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Numerical Method -Runge kutta Methods, Predictor Corrector Methods, Adams- Bashforth
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Fourier Series

Fourier series in an arbitrary interval - Even and odd periodic continuation - Half-

range Fourier sine and cosine expansions.
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Differential
Equations
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arbitrary functions - Solutions of first order linear equation - Non linear equations -
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FOURIER SERIES

Fourier Series is an infinite series representation of periodic function in terms of the

trigonometric sine and cosine functions.

Most of the single valued functions which occur in applied mathematics can be expressed in the

form of Fourier series, which is in terms of sines and cosines.
Fourier series is to be expressed in terms of periodic functions- sines and cosines.

Fourier series is a very powerful method to solve ordinary and partial differential equations,

particularly with periodic functions appearing as non-homogeneous termes.

We know that, Taylor’s series expansion is valid only for functions which are continuous and
differentiable. Fourier series is possible not only for continuous functions but also for periodic
functions, functions which are discontinuous in their values and derivatives. Further, because of

the periodic nature, Fourier series constructed for one period is valid for all values.

Periodic Functions

A function f (x) is said to be periodic function with period T > O ifforall x, f(x + T) = f(x), and

T is the least of such values.

Ex: 1) sin x, cos x are periodic functions with period 2.

2) tan x, cot x are periodic functions with period .

Euler’s Formulae

The Fourier Series for the function f(x) in the interval € < x < C + 2m is given by

fx) = % + Z?lozl(an cosnx + b, sin nx)

where a, = % ff””f(x) dx
a, = % ff””f(x) cosnx dx
b, = % ff“”f(x) sinnx dx

These values a, , a,, , b, are known as Euler’s Formulae.




CONDITIONS FOR FOURIER EXPANSION (Dirchlet Conditions)

A function f(x) defined in [0, 2] has a valid Fourier series expansion of the form
% + Z?lozo(an cosnx + b, sin nx)

Where a, , a, , b,, are constants, provided

1) f(x) is well defined and single-valued, except possibly at a finite number of point in the
interval [0, 27].
2) f(x) has finite number of finite discontinuities in the interval in [0, 27].

3) f(x) has finite number of finite maxima and minima.
Note: The above conditions are valid for the function defined in the Intervals [-m, 7| [0, 2], [, 1] .

» {1,cos 1x, cos 2x, cos 3x, ...,COSNX, ... ,sin 1x, sin 2x, sin 3x, ..., sin nx, ... }

Consider any two, All these have a common period 2. Here 1 =cos 0x

. 3mx . NmTX
,Sll’lT, ...,smT, }

X 21X 3mx nmx . . 21X
- {1,COST,COST,COST, ...,COST,... , SIn 1 ,SIHT

X

All these have a common period 21.

These are called complete set of orthogonal functions.

Definition of Fourier series

» Let f(x) be a function defined in [0, 27]. Let f (x + 2m) = f(x) V x, then the Fourier Series of

f(x)isgiven by f(x) = % + Z?lozl(an cosnx + b, sin nx)
where a, = % foznf(x) dx
a, = % foznf(x) cosnx dx
b, = % foznf(x) sin nx dx

These values a, , a,, , b, are called as Fourier coefficients of f(x) in [0, 27].

B Let f(x) be a function defined in [—m, t]. Let f(x + 2m) = f(x) V x, then the Fourier Series of

f(x)isgiven by f(x) = % + Z%):l(an cosnx + b, sin nx)
1
where ay =~ ffnf(x) dx
a, = % ffﬂf(x) cosnx dx

b, = % ffﬂf(x) sin nx dx

These values a, , a,, , b, are called as Fourier coefficients of f(x) in [—m, 7].




» Let f(x) be a function defined in [0, 2[]. Let f(x + 21) = f(x) V x, then the Fourier Series of

FG0isgivenby £G0 =2+ 57, (an cos™ + b, sin ™)

where a, = % foﬂf(x) dx
a, = % foﬂf(x) cos#dx

1

by =1 foﬂ f(x) sin#dx
These values a, , a, , b,, are called as Fourier coefficients of f(x) in [0, 21].
» Let f(x) be a function defined in [—[, []. Let f(x + 2m) = f(x) V x, then the Fourier Series of
f(x)is given by f(x) = % + Z?{jzl (an cos ? + b, sin "lﬂ)
where a, = % f_llf(x) dx
1

an, =7 f_llf(x) cos#dx

b, = % f_llf(x) sin#dx
These values a, , a,, , b,, are called as Fourier coefficients of f(x) in [, [].

FOURIER SERIES FOR EVEN AND ODD FUNCTIONS

We know that if f(x) be a function defined in [—7, ]. Let f (x + 2m) = f(x) V x, then the Fourier

Series of f(x) is given by f(x) = % + Z?lo:l(an cosnx + b, sin nx)
1
where a, =~ J_ f(x) dx
1 (@
an =— [ f(x)cosnxdx
1 @ .
by =~ J_ f(x)sinnx dx
These values a, , a,, , b, are called as Fourier coefficients of f(x) in [—m, r].

Case (i): When f(x) is an even function
1 2 M
then, a = — J_ f(x) dx = - Jo f(x) dx
Since cos nx is an even function, f(x) is an even function = Product of two even functions is even

La, = % ffﬂf(x) cosnxdx = % fonf(x) cosnx dx (~ Integrand is even)

Now, sin nx is an odd function, f (x) is an even function = Product of odd and even is odd




~by, = % ffﬂf(x) sinnxdx = 0 ( Integrand is odd)

Thus, if a function f(x) is even in [—m, 7], its Fourier series expansion contains only cosine terms.
Hence Fourier Series is given by f(x) = % + Z?le a, cosnx

where a,, = % fonf(x) cosnx dx,n=0,1,2,3, ...

Case (ii): When f(x) is an Odd Function

then, a, = i ffn f(x) dx=0

Since cos nx is an even function, f(x) is an odd function = Product of even and odd is even
Sy = % f_nnf(x) cosnxdx = 0 (+ Integrand is odd)

Now, sin nx is an odd function, f (x) is an odd function = Product of two odd functions is even
Y % ffnf(x) sinnx dx = % f:f(x) sinnx dx (- Integrand is even)

Thus, if a function f(x) is Odd in [—m, 7], its Fourier series expansion contains only sine terms.
Hence, if f(x) is odd function defined in [, ], f (x) can be expanded as a series of the form
fx) = Z;ozl b, sin nx

where, b,, = % fonf(x) sinnx dx

HALF RANGE FOURIER SERIES

Half Range Fourier Sine Series defined in [0, ]: The Fourier half range sine series in [0, 7] is given

by

f(x) = Z b,, sinnx,
n=1

where, b,, = % fonf(x) sinnx dx

This is Similar to the Fourier series defined for odd function in [— T, n]




Half Range Fourier Cosine Series defined in [0,]: The Fourier half range Cosine series in [0, ] is

given by

f(x) = ?O Z cos nx

n:

where, a, = %fonf(x) dx
a, = % fonf(x) cosnx dx
This is Similar to the Fourier series defined for even function in [— T, n]

Half Range Fourier Sine Series defined in [0, []: The Fourier half range sine series in [0, ] is given

by

nmx
f(x) = b,, sinT

n=1

where, b,, == f f(x) sm— dx

This is Similar to the Fourier series defined for odd function in [-1, ]

Half Range Fourier Cosine Series defined in [0, !]: The Fourier half range Cosine series in [0, (] is

given by

f(x) = ?0 Z cosﬁ

n:

where, a, = % fol f(x)dx

2l
n=7 Jo (0 cos# dx

This is Similar to the Fourier series defined for even function in [— [ l]

Important Formulae

> (2 (2 dx :{ 2 [ f(x) dx if f(2a—x) = f(x)

0 if fRa—x)=—f(x)
a _ Zanf(x) dx if f is even
> Jaf @) dx = { 0 if fisodd

Here Even function means: If f(—x) = f(x), then f(x) is called as even function

0Odd function means : If f(—x) = —f(x), then f(x) is called as odd function.
b [ f(x) dx=—[; f(x) dx
b [Df(x) dx = [Tf(0) dx+ [0 f(x) dx;a<c<b
b [Cf(x) dx= [ f(a—x)dx, Also [ f(x) dx = [, fa+b—x)dx




Problems on Fourier Series

1) Find the Fourier series to represent f(x) = x? in the interval (0, 2m).

Sol: We know that, the Fourier series of f (x) defined in the interval (0, 2r) is given by

f(x) = 70 Z a, cosnx + b,, sinnx)

where, a, = ifoznf(x) dx
e ifoznf(x) cos nx dx
= ifoznf(x) sin nx dx
Here, f(x) = x?

Now, ao——f f(x )dx——fzn 2 dx

=17 = Lim? - 0] = a2

31p

8
- a0=§ﬂ:

. _1 21 _1 2m o
Again, a, = — [ f(x) cosnx dx = — [ x2 cos nx dx
u v

= —71;[x2 [ cosnx dx — {f;—x(xz)(fcosnxdx)dx}]
[ fuvdx=ufvdx—{f

21
1 sin nx sin nx
=2 () - () ax
T 0
3 27
1 sin nx 2 .
:—xz( )——{fxsmnxdx}l
T n n “ ——
L u v 0
r 27
1 sin nx 2 cosnx cosnx
:—xz( ) —( X + 1 dx)]
T L n 0
1[5 (sinnx 2 cosnx 2n
=—|x =(—x += fcos nx dx
T L n 0
10 2 sin nx 2 cos nx lsm nx 2n
=—|X -\ —X
L n n 0
1[5 (sinnx 2 2 . 2n
=—|X +—ZXCOSTLX——351F1TLX'
L n n n 0

_4 [ cos2nmt =1
n2 L sin2nm =0

Z—z (Jv dx)dx}]




_ 4
= an—;

. 1 /2@ . 1 21 .
Again, b, = — [ f(x) sinnx dx = — [ x? sin nx dx
u v

= %[xz [ sinnx dx — {f;—x(xz)(f sin nx dx)dx}]

[ fuvdxzufvdx—{fz—z .(fvdx)dx}]

=i (=) - (=]
[ 2

= i —x2 (coinx) +%{f§c&si,ﬁcdx}l

) 0

[l
Q=
I
=
N
V)
a
o
1]
3
=

. . 21
+£ xsm nx n f 1.sm nx dx)]
n n n 0

27

n 0

27

[l
Q| =
|
=
[\S)
N
(@]
o
1]
S
N—— N—— N——
+
SN

(
(x snnx %fsin nx dx)]
(

|
Q=
[
=
N
/N
(@)
o
17}
3
&

sin nx 1 cos nx)]

n n n )

21

Q=

[ cos nx 2 . 2
—x? + — x sin nx + — cosnx
| n? ns )

__4m [ cos2nmt =1
sin2nmt = 0

= |b, = ——

a
o flx) = ?0 + Z(an cosnx + b, sin nx)
n=1

g2

: — x2 =3 o (4 _Amg )
s f(x) =x% = ; +Zn=1(n2cosnx —sinnx
2
2 _ 4T L yo (4 _ AT
= X" = +Zn=1(n2cosnx —sinnx

This is the Fourier series for the function f(x) = x?

Hence the result




Hence deduce that 1—12+3i2+5l2+ = —

2) Find the Fourier series of the periodic function defined as f(x) = {_: ;Tm<x<0

; O0<x<m

Sol: We know that, the Fourier series of f(x) defined in the interval (—m, 1) is given by

a
f(x) = 70 + Z(an cosnx + b,, sinnx)
n=1

where, ag = %ffnf(x) dx

a, = if_nnf(x) cos nx dx

b, == f_nnf(x) sin nx dx

T

- ;—nTt<x<0

Here,f(x):{ x ;3 0<x<m

Now, aq == [* fGdx = = [ FCo) dx + [T f(x) dx]
- % Ufn(—n) dx + [) x dx]

= :(—n) ffn dx + fgnxdx]

-1 :(—n)[x](ln . [";]Z] =imm + %]

1 m? T
:—[—7‘[2 -|——] = ——
T 2 2

—1 aO:_E

Also, a,, = %ffnf(x) cosnx dx

= % :f_onf(x) cosnx dx + fonf(x) cos nx dx]

= % :f_oﬂ(—n) cosnx dx + fon X COS NX dx]

= % :—n f_on(cos nx) dx + [; x cosnx dx]

=2 () e () - () ax
= % :— % (sinnx)%, + {x Siz = — %fsin nx dx }:]

= % :— % (sinnx)?, + {x Siz = — %(_ C(:ls nx)}:]




= % :— % (sinnx)?, + {M + % cos nx}Z]
= % - % [0 — sin(—nm)] + {(@ + n—lz cos nn) - (0 + % cos nO)}]
= % :—gsin nmw + {(”Sin T+ %cos mt) - % 1}] [ (;?I?E:gg z ;onsg
) 71'(0) . i , sinnmt= 0
=>an=;_——(0)+{( +—= (-1 )—ﬁ}] [ cosnni(—l)n]
=2 L =L -1]
= [an = [(~D" — 1]

Again, b,, = %f_nnf(x) sin nx dx

=

N E N E N Q= Q= R

Q=

[T
- (cosnx)?, +

[ 0 . T .
_f_,rf(x) sinnx dx + [, f(x) sin nx dx]
:f_o,r(—ﬂ) sinnx dx + fon x sin nx dx]
oy L

—m [__(sinnx) dx + [ xsinnx dx]
—n(—

[T
e (cosnx)?,, +

T
cos nx) dx }O]

+ %fcos nx dx }Z]

+ 1 (sin nx)}n]
n n 0

=) =) -

{ X oS nx

{ X cosnx

X cosnx

ks
-~ (cos nx)?,

e

1 T
+ = sin nx} ]
n 0

1 [ T COS NTT 1 . 1 .
=-1; [1 — cos(—nm)] + {(_T +—sin nn) — (—0 +—sin nO)}]
1 [ T COS NTT 1
=-|-[1 - cosnm] — —] =—-(1-2cosnm)
T Ln n
. cos(—0) =cos b sin mgl: 0
_ sin(—0) =sin @ cosni = (—1)"
b, = %(1 — 2 CosSNnm)

Hence, the Fourier series for given f(x) is given by

f&) =

_r
_22 + Z;«szl

(# [(=D" — 1] cosnx + %(1 — 2 cosnr) sin nx)




= f(x) = —% + X0, (# [(=1D™ — 1] cosnx +%(1 — 2 cosnm) sin nx)

sin 2x sin 3x sin4x

b3 2 cos 3x cos 5x .
=>f(x)——z—;(cosx+ + +...)+(351nx— St +)

32 52

Deduction: Put x = 0 in the above function f(x) , we get

. - . _f(0-0)=-m
Since, f (x) is discontinuous at x = 0, F0+0)= 0

1
= £(0) =5 [f(0—0)+ f(0+0)]
T

1
= f(0) ZE(—F) =—5

Hence, f(0) = —gz —%—;(1+3—2+5—2+ )

Hence the result

3) Expand the function f(x) = x? as Fourier series in [- 7, 7r].

1

Hence deduce that _;

1 1 1 w
tototat =

Sol: We know that, the Fourier series of f (x) defined in the interval (—r, ) is given by
Qo N ,
f(x) = > + Z(an cosnx + b, sinnx)
n=1

where, ay = - ffnf(x) dx

s

a, = %ffnf(x) cosnx dx

b, = %ffﬂf(x) sin nx dx

Here, f(x) = x?

1

Now, ay = ffn f(x)dx

i1

= %ffﬂxz dx = %foﬂxz dx

_2[x3]ﬂ_27'[2
Talsly T 3




—3 aoz—

Again, a,, = %ffﬂf(x) cos nx dx

1
=—[ x?cosnxdx
Ty

= Efoﬂxz cos nx dx [ f(x) is even = [° f(x)dx =2 [ f(x)dx]

T

2 [x2 sin nx 2Xx cos nx 2x sin nx|” 4 n
- + 2 3 =3 _1)
T n n n 0 n

= |a, = %(—1)"

Again, a,, = %ffnf(x) sin nx dx
=1 x2sinnx dx
Ty
=0 [ f(x) is odd = f_aaf(x)dx =0]

Hence, the Fourier series for given f(x) is given by

f(x) =x*= @ + Z;‘f;l%(—l)” cos nx

w2 Ccos 2x cos 3x cos4x
=>x2=—+4(—cosx+ - + —)
3 P2 32 42

Deduction: Put x = m in the above equation, we get

? CcOos 2T cos 31 cos4m
:>T[2=—+4(—COST[+ — + —)
3 22 32 42

Sn-T=4(l+g g+t )
3 2 3 4

2
> =4(14g+5+5+ )

3 2 3 4

2

T 1 1 1
:>?—1+2—2+3—2+4—2+

Hence the Result

X X X




