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MATHEMATICS PAPER IA

TIME : 3hrs Max. Marks.75

Note: This question paper consists of three sections A,B and C.
SECTION A

VERY SHORT ANSWER TYPE QUESTIONS. 10X2 =20

1. If: R - {0} is defined by f(x)=x° _% then show that f(x)+f (%) _0.

V2+X ++/2-X

X

2. Find the domain of f(x)=

3.Find the vector equation of the plane passing through the points (0, 0, 0), (0, 5, 0)
and (2,0, 1).

4. If the vectors —-3i +4j+1k and pi+8j+6k arecollinear vectors then find A and
L.
5. Find unit vector perpendicular to both i+ j+k and 2i + j+3k.

6. Find the period of the function f x :Zsin%x+3cos%x

7. prove that tan9°~tan27°—cot27°+cot9°=4.

8. Prove that &pfhx + sin hx =sin hx + cos hx

l1-tanhx 1-cothx

9. For any n xn matrix A, prove that A can be uniquely expressed as a sum of a
symmetric and a skew symmetric matrix.

1 o o
10. If ® is a complex cube root of 1 then show that |0 ®®> 1|=0.

o 1 o

www.sakshieducation.com



www.sakshieducation.com

SECTION B

Short Answer Type Questions
Answer Any Five Of The Following 5 X 4 =20

11.Let ABCDEF be a regular hexagon with center O. Show that

AB-+AC+AD+AE +AF=3AD=6A0.

and d, (@xb)x(cxd)=[a ¢ dJb—[b c.d]a and

12 For any four vectors a,b,
ab

T
(@xDb)x(cxd)=[a b dJc—[a b c]d.

13. If A+B+C :g and if none of A, B, C is an odd multiple of n/2, then prove that
cot A + cot B + cot C = cotAcotBcotC.

14. Solve the equation \/& COS X + 7sin” X +os X =0

15. If sin™ x+sin™ y+sin™' z =z then prove that ~ x«1-x* + y\/l— y? +21-2° = 2xyz

16.Prove that (l—ij(l—i (l—l}a—m:ﬂ

n\r o lr ) A% %%

b+c c+a a+b

17. Show that la+b-b+c c+a =a’+b*+ ¢3— 3abc.
a b C
SECTION C

Long Answer Type Questions
Answer Any Five Of The Following 5 X 7 =35

18. Show that 3.57™* +2°"* +2°™ s divisible by 17
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19. a,b,c are three vectors of equal magnitudes and each of them is inclined at an
angle of 60° to the others. If |a+b+¢|=+6, then find |a|.

20.If A+B+C+D=360° then prove that

sinA—sinB +sinC —sinD:—4cos(A;L Bjsin(AzC)cos(Asz

21 .Solvex+y+z=9
2X +5y+72=52
2x +y —z =0 by Gauss Jordan method
22. Find the complete solution of the system of equations x +y=z =0
X-2y+z=0
3X+6y—-52=0

23. If f:A— B isabijection, then f™*of =1,, fof =1,

24.  1f (r—r1)(rs—r1) = 2r,r;. Show that A= 90°.
Solutions
LIf : R — {0} is defined by f(x) = x* % , then show that f(x)+f (3: 0.
X

1
3

Sol. Given that f(x)=x%-

.'.f(x)+f(§J:x3__3+i_x3 _o

2. Find the domain of  f(x)=

N2+ X ++4/2-x
X
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24+x>0[2—x>0[x=0
=>X>-2 [=22=>X|x20
= X<L2

.. Domain of fis [-2, 2] — {0}

f(x) = /logg3(x - Xz)

logys(x —x?)>0

= (x—x?)<(0.3)°

= x-x2<1

—=0<x?-x+1

= x2-x+1>0

= x%2-x+1>0, VxeR ..(1)
X—x?>0

=x%>-x<0

= X(x-1)<0

=0<x<1

Since the coefficient of x? is +ve
- xe(0,1) (2)
From (1) and (2)

Domain of fisR m (0, 1)=(0, 1)
(or) Domain of fis (0, 1)

3.Find the vector equation.of the plane passing through the points (0, 0, 0), (0, 5, 0)
and (2,0, 1).

Sol. Leta=(0,0,0), b =(0,50), c=(20,1)
a=0,b=5j;CT=2i +k
The vector equation of the plane passing through the points

a,b,cisT=a+s(b-a)+t(c-a),s,teR
T=s(5j)+t(2i +k),s,teR
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4. If the vectors —-3i +4j+xk and ni+8j+6k are collinear vectors then find A and
LL.

Sol. Leta=-3i+4j+ik, b=pi+8j+6k
From hyp. a,b are collinear then a=tb
= -3i +4j+1k =t(ui +8]+6Kk)
-3i +4j+2k =puti +8tj +6tk
Comparing i, j, k coefficients on both sides

3 3
" P T 12 "

5. Find unit vector perpendicular to both i+ j+kand 2i + j+3k.
Sol. Leta=i+j+kandb=2i+j+3k

P P e
w = xXI

|
axb=|1
2
=i(3-1)-j(3-2)+k(-2)
=2i-j-k
|axb| =6
Unit vector perpendicular to
_ = —axb . 2i-j-k
a and b:i|§x5|:i Jé

6..Find the period of the function f x :23in”—x+3cos%x

Period of sin X is 2% —g

zl4

Period of cos”* is 2% —¢
wl3

Period of given function is L.C.M of 8, 6
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7. prove that tan9°—tan27°—cot27°+cot9° =4.
Sol. Consider,
sin A N COSA

tan A+ CcotA = -
COSA SsSIinA

_sin® A+cos® A
~ sinAcosA
1

~ sinAcosA

=2CSC2A

- sin 2A
tan81° = tan(90°-9°) = cot 9°

tan 63° = tan(90° — 27°) = cot 27°

A =9°=tan9°+cot9° =2cscl8°

A =27°=tan27°+cot 27° = 2csc54°
L.H.S. = 2(csc17° —csc54°)

{F5 %)

cos hx sin hx
1-tanhx 1-cothx

8. Prove that =sin hx + cos hx

Solution:
cos hx sin hx
l-tanhx 1-cothx
cos hx . sinhx_ _ cosh? x . sinh?x
1_SiﬂhX 1_COShX coshx —sinhx  sin hx —coshx
cos hx sin hx

cosh? x sin h?x
coshx—sinhx coshx—sinhx
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cosh? x—sinh®x  coshx+sinx coshx—sinhx )
- = - = coshx+sinhx
cos hx —sin hx cos hx —sin hx

9. For any n xn matrix A, prove that A can be uniquely expressed as a sum of a
symmetric and a skew symmetric matrix.
Sol. For A square matrix of order n,

A+ A’ is symmetric and A — A’ is a skew symmetric matrix and
A:%(A+A’)+%(A—A')

To prove uniqueness, let B be a symmetric matrix and C be a skew-symmetric
matrix, suchthat A=B + C.

ThenA’=(B+C) =B"+(C
=B+(C)=B-C

and hence B =%(A+A'), C =%(A—A’)

1 o o

10. If » is a complex cube root of 1 then show that & ®®> 1|=0.
o 1 o

1 o o

Sol. o o 1

o 1 o

Rl—)Rl + R2 + R3

l+o+0° l+o+o’ (1+o+o’
= ® o? 1
o’ 1 )
0 00
=lo. o 1] -1+eo+0’=0]
o’ 1%
g

11.Let ABCDEF be a regular hexagon with center O. Show that
AB+AC+AD+AE + AF =3AD =6A0.
Sol.
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D
E 1 C
O
F B
A
From figure
AB+AC+AD +AE + AF =

AB+AE +AD+ AC+AF
= AE+ED +AD+ AC+CD
-+ AB=ED,AF =CD
= AD +AD +AD =3AD
=6AO0(- O is the center and OD = AO)

and d, (@xb)x(cxd)=[a ¢ djb—[b ¢ dja and

12 For any four vectors a,b,
(@xDb)x (Cxd)=[a b d]c-[a b
Sol. Letm=cxd
s(@xb)x(Cxd)=(axb)xm
=(@-mb-(b-m)a
=(a-(cxd))b—(b-(txd))a
=[ac dlb=[bTd]a
Again, Let axb=n, then
(@xb)x(Cxd)=nx(cxd)
=(n-d)T—(n=C)d
=((@xb)-d)c-((@xb)c)d

=[abdlc-[abc]d

3
cld.

13. 1f A+B+C :g and if none of A, B, C is an odd multiple of /2, then prove that
cot A + cot B + cot C = cotAcotBcotC.
Sol. A+B+C=g
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A+B=Z_cC
2

cot(A + B) = cot (g - Cj

cotAcotB-1
cotB+cotA
cotAcotB-1 1

cotB+cotA  cotC

cotC[cot AcotB—1] =cotB+cot A

cotAcotBcotC—cotCcot A+cotB
cot AcotBcotC =cotA+cotB+cotC
..cotA+cotB+cotC =cotAcotBcotC

tanC

14. Solve the equation /6 cosx + 7sin? x + cos x =0
Solution:
\/6 —COS X + 7Sin” X = — COS X
Squaring on both sides
6 — cos X + 7sin® x = cos” X
6 —COSX + 7 — 7 coS® X = cos’ X
8cos® X + cos X —13=0

1+ 14104 _ . . -
T+ This is not possible

o sinx cosx >1 (or)
cosx < —1 in this cosx
Hence equation has no solution

COSX =

15. If sin x #sin " yssin" z =z then prove that ~ xy1-x2 + y\/l— y? +241-2° = 2xyz
Solution:
Let sin'x=a sinty=4 sintz=y
sina =X sing=y siny=z
Given a+f+y=r=a+pf=n—y
sin ¢+ f =sinyandcosy =—cos a+f

xv1-x2 + y\/l— y? +241- 72
sinav1-sin® o +sin B+f1—sin® B +sin y4/1-sin® y

1. 5 2 ‘2 — lr,a 2
E[sm a+sin® B+sin’y | = E[Zsm a+p cos a—p +sin’y |
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%[ZﬂnyCOScx—ﬂ +2sinycosy |

siny[cos a— B +cos a+p |=2sinasin fsiny =2xyz

16.Prove that (E—EJ(LEJ(LEJ _abc _ 4R

rollr p)lr ) A® %2
Sol. }_1=§_S—a:8—5+a:3
n A A A A

Similarly we get
1 1 b 11 ¢

———=—and=-—=
rr, A rr A
L,H_s,z[l_ij(l_i (1_1]
rn)lr np)ir
_abc_abc
AAA AP

_ 4R5A :@ _ 4R2 _RHS.
A A° (rS)

b+c c+a a+b
17. Show that a+b b+c c+a
a b c
= a>+ b+ ¢®— 3ahc.
b+c c+a-a+b
Sol. |a+b b+c c+a

a b C
R; >R, +Rg
a+b+c a+b+c a+b+c
=[a+b b+c c+a
a b C
a+b+c a+b+c a+b+c
=| —C -a -b
a b C
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1 1 1
=(a+b+c)|-c -a -b
a b c

= (@a+b+c)[(-ac+b?) -

(—c? +ab) +(~bc +a?)]
=(a+b+c)(-ac+b?+c*—ab—bc+a?)
=(a+b+c)@*+b?+c?—ab—bc—ca)

—a®+b3+c®-3abc

18.  Show that 3.5 +2°" 42" is divisible by 17
Sol: Let S, =35""+2"" be the given statement

Sy =35°+2'=375+16=391=17x23
This is divisible by 17

Assume S, is true

S, =3.5% 4+ 2% is divisible by 17
Let 3.5 + 2% =17m

3.52k+l :17m_23k+1

Sk+1 — 3.52k+3 + 23k+4

:3.52k+l.2 +23k+1.23

=25 17m-2%" 1 2%"8
=25x17m-17(2*") =17 25m~2%*" isdivisible by 17
Hence S, , istrue

=S, istrue forall neN

n

19. a,b,c are three vectors of equal magnitudes and each of them is inclined at
an angle of 60° to the others. If |a+b+t|=6, then find |a]|.

Sol. ~ja+b+¢l=6
—|a+b+C|=6
= a°+b*+C*+2ab+2bT+2Ca =6
Let|al-|blHcTl-a

—a’+a’+a’+2a°cos(a,b) +2a%cos(b, T) +2a® cos(T,a) =6
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— 3a2 +2a° c0s60° + 2a° cos 60° + 2a° cos 60° = 6
— 3a° +6a% cos60° =6

:>3a2+6a2x%:6

—3a%+3a°=6

—6a° =6

—a’ =l=a=1=3|al=1

20. If A+B+C+D=360° then prove that

sinA—sinB+sinC—sinD:—4cos(A+Bjsin(AJrcjcos(AJrDj

2 2 2

Solution:

A+ B +C+ D =360° :>A+E+9+2:18O°

2 2 2 2
. A+B:1800_(C+Dj
2 2

sin A—sinB +sinC —sinD = 2cos A+B sin(A_B}Zcos C+Djsin C_DJ
2 2 2 2
+B sin $/ +2¢0s 180°+AJrB sin c-b
2 2 2 2
A+BY . (A-B A+B)Y. (C-D
= 2C0S sin — 2C0S sin
2 2 2 2
A+ B ] A—Bj ] C—Dj
sin|] —— |—sin| ——
2 2 2

A

=2cos(

2¢0s

A+B A+B+C-D .(A-B-C+D
2C0S 2C0§| ———  — |.sin
4 4
A+B A+C-360°+A+C| . [A+D-360°+A+D
4¢0s cos sin
4 4
4.¢c0s A+B cos A+C—90° sin A+D—90°
2 2 2
4.c0s A;B COS{A;C—QOO}Sin{A;D—goo}

A+B)Y . (A+C A+D
—4co0s sin Cos
( 2 J ( 2 ) ( 2 j
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21.Solvex+y+z=9
2X + 5y + 72 =52
2x +y—z =0 by Gauss Jordan method

Sol.
111 9
Augmented matrix A=|2 5 7 52
2 1 -1 0
R, >R,-2R;,R; > R;-R,
11 1 9
A~0 3 5 34
0 -4 -8 -52
R; »3R;-R,,R; »3R; +4R,
(3 0 -2 -7
A~|0 3 5 34
10 0 -4 -20

R; — R{—%j,we obtain

(3 0 2 -7
A~|0 3 5 34
00 1 5
R, > R;+2R;,R, - R, =5R4, we get
3 0 0 3
A~10 3 0 9
0015
R, — Rl(lj,Rz - Rz(lee have
3 3
1 001
A~/0 1 0 3
0.0 15
“».The given equations have a unique solution and solutionisx =1,y =3,z =
5.

22. Find the complete solution of the system of equations x +y —z =0
X-2y+z=0
3X+6y—52=0
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1 1 -1
Sol. Coefficient matrix A=|1 -2 1
3 6 -5
R, >R,-R;,R; > R;-3R;
1 1 -1
A~0 -3 2
0 3 -2

=det A =0 as R,, R; are identical.
and rank(A) = 2 as the submatrix[;

1] . :
} Is non-singular. Hence the system has

non-trivial solution, p(A) < 3.
The system of equations equivalent to the given system of equations are

X+y-z=0
3y-2z=0
Letz = k:>y=2—;, X==
zg,yzz—k,ZZK for any real number
of k.

23. If f:A— B isabijection, then f=of =1,, fof *=1,

Proof:Since f:A— B is abijection f*:B — A is also a bijection and
fry)=xe f(x)=yVyeB
f:A>B, f B> A= flof :AS A
Clearly 1,7 A— A such thatl, (x)=x, ¥xeA.

Let xe A
xeA f:A5B=1f(x)eB

Lety =f(x)

y="F(x)=f"(y)=x

(F7of) ()= [F )= (y)=x=1,(x)
S(frof)(X) =1, (X)VxeA o frof=1,
f"B>A, f:A>B— fof':B—>B

Clearly I,:B—B such that I, (y)=yvyeB
Let yeB

yeB, f B> A=f'(y)eA
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Let f'(y)=x

fily)=x=f(x)=y

(fof )(y)= f[F (Y= f(X)=y=15(y)

s (fof D (y)=1,(y)VyeB s fof =1,

24.  If (ry—ry)(rs—ry) = 2r,r3. Show that A = 90°.
Sol.  (ro—ry)(r3—ry) = 2r,r3

[ A A H A A }
= — _
(s=b) (s—-a) || (s—-c) (s—a)

_p A A
(s-b) (s—c)

:A[ s—a—-s+b }A{s—a—sntc}
(s—h)(s—a) (s—c)(s-a)
O 2A?
~ (s-b)(s-0)
= (b-a)(c-a) =2(s-a)°

b+c—aJ2
2

:>(b—a)(c—a)=2(

— 2(bc—ca—ab+a?)
=b%+c®+a’ +2bc—2ca—2ab
= 2a% =b%+c?+a’

= b?+c? =a?
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