݐ1290 െ 500 כ 0.71 sinሺ500ݐ ൅ గ
ସ

൅ 88.5°ሻ 

At t=0, ௗ௜
ௗ௧

 =1414 

     1414  = ݁ିଷ଻.ହ୲ ሾെ1290ܿଵ sin ݐ1290  ൅ 1290ܿଶ cos ሿ ݐ1290 െ 37.5݁ିଷ଻.ହ୲ ሾܿଵ cos ݐ1290  ൅
ܿଶ sin ሿ ݐ1290 െ 500 כ 0.71 sinሺ500ݐ ൅ గ

ସ
൅ 88.5°ሻ 

     Solving this we get, ܿଶ = 1.31 

Therefore the complete solution is,  

         i = ݁ିଷ଻.ହ୲ ሾ0.49 cos ݐ1290  ൅ 1.31 sin ሿ ݐ1290 ൅ 0.71 cosሺ500ݐ ൅ 133.5°ሻ 
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