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SYLLABUS OF MATHEMATICS-I (AS PERJNTU HYD)

Name of the Unit

Name of the Topic

Unit-I
Sequences and Series

1.1 Basic definition of sequences and series
1.2 Convergence and divergence.

1.3 Ratio test

1.4 Comparison test

1.5 Integral test

1.6 Cauchy’s root test

1.7 Raabe’s test

1.8 Absolute and conditional convergence

Unit-I1
Functions of single variable

2.1 Rolle’s theorem

2.2 Lagrange’s Mean value theorem

2.3 Cauchy’s Mean value theorem

2.4 Generalized mean value theorems

2.5 Functions of several variables

2.6 Functional dependence, Jacobian

2.7 Maxima and minima of function of two variables

Unit-111
Application of single variables

3.1 Radius, centre and Circle of curvature
3.2 Evolutes and Envelopes

3.3 Curve Tracing-Cartesian Co-ordinates
3.4 Curve Tracing-Polar Co-ordinates

3.5 Curve Tracing-Parametric Curves

Unit-1V
Integration and its applications

4.1 Riemann Sum

4.3 Integral representation for lengths

4.4 Integral representation for Areas

4.5 Integral representation for Volumes

4.6 Surface areas in Cartesian and Polar co-ordinates
4.7 Multiple integrals-double and triple

4.8 Change of order of integration

4.9 Change of variable

Unit-V
Differential equations of first
order and their applications

5.1 Overview of differential equations

5.2 Exact and non exact differential equations
5.3 Linear differential equations

5.4 Bernoulli D.E

5.5 Newton’s Law of cooling

5.6 Law of Natural growth and decay

5.7 Orthogonal trajectories and applications

6.1 Linear D.E of second and higher order with constant coefficients
6.2 R.H.S term of the form exp(ax)

Unit-VI 6.3 R.H.S term of the form sin ax and cos ax
Higher order Linear D.E and their | 6.4 R.H.S term of the form exp(ax) v(x)
applications 6.5 R.H.S term of the form exp(ax) v(x)
6.6 Method of variation of parameters
6.7 Applications on bending of beams, Electrical circuits and simple harmonic motion
7.1 LT of standard functions
7.2 Inverse LT -first shifting property
Unit-VII 7.3 Transformations of derivatives and integrals

Laplace Transformations

7.4 Unit step function, Second shifting theorem
7.5 Convolution theorem-periodic function

7.6 Differentiation and integration of transforms
7.7 Application of laplace transforms to ODE

Unit-VIII
Vector Calculus

8.1 Gradient, Divergence, curl

8.2 Laplacian and second order operators

8.3 Line, surface , volume integrals

8.4 Green’s Theorem and applications

8.5 Gauss Divergence Theorem and applications
8.6 Stoke’s Theorem and applications




CONTENTS

UNIT-8
VECTOR CALCULUS

% Gradient, Divergence, Curl

% Laplacian and Second order operators

¢ Line, surface and Volume integrals

¢ Green’s Theorem and applications

% Gauss Divergence Theorem and application

% Stoke’s Theorem and applications




Differentiation of Vectors

Scalar: A Physical Quantity which has magnitude only is called as a Scalar.
Ex: Every Real number is a scalar.

Vector: A Physical Quantity which has both magnitude and direction is called as Vector.
Ex: Velocity, Acceleration.

Vector Point Function: Let "D" be a Domain of a function, then if for each variable t € D, 3 Unique

association of a Vector f(t), then f(t) is called as a Vector Point Function.

ie.() = il T+ fL,() ]+ f3(0)k, where f,(t), f>(t) , f5(t) are called components of f(t).

Scalar Point Function: Let "D" be a Domain of a function, then if for each variable t € D, 3 Unique
association of a Scalar f(t), then f(t) is called as a Scalar Point Function.

Note: 1) Two Vectors @ and b are said to be Orthogonal (or 17) to each otherifa.b = 0

2) Two Vectors @ and b are said to be Parallel to each other ifa x b = 0.
3) If a, b, ¢ are three vectors, then

a) [abcl=a.(bxc)= —a.(cxb)

b) [abcl=[bcal=[cab]l=-[achb]=-[cbh a]

) ax(bxc)=(@.0)b— (a.b)c

S|

4) If A, B, C are three vector point functions over a scalar variable t then

i~ - dA dB
a) E(A+B)_E E
d  ~ = dA _ _ dB
b) E(A.B)=E.B+A.E
d ., - — dA — - dB
c) E(AXB)—EXB+A X
d ¢+ = = dA — dB _ _ 4c
d) E[ABC]=[EBC]+[A—C]+[ABE]
d

- = dA = = ~ _(dB _ = - = _ dc
e) E{Ax(BxC)}z{z x(BxC)}+ {Ax e xC)}+ {Ax (Bx E)}
Constant Vector Function: A Vector Point Function f(t) = f,(t) T+ £o(t) J+ f3(t)k is said to be

constant vector function if f;(t) , f,(t) & f5(t) are constant.

— df —
Note: A Vector Point Function f(t) is a constant vector function iff d—]; =0

_ _ df
% Avector point function f(t) has constant magnitude if f . d—]; =0

_ _ daf
% Avector point function f(t) has constant direction if f X d—{ =




Vector Differential Operator

The Vector Differential Operator is denoted by V (read as del) and is defined as L— +7—= 3 + k —
i.e.V= Ta-i-j_ai' ka
Now, we define the following quantities which involve the above operator.

» Gradient of a Scalar point function
» Divergence of a Vector point function

#» Curl of a Vector point function

Gradient of a Scalar point function

If @(x,y,z) be any Scalar point function then, the Gradient of @ is denoted by grad @ (or) V@,
- - (12472l
definedas V@ = (l Pl 3y +k az> @

_8(2) ~3d9

= V@ —+]—+k—

(Or)
Gradient: Let f is a scalar point function, then the gradient of f is denoted by Vf (or) grad f and

is defined as 1 +]'Z£ ka—i
= Vf—‘af+‘af+k

Ex: 1) If f = x? + y? + z% then Vf = 2xT + 2yj + 2zk
QIff=xy+yz+zxthenVf = (y+2)1+ (x +2)J+ (x + Yk
3)If f = xyz then Vf = yxT + xzJ + xyk
Note: The Operator gradient is always applied on scalar field and the resultant will be a vector.
i.e. The operator gradient converts a scalar field into a vector field.
Properties:
+«» If f and g are continuous and differentiable scalar point functions then
» grad (ftg)=gradf + gradg
ggrad f—f grad g
» grad ( ) e
B grad (fg) =ggradf + fgradg




Proof: To Prove grad (f + g) = grad f t grad g

Consider LH.S grad (f + g) = V(f + 9)
= i (f+9)

_y (2129 = 1Y 4y
_Zl(axiax)_zlaxizlax
=grad f £ gradg

Similarly, we can prove other results also.

% Show thatd® = V@ .dr
Let7 = xT + yJ + zk , then d7 = dx1 + dyj + dzk.

If @ is any Scalar point function, then d@ = % dx + % dy + % dz
_ (-89, _30 | 730\ /- _ =
- (la+]£+ k22) . (tdx + Jdy + kdz)
= V@ .dr

% Ifr = |F| where 7 = xT+ yj + zk then (1) Vr =£

@V @) ="

@v()=-5

T
7
(4) Vlogr =2

B)YVr*=nr"2F
6)Vf(r)xT =0
Sol: Given that 7 = xT + yJ + zk and r = ||

ier=\x2+y2+22 = r2=x*+y*+2°
or

: . . 2
Differentiate w.r.t ' x ' partially, we get 2r é =2x = -= i—c

or or
Similarly, % = % o

~— =S IN

Wvr=3r50 =31

1 _ 1 _
—;le—;r

. Vr =

< =

@V = ST =211 3
=f (M ETE=f(xET*

T

[ Here V means Differentiation ]

= f'(@)

T




- _d = _
@v()-%oh =i -2 (0) ==
(4) Similarly, we can prove this

(5) Similarly, we can prove this

(o AR

O)Vf(r) xr= (f (r) r)xr
= L0 (x7)=10

Note: If @ is any scalar point function (surface), then Normal Vector along @ is given by V@ (or)

\%0)
grad @ and Unit Normal Vector along @ is w

Directional Derivative

The directional derivative of a scalar point function @ at point P in the direction of a vector point

function f is given by e. (V@) , where e is unit vector along f.

Le.e = L_
17l
Note: If @ is any scalar point function, then along the direction of V@, the directional derivative of
@ is maximum, and also the maximum value of directional derivative of @ at point P is given
by |V@|p .

o,

% V0 is parallel to x-axis = Co-efficient of 7 = 0 and Co-efficient of k = 0
% V@ is parallel to y-axis = Co-efficient of 7 = 0 and Co-efficient of k = 0

% V@ is parallel to z-axis = Co-efficient of 7 = 0 and Co-efficient of j =0

Angle Between two surfaces

. Vo,. VO,
If 8 is the angle between the two surfaces @, and @, , then cos§ = ————
VO, [ VD,
Angle between two vectors
% The angle between the two vectors A & B is given by cos 6 = W

Note: If ¥ = xT + yJ + zk be position vector along any vector where x, y, z are in terms of scalar
2

ar . . a“r .
t, then 3¢ Sives velocity and gz Bives acceleration.
% IfV is velocity of a particle, then the component of velocity in the direction of 4 is given by
V. A
|4l




% If A is acceleration of a particle then the component of acceleration in the direction of B is
. A.B
given by ﬁ

Projection of a Vector

. _ A.B
% The Projection of a vector A on B is ——=

|B|

_  _ A.B
¢ The Projection of a vector B on 4 is ——=

|A]

Divergent: Let f = fiT+ f,] + f3k is a vector point function, then the divergent of f is denoted by

v f ' i 0f1 , 0f2 | Of3
V.f (or) div f and is defined as ox + 3y + =
= VS= EJF dy 0z

Ex:1)Iff =xT+yj+zkthenV.f=1+1+1=3
2)Iff =xyi+ yzj+ zxk thenV.f =y +z + x
If we substitute x, y, z values, then we get vector point function

Note: 1) The Operator divergent is always applied on a vector field, and the resultant will be a

scalar.

[.e. The operator divergent will converts a vector into a scalar.
2) Divergent of a constant vector is always zero
Ex: f =21+ 3]+ 4kthenV.f =0.
Solenoidal Vector: If div f = 0, then f is called as Solenoidal vector.
Ex:If f =x?1—xy]—xzk = divf=0

~ f is Solenoidal vector.

Curl of a Vector: Let f = fiT+ f5] + f3k is a vector valued function, then curl of vector f is

denoted by curl f and is defined as V x f

i ] k

= 5} a 3}
-'-curlf=V><f=£ % 9z
i o fs

i
Ex: )Iff =xT+yj+zkthencurl f=V X f = ;—x
x

< gle~
N Rl
Il
Ol




i j k
_ B B _ _ - o o o

2) If f =x*T+y*J+ z°kthencurl f =V X f = |5~ 3 92 =(xz—y)T—yz]
xZ y2 ZZ

Note: The Operator curl is applied on a vector field.

Irrotational Vector: The vector f is said to be Irrotational if curl f = 0.
Ex:If f =xT+yj+zkthencurl f=Vxf=0

= f is called as Irrotational Vector.
Note: 1) If curl(grad ) = 0 = grad @ is always an Irrotational Vector.

2) If div(curl f) = 0 = curl f is always Solenoidal Vector.

Theorems

1) If ¢ is any scalar point function and '@’ is a vector point function, then
div(¢a) = (grad ¢p).a+ p diva
(Or)
V.(¢pa) = (Vpp).a+ ¢$(V.a)

Sol: To Prove div(¢a) = (grad ¢).a + ¢ diva
Consider div(¢a) = X.1. aa_x (pa)
B )
_Zl'(ax a+¢6x
o (-00) - _oa
= Z(la).a+ @Zl.a
= (grad ¢).a+ ¢ diva
2) If ¢ is any scalar point function and '@’ is a vector point function, then
curl (¢pa) = (grad ¢p) xa+ ¢ curla
(or)
VX (¢pa) = (V) xa+ ¢(Vxa)
Sol: To Prove curl (pa) = (grad p) xa+ ¢ curla
Consider curl (¢pa) = X,1 X aa_x (¢pa)
 o- ap _ da
= Z 1 X (a a+ ¢ &)

= Z(T%)xd+¢2? x% = (grad p) xa+ ¢ curla




3) IfAand B are two vector point functions then,

grad (A.B) = (B.V)A+ (A.V) B+ B X curlA+ A x curl B

Sol: Let us consider R.H.S

- =7 __ 9B -
In R.H.S consider A X curl B = A X ), (L X g) Since 4 is a vector, take
o5 it inside summation.
= ZA X (T X a)
~9B\. ,~_\0B o (F 2 — (7 A\F _ (= T\~
= {(A'E)l_ (A-l)g} [ ax(bxc)=(aob-(ab) ]

Now, RH.S (B.7)A + (A. |7)B +BxcurlA+ A X curl B

= (B.MA+(AV)B +%(B.5 )L—(B V)A+z( )l—(A V)B

Z(E.Z—f)nz(ﬁ.g—i)i

=35(6.5+A5)T

=Y7=(A.B) = grad (A.B)
4) Prove thatdiv (A X B) = B.curlA— A.curl B
Sol: Consider L.H.S: div (A x B) = Zi.i(ﬁ X B)
—Zl( XB+AXa>
=31 (ExB)+31.(AxZ2)
We know thata. (b x¢) =b.(cx @) =¢.(@ax b)and (@x b) = —(b X @)
_ (0 _ (0B _ =
=ZB.(1XE)—ZL(£XA)

= E.curlﬁ—Zﬁ.(ix%)

div(AxB) =B.curlA—A.curl B




5) Provethat curl (ax b) =adivb—bdiva+ (b.V)a— (a.V)b
Sol: Consider LH.S: curl (@ x b) = $7x = (a x b)
=fo[%x5+a‘x%]
=ZTX(%XB)+ZTX(@XZ—§)

We know thata x (b x ¢) = (a.c)b — (a.b)c

T.%)E+Z(T.Z—i)d— (a.zzai)E
= (b.V)a— (V.@)b+ (V.b)a— (a.V)b
~ curl(axb) =adivb—bdiva+ (b.V)a—(a@a.v)b

Vector Integration

Integration is the inverse operation of differentiation.
_ Integrals
Integrations are of two types. They are
1) Indefinite Integral
2) Definite Integral [ Indefinite Integrals ] [ Definite Integrals ]

Line Integral

Any Integral which is evaluated along the curve is called Line Integral, and it is denoted by fc F.dr

where F is a vector point function, 7 is position vector and C is the curve.

Let C be a curve in space. Let A be the initial point and B be the B
terminal point of the curve C. When the direction along C

oriented from A to B is positive, then the direction from B to A is

called negative direction. If the two points A and B coincide the

curve ( is called the closed curve.

A
Note: 1) If 7 is given in terms of (x,y,z)
Let F = [T+ o + f3];, F=xT+y]+ 7k This is used when 7 is
given in terms of
then di = dx1 + dyj + dzk (x,y,2)

= F.dr = fidx + fody + f3dz




« [ F.df = [ (fidx + fdy + f3dz)

2) If 7 is given in terms of ' t

Let F = fil + fo] + f3k, where fi, f,, f; are functions of (x,y,z) and

r=¢1(OT+ ¢, ()] + ¢3(D)k then fc F.dr = fc (F'%) dt

Surface Integral

The Integral which is evaluated over a surface is called Surface Integral.

If S is any surface and N is the outward drawn unit normal vector to the surface S then fs F.N ds
is called the Surface Integral.

Note: Let F = fii+ f,] + fskand N = Tcosa + Jcos B + kcosy
F.N = fycosa+ f,cos B + f;cosy
JoF-N ds = [(ficosa+ f,cosf + fscosy)ds
= fs(f1 cosads + f, cos B ds + fzcosy ds)
= [((fidy dz + fdx dz + fydx dy)
Here, dscosy = dx dy
dscosf =dxdz

dscosa =dydz

Now,
» dscosy =dxdy P dscosf =dxdz > dscosa=dydz
dxd dxd dxdz dxdz dydz dydz
= ds = y= _y =ds = = — = ds = 4 = y_
cosy N.k cosf N.j cosa N.1
o . . . . = _ = dx dy
* If R is the projection of S lies on xy plane then [ F.N ds = [[.F.N N
 If R is the projection of S lies on xy plane then [ F.N ds = [[.F.N ‘T;?f
 If R is the projection of S lies on xy plane then [ F.N ds = [[.F.N dﬁ}\,‘;z

Note: No one will say/ guess directly by seeing the problem that projection will lies on xy-plane

(or) yz-plane (or) zx- plane for a particular problem. It mainly depends on N.

Note: In solving surface integral problems (mostly)

» If given surface is in xy-plane, then take projection on yz-plane.

» If given surface is in xz-plane, then take projection on yz-plane.




» If given surface is in yz-plane, then take projection on xy-plane.

Volume Integral

» If F is a vector point function bounded by the region R with volume V, then fv F dV is called as

Volume Integral.

ie.IfF = fiT+ fo] + fsk then [ F av = [ (AT+ fo] + fsk) dV
= fxfyfz(f17+f2]_+f3l_f) dv

= [[Jf fidz dy dx] T+ [[ff fodz dy dx]T + [[[[ fsdz dy dx] k

» If f = f(x,y,2) be any scalar point function bounded by the region R with volume V, then
fo dV is called as Volume Integral.

ie.lf f=f(x,y,2) then [ faV = [[[ f dzdy dx

Vector Integration

[ Vector Integration Theorems }

Gauss Divergence Green's Theorem Stoke's Theorem
Theorem
It gives the relation It gives the relation It gives the relation
between double integral between single integral between single Integral
and triple Integral and double Integral and double integral

ie. [[e][[ ie [—ff ie [—[f

Why these theorems are used?

While evaluating Integration (single/double/triple) problems, we come across some Integration
problems where evaluating single integration is too hard, but if we change the same problem in to

double integration, the Integration problem becomes simple. In such cases, we use Greens




Theorem (if the given surface is xy-plane) (or) Stokes Theorem (for any plane). If we want to

change double integration problem in to triple integral, we use Gauss Divergence Theorem.

P Greens Theorem is used if the given surface is in xy-plane only.

» Stokes Theorem is used for any surface (or) any plane (xy-plane, yz-plane, zx-plane)

Green’s Theorem

Let S be a closed region in xy-plane bounded by a curve C. If P(x,y) and Q(x, y) be the two

continuous and differentiable Scalar point functions in (x, y) then
— ([ (2Q_2F
J,Pdx+Qdy= ﬂR(ax ay) dx dy

Note: This theorem is used if the surface is in xy-plane only.

This Theorem converts single integration problem to double integration problem.

Gauss Divergence Theorem

Let S is a closed surface enclosing a volume V, if F is continuous and differentiable vector point
function the

J,F.Nds= [ divF dv
Where N is the outward drawn Unit Normal Vector.

Note: This theorem is used to convert double integration problem to triple integration problem

Stokes Theorem

Let S is a surface enclosed by a closed curve C and F is continuous and differentiable vector point
function then

JoF.df = [.curl F.N ds
Where, N is outward drawn Unit Normal Vector over S.
Note: This theorem is used for any surface (or) plane.

This theorem is used to convert single integration problem to triple integration problem.




Important: Changing Co-ordinates from one to another

1)

2)

3)

Cylindrical Co-ordinates

In order to change co-ordinates from Cartesian to
Cylindrical, the adjacent values are to be taken,
which will be helpful in solving problems in Gauss

Divergence Theorem.

Polar Co-ordinates

In order to change co-ordinates from Cartesian to
Polar, the adjacent values are to be taken, which
will be ‘helpful in solving problems in Gauss

Divergence Theorem.

Spherical Co-ordinates

In order to change co-ordinates from Cartesian to
Spherical, the adjacent values are to be taken,
which will be helpful in solving problems in Gauss

Divergence Theorem.

/xzrcos&

y =rsinf
zZ=2z
dv =dxdydz
=rdrdfdz
60 =0to?2m Always
r=0toa Same
z=0to3 — varies

~

v-lere 'a’ is given radius /

/For x%+y?=r?

X =rcosf
y =rsinf
dxdy =rdrdf

Here,r = 0 to given
Qnd 6 =0to2m

~

J

ﬂczrsin@cos@

y =rsinfsin®
z=r1cosf
dv =dxdydz
=r2drdfdz

r = 0 to a (Changes)

T
6=0to -
02 —» No change

Qz 0to2m

~
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