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UNIT-4 
APPLICATIONS OF INTEGRATION 

Riemann Integrals: 

Let us consider an interval   with  

If  , then a finite set   is 

called as a partition of   and it is denoted by . 

The sub intervals  are called  segments (or) 

  sub intervals. 

The  sub interval in this process is  and its length is given by 

 

Note: For every interval , it is possible to define infinitely many partitions. 

Norm (or) Mesh of the partition: The maximum of the lengths of the sub intervals 

w.r.t the partition  is called as Norm of the partition  (or) Mesh of the partition  and 

it is denoted by  

Refinement: If  and  are two partitions of  and if  , then  is called as 

Refinement of . 

Lower and Upper Reimann Sum’s 

Let  is bounded and    be a partition on , 

then  sub interval is given by  and its length is given by  

If  is bounded on , then  is bounded on  

let  and  be Infimum and supremum of  on  , then  

 The sum  is called as lower Reimann sum and it is denoted by  

 The sum  is called as upper Reimann sum and it is denoted by  

Note: Always,  

 

 

 



 

Problem 

1) If  and  be a partition of  then compute 

 

Sol: Given  defined on  and  be a partition of  

Here, let  

And,  

Let  and  be Infimum and supremum of  on  , then 

 

 

 

Hence,  

Also,  

Lower Reimann Integral: Let  be a bounded function and  is a partition 

of , then supremum of  is called as Lower Reimann integral on 

 and it is denoted by  

Upper Reimann Integral: Let  be a bounded function and  is a partition 

of , then Infimum of  is called as Upper Reimann integral on 

 and it is denoted by  

 Riemann Integral 

If   be a bounded function and  is a partition of  and if 

 , then  is said to be Riemann integrable on  and it is denoted by 

 

 



 

 

Rectification: The process of finding the length of the arc of the curve is called as 

Rectification 

Length of the arc of the curve 

Equation of the curve Arc Length 

Cartesian Form 
 

(i)  and  and  
 
 
 
 

(ii)  and  and  
 
 
 

 

 

 
 

 

 

Parametric Form 
 

 and  and  

 

 

Polar Form 
 

(i)  and  and  
 
 
 

(ii)  and  and  

 

 

 

 

 

Problems on length of the arc of the curve 

1) Find the length of the arc of the curve  from  to . 

Solution:  We know that, the equation of the length of the arc of the curve  

between  and  is given by 

 

Given  

 



 

 

 The required length of the arc of the curve is given by  

 

 

 

 

 

 

 

 

 

  

 

2) Find the perimeter of the loop of the curve  

Solution: We know that, the equation of the length of the arc of the curve  

between  and  is given by 

 

Given  



 

 

 

Now,  

 

 

Here the curve is symmetrical about the . Hence the length of the arc will be 

double that of the arc of the loop about the . 

 The required length of the loop is =  

 

 

 

 

 

 

 



 

 

3) Find the perimeter of the cardioids . 

Solution: We know that the length of the arc of the curve  and  is 

given by  

 

 

Given  

 

The cardioids is symmetrical about the initial line and passes through the pole. 

Hence the length of the arc will be double that of the arc of the loop about the . 

 The required length of the loop is =  

 

 

 

 

 

 



 

4)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Volume of solid of Revolution  

Region (R) Axis 
Volume of the solid 

generated 

Cartesian form 

  (i) , the  and the lines 
and  

(ii) , the  and the lines 
 and  

  

(iii) 

 
  

(iv) 
 

  

Parametric form 

(i) 
 

  

(ii) 
 

  

Polar form 

(i) 

 

The initial 
line   

(ii) 

 

The line 

  
 

(iii) 

 

The line 
  

 

Problems on Volume of solid of Revolution 

1) Find the volume of the solid that result when the region enclosed by the curve 

 is revolved about the . 

Sol: We know that the volume of the solid generated by the revolution of the area 

bounded by the curve   , the  and the lines  is given by 

 

Now, given curve  

 Required volume is given by  

 



 

2) Find the volume of the solid generated by the revolution of the cardioids 

 about the initial line. 

Sol: We know that the volume of the solid generated by the revolution of the area 

bounded by the curve , the initial line and  is given by 

 

Here, the given cardioids is symmetrical about the initial line. The upper half of the 

curve formed when  varies from  to . 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Surface area of solid of Revolution  

Equation of the curve Arc Length 

Cartesian Form 
 

(i)  and  and , 
 

 
 
 

(ii)  and  and , 
 

 

 

 

 
 

 

 

Parametric Form 
 

 (i)  and  and 
  

 
 
(ii)  and  and 

  
 

 

 

 

 

Polar Form 
 

(i)  and  and  
 
 
 

(ii)  and  and  

 

 

 

 

 

Problem 

1) Find the surface area generated by the revolution of an arc of the catenary 

 about the  

Sol: We know that the surface area of the solid generated by the revolution of an arc 

 about the  ,  is given by  

 

 



 

 

 

 

 

 

2) Find the surface area of the solid formed by revolving the cardioid  

about the initial line. 

Sol: We know that the surface area of the solid formed by revolving the cardioid 

, the initial line and  is given by  

 

 

Given  

 

The cardioid is symmetrical about the initial line and passes through the pole. 

Hence, required surface area is given by  

 



 

 

 

Let  

 

Lower Limit:  

Upper Limit:  

 Surface area  –  

 

 

Change of variables in Double Integral 

Problem:  

 

Solution: Clearly, given coordinates are in Cartesian. 

 

 

 

  

 

 

 



 

 

 

 

 

 

 

 

 

 

2)  

  

Solution:  

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Change of Order of Integration 

Problem 1:  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

2)  

 

 

 

 

 

 

 

 

 

 

 
 

3)  

 

 

 

 

 

 



 

 

           

 

 

 

 

 

 

4)  

 

 

 

 

 

 

 

 



 

 

 

 

 


