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INTERPOLATION

The process of finding the curve passing through the points (xg, ¥o), (X1, ¥1), (X2, ¥2), o, (X, Vi)
is called as Interpolation and the curve obtained is called as Interpolating curve.

Interpolating polynomial passing through the given set of points is unique.

Let x, x4, X, ..., X, be given set of observations and y = f(x) be the given function, then the
method to find f(x,,) V x¢ < x;,, < X, is called as an Interpolation.

If x,,, is not in the range of x, and x,, , then the method to find (x,,) is called as Extrapolation.

[ X0, X1, X2, ) Xp ]

Equally Spaced

Arguments

Unequally Spaced
Arguments

Newton'’s & Gauss Lagranges
Interpolation Interpolation

The Interpolation depends upon finite difference concept.

If x¢, x1, X, ..., X, be given set of observations and let y, = f(xg),¥1 = f(x1), ..., ¥n = f(x,) be
their corresponding values for the curve y = f(x), then y; — vy, ¥2 — V1, -+, ¥n — Yn_q is called
as finite difference.
When the arguments are equally spaced i.e. x; — x;_; = h V i then we can use one of the
following differences.

» Forward differences

» Backward differences

# Central differences

Forward Difference

Let us consider x,, x4, X5, ..., X, be given set of observations and let y,, ¥4, y3, ..., ¥, are
corresponding values of the curve y = f(x), then the Forward difference operator is denoted
by A and is defined as Ay, = y; — vo, Ay1 = Y2 — Y1, s AVnc1 = Y — Vi1 -

In this case Ay,, Ay;, ..., Ay, are called as First Forward differences of y.

The difference of first forward differences will give us Second forward differences and it is

denoted by A% and is defined as A%y, = A(Ay,)
= A(y1 = yo) = Ays — Ay,

=2 —y1)— 1 —Y0)

=Y, —2Y1 — Yo




Similarly, the difference of second forward differences will give us third forward difference and
it is denoted by A3,

Forward difference table

= F(0) First Forward Second Forward Third Forward Fourth differences
X | r= differences Ay differences A%y differences A3y Aty
X
0 Yo Ayo=y1—Yo
*1 Y1 Ayo=Ay; — Ay,
Ayi =Y, =y 30, — A2+ — A2
X, V2 A%yo = A%y — A%,
AzyleyZ_Ayl A4y0:A3y1_A3y0
X3 V3 Ay, =y3 =y

AS)’1 = Az)’3 - AZ)’z
AZ}’Z =Ay;—Ay,
xn—l yn—l

X
n I Ayn_1 =8y, —Ayp_q

Note: If h is common difference in the values of x and y = f(x) be the given function then

Af(x) = f(x + h) — f(x).

Backward Difference

Let us consider xg,xq,X5,...,x, be given set of observations and let yq,y{,v5,...,¥, are

corresponding values of the curve y = f(x), then the Backward difference operator is denoted

by Vand is defined as Vy; = y; —yo, V¥2 =2 = Y1, . V0 = Y — Yn—1 -

In this case Vy,, Vyy, ..., Vy,, are called as First Backward differences of y.

The difference of first Backward differences will give us Second Backward differences and it is

denoted by V? and is defined as V?y, = V(Vy,)
=V(y2—y1) =y, = Vy,
= 2= y1) = (1 = ¥0)
=Y2~2Y1~ Yo

Similarly, the difference of second backward differences will give us third backward difference

and it is denoted by V3.




Backward difference table

x |y=fkx)

First Backward

Second Backward

Third Backward

Fourth differences

differences Ay differences A%y differences A3y Aty
%o Yo Vyi=y1—=Y
Xy Y1 VZ)’Z =Vy,-Vy,
x, v, Vy =y2=»n 2 V3y, = V2y, — V2y,
Viy3 =Vy; =Vy, Vty, = V3y, — Vy,
X3 Y3 Vys =y3 =

Vo =Vy, —Vy,4

VZY4 =Vy,—Vys

V33’4 = V2y4 - Vz}’s

Note: If h is common difference in the values of x and y = f(x) be the given function then

Vf(x+h) =f(x+h)—f(x).

Central differences

Let us consider xg,xq,X5,...,%X, be given set of observations and let y,,y;,v,,..,V, are
corresponding values of the curve y = f(x), then the Central difference operator is denoted by
6 and is defined as

s Ifnisodd

0,

18y, 1= 6"y,

r—
2

— "y, r=123,..

% Ifniseven :6"y, = 6"‘1yr+% - 6”‘1yr_% ,r=1,2,3, ...

and 6%, = y,
The Central difference table is shown below
X y Sy 5%y 53y 5ty
Xo Yo 63’%
8%y, 5
0
X1 V1 5)’3 YS
2
X2 Y2 52}’2 543’2
5)/5
2 53
X3 V3 z " y%
5%y3
o)
X4 Y4 y%

Note: Let h be common difference in the values of x and y = f(x) be given function then

oo =1 (s 1 (x-)




Symbolic Relations and Separation of Symbols

Average Operator: The average operator u is defined by the equation

1
Wy = E(YH% + yr_%)

(Or)

Let h is the common difference in the values of x and y = f(x) be the given function, then the

Feg)tr(x—)

average operator is denoted by y and is defined as uf (x) =
Shift Operator: The Shift operator E is defined by the equation Ey, = y,,
Similarly, E™y, = y,4r
(Or)
Let h is the common difference in the values of x and y = f(x) be the given function, then the

shift operator is denoted by E and is defined as Ef (x) = f(x + h)

Inverse Operator: The Inverse Operator E~? is defined as E~ 1y, = y,_;
In general, E™"y, = y,_,

Properties

1) ProvethatE =1+ A

2) ProvethatV =1-—E=!
Sol: Consider RH.S: (1 + A)y,, =y, + Ay,

Sol: Consider L.H.S: Vy, =y, — ¥_1
= Yo+ Ons1r — Yn)

_ =Yn— E_lyn
S = (1-E Oy,
=E'yn (v E"Yr = Ynir) . .

~E=1+4+A
3) Prove that A= EV=VE

Sol: Case (i) Consider (EV)y,, = E(Vy,)

Case (ii) Consider (VE)y,, = V(Ey,)

= E(yn - yn—l) = V(yn+1)

=Ey, —Eyn_1 = Yn+1 — Yn

=VYn+1 — Yn = Ay,

= Ay, ~ A= VE
~A=EV

Hence from these cases, we can conclude that A= EV= VE

4) Provethat(1+A)(1-V)=1

Sol: Consider (1 + A)(1 — V)y, = (1 + A) (3, — Vy,)
= (1 + A) (Yn - {Yn - yn—l}

= (1 + A)Yn—l




= Wn-1+ O = Yn-1))
=Wn
Hence (1+A)(1-V) =1
5) Prove that A= V(1 — V)~! (Hint: Consider A(1—V))
6) Provethat (1+A)=(E—-1)V1

1 1 1/ .1 _1
7) Provethatd = Ez—E : 8) Provethat,uEE(EZ—E 2)

Sol: We know that 6y, =y _.1—y 1
2 2

= (E§ - E‘i) v,

1 1
Hence theresult§ = E2 — E 2

9) Provethatu? =1+ i52

1 1
Sol: We know that§ = Ez — E 2

1 1y 2
Squaring on both sides, we get §2 = (EE - E_E)

LHS = 1+262=1+=(E'+ E7' - 2)

1
=Z(E1+E_1+2)=“2

Hence the result

Relation between the operator D and E

Sol: We know that py, =

1/,.2 _1
Hence proved that u = > (Ez —-E 2)

N =

.2

2

(E§ + E_%) v,

N | =

1

Here Operator D = ;—x
We know that Ef (x) = f(x + h)
Expanding using Taylor’s series , we get
Ef() = FO) +2 /00 + 2 () + ...
=[1+4+hD + h%D?* + ...]f(x)

=e"Pf(x)

= E =elP




Newton’s Forward Interpolation Formula

Statement: If x,, x4, x5, ..., X, are given set of observations with common difference h and let

Y0, Y1, V2, -, Yo are their corresponding values, where y = f(x) be the given function then

p(p p (p— 1)(p 2) A3 p (p-1)(p-2)..(p—(n—1)) AMy,

n!

f(x)=yo+pAy, + )Azy + Yo+ ...t

—Xo

wherep = ad
Proof: Let us assume an n*"* degree polynomial

fx) =Ag+A1(x —xp) + Ay (x —xp)(x —x) + o4 Ay (x —x0) (X — x1) . (x — xp_1) > (1)
Substitute x = x, in (i), we get f(x,) = 4y = Vo = 4,

Substitute x = x, in (i), we get f(x;) = Ay + A1 (x; —X¢) = Yy, =Yyo +A1h

Y1—Yo _ Ayo
= A==

Substitute x = x, in (i), we get f(x,) = Ay + A;(x; — x0) + A5 (X3 — x0) (x5 — x71)

= ¥; = Yo + 4,(2h) + A,(Zh)(h)
= ¥, =y + 2h (22) + 2024,
= A, thA Yo

Similarly, we get A, = —A”yo
Substituting these values in (i), we get
fO) =y + (x—x0) > Ayo + (x — x)(x — xl)thA Yot ot (x=x0)(x = x1) . (X —Xp1) 5 A”yo
(i)

X—Xo
h

But givenp =
=>x—Xxg=ph=x=xy+h
= x—x; =x—(xg+h)
=(x—x9)—h
=ph—h=(p-1h
Similarly, x — x, = (p — 2)h,

X—=xp1=(@—-(M—-1)h
Substituting in the Equation (ii), we get

p (p—1) A2 p (p—-1)(p-2) A3

p (p-D[®-2)..(p-(n-1))
f)=yo+pAyo+ —— Ay +——— Ay + ..+ A"

n!

Yo




Newton’s Backward Interpolation Formula

Statement: If x,, x4, x5, ..., X, are given set of observations with common difference h and let

Y0, Y1, V2, -, Yo are their corresponding values, where y = f(x) be the given function then

p (p+1)(p+2) V3

(p+1)(p+2)..(p+(n—-1))
. p (p+1)(p p+(n 'y,

n!

1
fO) =y +p Vyp + 22 02y, 4 Yo+ ot

—Xo

wherep = ad

Proof: Let us assume an n*"* degree polynomial
fx) =Ag+A 1 (x —x,) + A, (x —x ) (x —xp_1) + o+ Ay (X — ) (X — x5_1) . (X — x7)
-> (i)
Substitute x = x,, in (i), we get f(x,) = Ay = y,, = 4o
Substitute x = x,,_; in (i), we get f (x;,_1) = Ag + A1 (Xp_1 — Xp) = Yno1 = Vn — AR
n~Yn-1 _ VYo

I —
= A==

Substitute x = x,,_5 in (i), we get f (x,,_5) = Ao + A1 (xp—y — x) + A5 (2 — X3) (pey — X5—1)

= Yn-2 = Yn + A1(=2h) + A,(=2h)(=h)
= Y, , =y, —2h (‘%) + 2h24,
= Ay =V,

Similarly, we get 4,, = n—}tzV"yn

Substituting these values in (i), we get

1 1
fG)=yn+(x— xn)ﬁvyn + (x —x)(x — xn—l)z_hzvzyn + ..
+0 = %) (6 = Xpog) o (X = 20) sV o= (i)
But given p = x_hx"

=x—x,=ph=>x=x,+h

= X—Xp_1=x—(x, — h)
=(x—xy)+h
=ph+h=(p+1)h

Similarly, x — x,_, = (p + 2)h,

x—x;=@+Mm-1)h
Substituting in the Equation (ii), we get

p (p+1)(p+2) A3yn+ 4 p (p+1)(p+2)..(p+(n—-1)) AR
3! n!

f(x)zyn'l'pvyn'l' %Azyn'i'

Yn




Gauss forward central difference formula

Statement: If ..., x_,,x_q, X, X1, X3, ... are given set of observations with common difference h

and let ...,y_,,¥_1,Y0,Y1, Y2, -. are their corresponding values, where y = f(x) be the given

p(z;—l) Azy_l n p(p—l)(p+1)A3y_1 n p (p-1)(p+1) (p—2) A4y_2 +

function then y, =y, + p Ay, + 3! 41

where p = x_hx".
Proof:
x y Ay A%y A3y Aty
x_ _
2 Y2 Ay_,
X_1 Y- A Az}’—z
Xo Yo -1 A%y, Aty
A*y_, -2
X1 41 \Ayo / A2 \ A3y_1 /
X> Y2 Yo
Ay_q

Let us assume a polynomial equation by using the arrow marks shown in the above table.
Lety, =y + Gy Ayg + G, A%y 4+ G3 A3y + G, A*y_, + .- (1)
where Gy, G1, Gy, ... are unknowns

Yo = Yp+o = EPy, = 1+ A)pyo (+E=1+A)
= Y = (1 +pc, A+ PCZAZ + P03A3 + ..+ pCpAp)yO

-1 (p—-1)(p-2
= Y, =y +p Ay + 282 A%y, + EEED A3y 4 (2)

Now,y_y =¥ 140 = E7'y = (1 + 8) 1y,
=(1-A+A" -2+ )y
= y_1 = Yo — Ayo + A%y — ...
Therefore, A2 y_; = A%y, — A3y, + ... -—--- (3)
and Ay ; =My, — Ay, + .. - (4)

Substituting 2, 3, 4 in 1, we get

(-1 (p—1)(p—2)
Yo+ Ay + BT A%y + BEEEES Ay + =y + Gy Ayg + G (8% — Ay + - ) +

G3(A3yy — A*yo + ..) + ..

Comparing corresponding coefficients, we get




p (p-1)
21!

p (p—1)(p-2)
31

p (p—1)(p+1)

G1=p,G, = 3

—Gz+G3— $G3=

G, = p (p-1D(p+1) (p—2)

Similarly, "

Substituting all these values of G, G4, G5, ... in (1), we get

p(p

p (p—-D)(p+1) ,3 p (@—-D(p+1) (p-2) 54
—A y_1+ . A%y _, + ..

Yp =Yoot PAyo+—— Ay +

Gauss backward central difference formula

Statement: If ..., x_,,x_q, X, X1, X3, ... are given set of observations with common difference h
and let ...,v_5,¥_1,Y0,Y1, Y2, - are their corresponding values, where y = f(x) be the given

function then

Yo = Yo +PAy_, + p(l;!ﬂ)Azy_l p(p+13)'(p ) Ay_, + p(p+1)(z; D (0+2) Ay, + ..
_ X—Xo
where p = —
Proof:
X y Ay A%y Ay Aty
X2 V-2
Ay_,
X-1 V-1 Ay, A%y_,
X Yo — 7771 Ay_,
: : T Ny — T Ay,
X
1 Y1 Ay, AZy Ny_y
X2 V2 0
Ay_4

Let us assume a polynomial equation by using the arrow marks shown in the above table.
Let yp =Y + G1 AY—l + Gz Azy_l + G3 A3y_2 + G4 A4y_2 + .- ( 1)
where Gy, G1, Gy, ... are unknowns

Yo = Yp+o = EPy, = 1+ A)pyo (“E=14+A)
= W= (1 +Pc, A+ e, A + pe, A+ L+ pCpAp) Yo
= yp = o+ p Ayy + ZED A%y, + OO p3y 4 (2)

Now,y_1 =¥ 140 =E'yo = (1 +A) "'y,
=(1-A+A -2+ )y

= y_1 =y — Ayo + A%y, —




Therefore, Ay_; = Ay, — A%yy + A3y — ... - (3)
AZ V1= Azyo - A3y0 + ..o (4‘)

Alsoy_, =y 510 = E72yo = (1 4+ A) 72y,
=(1-2A+ 3A% — 4A3 + - )Yo
= y_p =Yy — 20y, + 3A%y, —

Now, A3 y_, = A3y, — 2A%y, + ... ----- (5)
Substituting 2, 3, 4, 5in 1, we get
-1 -2
Yo+ p Ayy + 2 a2y, + 2O A3y b=y + Gy (Aye — A2y + A%y — ) +

Gz(AzyO - A3y0 + A4y0 - ) + G3(A3y0 - 2A4y0 + ) +

Comparing corresponding coefficients, we get

G.=p,—G,+G, = p(z;' 1) = G, = p (p+1)

Also, G, — G, + G5 = —_P-DO-2) _ G, = p (p+1)(p-1)
3! 3!

p (p+1)(p=1) (p+2)
4

Similarly, G, =

)

Substituting all these values of G, G4, G5, ... in (1), we get

p (p+1) (p+1) A2 p (p+1)(p—1)A3 p (p+1)(p-1) (p+2) A4 x—xg

yat—— — 0y, + - Y2+t . ,P=—

Yp=Yo+tPAYy 1+——

Stirling’s Formulae

Statement: If ..., x_5,x_4, X9, X1, X, ... are given set of observations with common difference h
and let ...,y_5,¥_1,Y0,Y1,Y2, - are their corresponding values, where y = f(x) be the given

function then

—xo
h

Ayo+Ay_q p% 42 p (p2-1) (M3y_1+A3y_, pZ(p*-1) 4
() 4 2 gy 2D (Bt

x
2 3! 2 4! y_,+ ..wherep =

Yp = Yo T

Proof: Stirling’s Formula will be obtained by taking the average of Gauss forward difference

formula and Gauss Backward difference formula.

We know that, from Gauss forward difference formula

p (p—-1) p (p-D(p+1) p (p-D(p+1) (p-2)
Yp = Yo+ p Ay, + TAZJ’—1 TA3J’ + m Aty _, + ... > (1)

Also, from Gauss backward difference formula

+1 (p+1)(p-1 (p+1)(p-1) (p+2
Vo = Yo+ p Ay g +EED A2y | 4 BEEDETI g3y ) 4 PPV DO Nty 4 > (2)

Now, Stirling’s Formula = %(Gauss forward formula + Gauss backward formula)

Ay _, + ...

o Ay +Ay_1\ | p° p(°—1) (APy_1 +£y,\ p*(@* -1
SV =Yotp|———— +

T A2
2 T AVt 2 41




Lagrange’s Interpolation Formula

Statement: If x¢, x4, x5, ..., X,, are given set of observations which are need not be equally spaced

and let yq,y4,¥2, ...,V are their corresponding values, where y = f(x) be the given function

_ _(e=x)(x=x3) ... (x=xn) (x=x0)(x=x3) ... (X=Xn) o _Gemxe) (=) - (X=Xn—1)
then  f(x) = G S m o 70 T GG ) ) V1 (tn—0) Gen—x1) - (in—3n—1) "

Proof: Let us assume an n‘"* degree polynomial of the form

fl) =Ap(x —x)(x —x3) . (x—x) +A(x—x0)(Xx—%3) . X—x)+ o+ A(x —x0)(x —x1) .. (X —Xp_q1)

- (D
Substitute x = x, , we get f(xy) = Ag(xg — x1)(xo — x3) . (xg — xp,)
= Yo = Ap(xg — x1)(xg — x3) ... (x9—xp)
Yo
= A, =
0 (xo—x1)(xo—x2) .. (Xo—Xn)
Again, x = x; , we get f(x;) = A (x; — x0) (X7 — x3) ... (X1 —x)
= y; = A1(x; —x0) (X1 — x2) .. (7 — X))
Y1
= A, =
1 (x1=x0)(x1—x7) ... (X1—Xn)
. . . \ Yn
Proceeding like this, finally we get, 4,, =
2 YWE e i = e =x0) (tn—x1) - (n—Xn—1)
Substituting these values in the Equation (1), we get
FGo) = (x—x)(x = x3) oo (x — xp) (x —x0)(x — x3) oo (x — xp) (x—x)(x —x1) oo (x —Xp_q)
(g — x1) (g — x2) -.. (X0 — ) Yo (1 — x0) (1 — x2) oo (1 — xp) n (Gtn — 20) Ot — 24) e (X — Xppeg) "

Note: This Lagrange’s formula is used for both equally spaced and unequally spaced arguments.




