5. Check the continuity of f given by f x ={y2 _ oy _3

6.Show that f, given by f x =

7.
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MATHEMATICS PAPER IB
COORDINATE GEOMETRY (2D &3D) AND CALCULUS.
TIME : 3hrs Max. Marks.75
Note: This question paper consists of three sections A,B and C.
SECTION A
VERY SHORT ANSWER TYPE QUESTIONS. 10X2 =20

1.1f the portion of a straight line intercepted between the axes of co-ordinates is
bisected at (2p, 2q), write the equation of the straight line.

2. Transform equation (2 + 5k) x — 3 (1 + 2Kk) y + (2 — k).= 0 into form
L, +AL, =0and find the point of concurrency ofthe family of straight lines
represented by the equation.

3. P is a variable point which moves.such that 3PA = 2PB. If A = (-2, 2, 3) and B
=(13,-3,13)prove that P satisfies the equation
X2+ Yy +2° + 28x — 12y + 10z =247.= 0.

Show that the plane through (1, 1, 1), (1, -1, 1) and (-7, —3, -5) is parallel to y-
axis.

Xt -9 if 0<x<5andx«3
< X< * 2 At the

1.5 if X=3
point3.

X=Xy 0 iscontinuouson R— O .

If y =ae™ +be ™ then prove that y" = n?y
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8. find the derivative of sin[tan‘l g X ]

9. Find approximate value of /82

10. It is given that Rolle’s theorem holds for the function f(x) = x> + bx® + ax on [1, 3]
withc = 2t+—— . Find the values of a and b.

J3
SECTION B

SHORT ANSWER TYPE QUESTIONS.
ANSWER ANY FIVE OF THE FOLLOWING 5X4 =20

11. Find the equation of locus of P, if the line segment joining (2, 3) and (-1, 5)
subtends a right angle at P.

12.When the axes are rotated through an angle %, find the transformed equation of

3x? +10xy +3y% =9

13. Find the points on the line 3x —4y — 1 = 0 which are at a distance of 5 units
form the point (3, 2).

1 1
14. Lt[l+X81—X8]

x—0 X

15. _A‘container is in the shape of an inverted cone has height 8 m and radius 6 m
at the top. If it is filled with water at the rate of 2m®minute, how fast is the height
of water changing when the level is 4 m?

—X

16. Find the angle between the curve 2y =e 2 and y-axis.
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17.. 1f X! = €, then show that & = LXZ .
dx (1+logx)

SECTIONC
LONG ANSWER TYPE QUESTIONS.
ANSWER ANY FIVE OF THE FOLLOWING 5 X7=35

18. If (h, k) is the image of (X1, y1) w.r.tthe lineax + by +c =0 (a # 0, b= 0),
h—x _ K-y, _ —2(x, +by; +¢)
a

then prove that
P b a’ +b?

19. If the equation ax® + 2hxy + by? + 2gx + 2fy + ¢ =0 represents a pair of

intersecting lines, then show that the square of the distance of their point of

c(a+b)—f%—g?
2

—_ . Also'show that the square of this
a —_

intersection from the origin is

f2+9°

h? +b?

distance is if the given lines are perpendicular.

20. Show that the straight lines y*—4y+3=0 and x* +4xy + 4y’ +5x +10y +4=0

from a parallelogram and find the lengths of its sides.

21. If a ray makes angle «, 8,7 and s with the four diagonals of a cube find

cos” ac + COS’ 3 + COS*y + C0S° &

22.  If y=xva? x%+a%log x +Vx® +a? | ShOWthat%:Z a’ + x?
X

23. If the tangent at any point on the curve
x2'3 +y2/3 = a?/3intersects the coordinate axes in A, B show that the length
AB is constant.

24. A window is in the shape of a rectangle surmounted by a semi-circle. If the
perimeter of the window be 20 feet, find the maximum area.
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SOLUTIONS

1. If the portion of a straight line intercepted between the axes of co-ordinates is

bisected at (2p, 2q), write the equation of the straight line.
Sol. Let a, b be the intercepts of the line and AB be the line segment between the

axes.
Then points A =(a, 0) and B = (0, b)
Equation of the line in the intercept form is §+%=1 - (1)
b T
B
oo
b M (2p, 2p)
o} a ;C
A el .

Mid -point of AB is M:(%,g)=(2p,2q) given
a b
—=2p,—=2 =4p,b=4
=5=2p5=20=a p,b=4q
Substituting in (1), X 4+Y 295X Y_4

4p p

2. Transform equation (2 +5k) x—3 (1 + 2k) y + (2 — k) = 0 into form
L, +AL, =0and find the point of concurrency of the family of straight lines
represented by the equation.

Sol. Given equation is
(2+5k)x-3(1+2k)y+(2-k)=0 = (2x-3y+2)+k((Bbx-6y-1)=0
which is.of the form L, +1L, =0whereL, =2x-3y+2=0and L, =5x -6y -1=0
therefore given equation represents a family of straight lines.

Solving-above two lines,

X y 1
-3 2 2 -3
DI
3+X12210312:_121“5:)(:%:5,3,:%:4

The point of concurrency is P(5, 4).
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3. P is avariable point which moves such that 3PA =2PB. If A= (-2, 2,3) and B
= (13,
-3, 13) prove that P satisfies the equation
X2 +y? + 72 + 28x — 12y + 10z — 247 = 0.

Sol.  Given points are :
A(-2, 2, 3) and B = (13, -3, 13)
Let P(X, y, z) be any point on the locus.
Given condition is : 3PA = 2PB
= 9 PA* = 4 PB?
I(x +2)*+ (y—2)*+(2-3)7]
= 4[(x—13)* + (y + 3)* + (2 13)°]
=90 +4x+4+y —Ay+4+7°—62+9)
= 4(x* — 26X + 169 + y? + 6y + 9 + z* 2262 + 169)

Ox* + 9y? + 97° + 36X — 36y — 54z + 153 = 4x? + 4y* + 4z° — 104x + 24y — 104z
+ 1388

5x® +5y? +5z% +140x — 60y +502— 1235 = 0
Dividing with 5 locus of Pis :
X2+ Y2+ 72 + 28x — 12y + 10z — 247 = 0.

4. Show that the plane through (1, 1, 1), (1, -1, 1) and (-7, -3, -5) is parallel to y-
axis.

Sol. Equation-of the plane through (1, 1, 1), (1, -1, 1) and (-7, -3, -5) is
X=X “y=Y1 -7
Xo—=X “Yo—Y1 Z,-71|=0
X3—Xp Ys— V1 Z3—4

x=1vy-1 z-
0 2 0 |=0=>3x-4z+1=0
-8 -4 -6

D.rs of normal to the plane aer 3,0,-4
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d.rs of y axis are 0,1,0
= &a, +bb, +¢c, =3.0+0.1-4.0=0
Normal to the plane is perpendicular to the y-axis.

henceplnae is parallel to Y-axis.

x2 -9
5. Check the continuity of f givenby f x ={,2 _»5y _3

1.5 if X =3

if 0<x<5 andx;as3Atthe

point 3.
Sol : Given f(3) =1.5.

2 f—
X—>3 X—>3 x2 —2Xx -3

_ Lt X—3 X+3 :3+3:§:1.5:f 3
Xx—>3 X—-3 x+1 3+1 4

. f x IS continuous at x = 3.

6. Show that f, given by f x = X=I¥"x" 0"is continuous on R— 0 .

X
%,X>O 0,x >0
Sol : fx = =f x = 2X
X+X — x<0
——x<0 '
X X
0,x>0

:>f(x):{2,x<0

Leftlimitatx=01is Lt f x = Lt 2=2
x—0" x—0"

Rightlimitatx=0is Lt f x = Lt 0=0
x—0* x—07"

Lt f x = Lt f x .. Lt f x does notexist.
X—0— X—>0t x—0

Hence the function is not continuous at x=0.
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When x<0, f(x) =2, a constant. And it is continuous for all x<O0.
When x>0, f(x) = 0, which is continuos for all x>0.

Hence the function is continuous on R-{0}.

7. If y =ae™ +be ™ then prove that y" = n?y
Sol: y=ae™ +be™

y; = nae™ —nbe™™

y, = n®.ae™ 4+ n? pe™™

2

y"=n° ae™ +be™ =n?y

8. find the derivative of sin[tan‘1 g™ ]

Diff. w.r.t.x,

d d . 4
d—izasm[tan le X]

- cos[tan‘1 e X ].[tan‘1 e ]l

1 1 L1 —ef 1
=cos tan"t e¥ ————— ¥ "=— cos[tan”" e* |
l+e

9. Find approximate value of 82
Sol: letf(x) = +/x x=81, aAx=1

Now
f(x +8x) = f x 4f! x SX:\/;+L.AX, putx =81, Ax=1
24/x
—\/zﬁ+i1—9+i—9+i—9+0056—9o56
281" ~ 29 ~ 18 ' '

10.+ It is given that Rolle’s theorem holds for the function f(x) = x® + bx? + ax on
[1, 3] withc= 2t+-= . Find the values of a and b.

NE

Sol. Given f(x) = x> + bx® + ax
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f'(x) =3x% +2bx +a

~f'(x)=0=3c?+2bc+a=0

oo 2 \4b? ~12a

6
C_—bi\/bz—Ba
- 3
2+i_—bi\/b2—3a
J3 3
2
Do ¥ 1
3 3 J3

< b=6and b®>-3a=3
=36-3=3a=33=3a=a=11

Hencea=11, b =-6.

11. Find the equation of locus of P, if-the line segment joining (2, 3) and (-1, 5)
subtends a right angle at P.

Sol. Given points A(2, 3), B(=1, 5).
Let P(X, y) be any point inthe locus.

P(x,y)

A(2,3) B(-1,5)
Given condition is : ZAPB =90°

= (slope of AP) (slope of BP) =—1

:>y_—3_y_—5:_1
X—2 X+1

(y=3)(y-5)+(x-2)(x+1) =0
x* +y* —x-8y+13=0
. Locusof Pis x* +y*—x—8y +13=0
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12.When the axes are rotated through an angle %, find the transformed equation of

3x? +10xy +3y% =9
Sol. Given equation is 3x* +10xy +3y—-9=0........... (1)

Angle of rotation of axes is 8 = % .Let (X,Y) be the new co-ordinates of x.y

X=X cos@-Ysing= Xcosz—ysinzzﬂ
A 4 2
. T T X+Y
y_Xsm9+Ycose_Xst+Ycos.Z_T
Transformed equation of (1) is (X—YT (X—YJ[XHJ [X+YT_ _
3 A +10 N 72 +3 7 9=0
X®-2XY +Y* XZ-Y?  XZi2XY+Y?
=3 > +10 5 +3 > _940

— 3X? —6XY +3Y?+10X? ~10Y* +3X* + 6XY. +8Y* -18=0
= 16X*-4Y?-18=0=8X*-2Y*=9
13. Find the points on the line 3x — 4y —1 = Q which are at a distance of 5 units
form the point (3, 2).
Sol. Equation of the line is 3x —4y— 1.=0 = slope of the line is tanb = %
=sinf = 3/5 and cos0 =4/5
Given Point is (3,2) =(x,y;). and r = 5.
Co-ordinates of any point'on the given line at a distance r are
(Xq£rcos0,y; £rsin®)
Co-ordinates of the points are (3+5.%,2+5.§J =(7,5) And

4 3
(3—5.3,2—55):(—1,—1)

1 1

x—0 X
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1 1
8 8
Lto 1+x —-1-Xx
SoI:X_> X
1 1
8 8
_ Lt 1+x -1+1-1-X
Xx—0 X

1 1
_ Lt 1+X8—1Jr Lt 1-xg-1

I+x »1 1+x -1 1-x »1 1-x -1

= £1_7/8 + 11_7/8 = 1 +1 = 1

8 8 8 8 4

15. A container is in the shape of an inverted cone has height 8 m and radius 6 m at
the top. If it is filled with water at the rate of 2m*/minute, how fast is the height of
water changing when the level is 4 m?
Sol. h=8m=0C

r=6m=AB
av_ 2m3/minute
dt

AOAB and OCD are similar angle then

Cb _ocC
AB  OA
L:n:r=h§
6 8 4

Volume of cone V:%nrzh
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v:lnhzih

3 16

V=i7th3

16
dv_3 a2 6
dt 16 dt
2=in3(16)@:>3:@
16 dt On dt

—X

16. Find the angle between the curve 2y =e 2 and y-axis.
Sol: Equation of y-axisisx =0

—-X

The point of intersection of the curve 2y =e 2 andx =0 is P(O,EJ

—X

The angle  made by the tangent to the curve 2y=e 2 at P with X — axis is
= — b, o
(o,f) 4 4
2 1
(03)
—X

Further, if ¢ is the angle between the y-axis and 2y=e7, then we have

tan (g—\p)‘ —|cotay| =4

—-X
given by tany = dy 2 ~
dx

tan¢ =

- The angle between the curve and the y-axis is tan4.

17..1F X = &7, thien'show that & = LXZ :
dx (1+logx)
Sol. x'=¢*”

logx? =loge*™

ylogx=x-y
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y= X
1+log x

1+1 1 L

dy_( +log x)- —x-;

dx 1+ log x)?
~1+logx-1_ logx
(1+logx)?> (1+logx)?

18. If (h, k) is the image of (X1, y1) w.r.tthe lineax + by +c =0 (a = 0, b= 0),

thenh_xl _ K-y, =—2(x1+by1+c) .
a b a® +b?

I:xl’ Fl :I

Proof: (o l.
Let A(X1, Y1), B(h, k)

ax+br+c=10

Mid pointof isP = (XlTJrhleH(j

Since B is the image of A, thereforemid pointP lies on ax + by + ¢ = 0.

:a(x1+hj+b(yl+kj+c =0
2 2

—ax]+byp+ah+bk+2c=0

—ah + bk =—-axq +by1 — 2c.

Slope of ABis %
M

And Slope of-given line is_%

AB isperpendicular to the given line

S

wok=y _h-x
b a
By the law of multipliers in ratio and proportion
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a b a® +b?
_ah+Dbk —ax, —by,
- a® +b?
_ —ax —by, —2c—ax by,
- a? +b?
_ —2(ax, + by, +c)
© a?4b?
Hence h—x _ K-y, _ —2(ax, +by; +¢)
a b a® +b?

19. If the equation ax® + 2hxy + by? + 2gx + 2fy + ¢ = O represents a pair of

intersecting lines, then show that the square of the distance of their point of

c(a+h)—f2—g?
2

—_ . Also show that the square of this
a —_

intersection from the origin is

2

2
';2 +gz if the given lines are perpendicular.
—+

Sol. Let the equation

distance is

ax’ + 2hxy + by’ + 2gx + 2fy + ¢ = 0

represent the lines

Iix+my+n, =0 ...(1)

Lx+my+n,=0 ..(2)

(Iix + myy + ng) (X + may + np) =
ax® + 2hxy +by? + 2gx + 2fy + ¢

lilb=a, mm,=Db, njn,=c

Solving (1) and (2)

X y B 1

min, —myng  bLng—hn,  Im, —I,m;

The point of intersection,
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mn, —myn;  Irn; -,
lmy —l,m; lim, —1,m;

2 2
_ (myn, —myny)” +(1pn; —hiny)
2
(my —1,m,)

(mgn, + m2n1)2 —4m;m,n;n,

OP?

+(l,n, +1,n,)? = 4l1,n.n,
(,m, +1,my)? -4l 1,mm,
_ 4% —4abc +4g° —4ac
4h? —4ab
_c(a+b)-f2-g?
- ab—h?

If the given pair of lines are perpendicular, thena + b =0
~a=-b

OP2 O—f2—92 f2+gz
= 2 w2, pnet
(-b)b—h“  h°+b

20. Show that the straight lines y* -4y +3=0and x* +4xy + 4y’ +5x +10y +4=0

from a parallelogram and find the lengths of its sides.

Sol. Equation of the first pair of lines is
y?—4y+3=0,= y~1"y-3 =0
= y-1=00ry-3=0
= Equations (of the linesare y—1=0 ........ (Dand y—3=0

--------

Equations of (1) and (2) are parallel.

Equation of the second pair of lines is x* +4xy +4y* +5x +10y +4 =0

= X+2y 45 X+2y +4=0

= X+2y ‘14 X+2y + X+2y +4=0
= X+2y X+2y+4 +1 x+2y+4 =0

= X+2y+1 X+2y+4 =0
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= X+2y+1=0,Xx+2y+4=0
Equations of the linesare x+2y+1=0........ (3)and x+2y+4=0...... 4)
Equations of (3) and (4) are parallel .

p . @
C
(3/ /
4
A (1) B
Solving (1), 3) x+2+1=0,x=-3
Co-ordinates of A are (-3, 1)
Solving (2), B) x+6+1=0,x=-7
Co-ordinates of D are (-7,3)

Solving (1), (4) x+2+4=0,x=-6
Co-ordinates of B are (-6, 1)

AB:\/ 3462+ 1-12=/9+0=3

AD=.| -3+7 "+ 1-3° =16 +4 =20 =25
Length of the sides of the parallelogram are 3,2+/5

21. If a ray makes angle «, 8,7 and s with the four diagonals of a cube find
cos” ¢ + cos” 3.4-C0s” y + C0S° &

www.sakshieducation.com



www.sakshieducation.com

Y
M
R
(0.a.a) ] plaaa,)
0 A -
a (a.0.0)
da

/ C (0.0.2) S (a.0.a)
Sol: 7

Let OABC;PQRS be the cube.

Let a be the side of the cube. Let one of the vertices of ‘the cube be the origin O
and the co-ordinate axes be along the three edges OA, OB and.OC passing through
the origin.

The co-ordinate of the vertices of the cube with respect to the frame of reference
OABC are as shown in figure are A (a,0,0), B(0,a,0), C(0,0,a) P(a,a,a) Q(a,a,0)
R(0,a,a) and S(a,0,a)

The diagonals of the cube are OP,CQ, ARandBS . and their d.rs are respectively
(a, &, a), (a, a, -a), (-a, a, a) and (a, -a, a).

Let the direction cosines of the given ray’be I,m,n .

Then I°+m? +n*=1

If this ray is making the‘angles «, g,y and 5 with the four diagonals of the cube,
then

laxl+axm+axn| |[l+m+n]|
COS & = =
Jal+a® £ail NG
. l+m-n
Similarly, cosﬁ:%
|[—b+m+n]| |-l +m-+n]
coSy=——~—=—and cosd =—F+—
B B

C0S% & + C0S” B+ COS” ¥ +C0s* & —
1
5ﬂ|+m+nf+“+m—nf+h4+m+nF+H—m+nF}

1 2 2 2 2
§U+m+n +1l+m-n"+ ~l+m+n"+ l-m+n 7]
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%[4 12 +m?+n? ] :% (sincel*+ m? + n*=1)
22.  If y=xva? +x* +alog x + Vx? +a® , show that W _ a2

dx
sol: y=xva?+x®+a’log x+va? + x?

diff. w.r.t x,

diy_di xvVaZ + x? +a’log x + Va? + x?
X X

:ﬂ x—x/_x+ a?+x°.1

dx  2ya? 4 x2

1- ZXJ
x+\/a +X ( a +X

2

V22 a \/a2+x2+x

x+\/a +x% Va2 ¥

\/a + x2
rval e xl gy —2
\/a + X2 az+x2

x+a

\/a + X
=\/a2 + x° +\/a2 +x%2 =2Va® + %2
23. If the tangent at any point on the curve

3 +y?'3 —a?3intersects the coordinate axes in A, B show that the length
AB is constant,

a+x

Y

X

o A
Sol: Equation of the curve is  x2/3 +y?/3 =42/3
Let x=a cos®0, y=asin®0
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be the parametric equations of the curve .

Then any point P on the curve is a cos®0,asin®6

dy a.3sin”6. cosO _ —sin®

dXx a.3cos20. —sin®  COSO

Equation of the tangent at P is
—sin©®
cosO

y—asin36= X—acos>0

. X
:>_L—asm26=——+acosze

Sin© CcosO

X .
X Y _asin?0+c0s?0 =a
cos®  sino

X Yy _
acosO® asin®
= X —intercept OA =acos6

y —intercept OB=asin6
Now AB? = 0A? + OB?

2 . 2
= acosO ~+ asino

2

—a?% sin0+cos?0 =a’

= AB =a,aconstant

24. A window is in the shape of a rectangle surmounted by a semi-circle. If the
perimeter of the window be 20 feet, find the maximum area.
Sol: Let the length of the rectangle be 2x and breadth be y so that radius of the

semi-circle isx.

Perimeter = 2x+2y+nx =20
2y =20-2X —1X

T
=10—-Xx——.X
y 2

Area = 2Xxy + g X2
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=2x£10—x—zJ+Ex2
2 2

— 20X — 2x?2 —nx2 +gx2

Let f(X) =20x —2x? —nx? +gx2

= f'=20-4x-27x+7zXx and "' =-4-27+7= -4-z for max or min
formaxormin f’ x =0=20-4x—-nx=0
= n+4 x=20

20
n+4
f'" X =—4-n<0

=> X=

20
n+4

= f x has a maximum when x =

yzlo_x_fleo_ﬂ_fﬂ
2 n+4 2n+4

~10n+40-20-10m

- n+4

20

Cn+4

Maximum area = 2xy+g.x2

40 20 = 400

Tnid nid 2 w4 2

_ 800+200m/ 200 7+4

2 2
n+4

n+4
200

=——sq.feet.
n+4 a
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