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LAPLACE TRANSFORMATION

INTRODUCTION
Laplace Transformations were introduced by Pierre Simmon Marquis De Laplace (1749-1827), a

French Mathematician known as a Newton of French.
Laplace Transformations is a powerful Technique; it replaces operations of calculus by

operations of Algebra.

Suppose an Ordinary (or) Partial Differential Equation together with Initial conditions is reduced

to a problem of solving an Algebraic Equation.

Definition of Laplace Transformation: Let f(t) be a given function defined for all t > 0, then
the Laplace Transformation of f(t) is defined as L{f (t)} = fooo e StF(t) dt = F(s)

Here, L is called Laplace Transform Operator. The function f(t) is known as determining
function, depends on t. The new function which is to be determined (i.e. F(s) ) is called

generating function, depends on s.

Here F(s) = f(s)

NOTE: Here Question will be in t and Answer will be in s.
Laplace Transformation is useful since

¢ Particular Solution is obtained without first determining the general solution

% Non-Homogeneous Equations are solved without obtaining the complementary Integral

¢ Solutions of Mechanical (or) Electrical problems involving discontinuous force functions
(R.H.S function F(x) ) (or) Periodic functions other than cos and sin are obtained easily.

¢ The Laplace Transformation is a very powerful technique, that it replaces operations of

calculus by operations of algebra. For e.g. With the application of L.T to an Initial value

problem, consisting of an Ordinary( or Partial ) differential equation (O.D.E) together with

Initial conditions is reduced to a problem of solving an algebraic equation ( with any given

Initial conditions automatically taken care )

APPLICATIONS

Laplace Transformation is very useful in obtaining solution of Linear D.E’s, both Ordinary and
Partial, Solution of system of simultaneous D.E’s, Solutions of Integral equations, solutions of

Linear Difference equations and in the evaluation of definite Integral.




Original Equation
(In terms of t)

A 4

Laplace Transform

A 4

Final Equation

(In terms of s)
\ J

Thus, Laplace Transformation transforms one class of complicated functions f (t) to
produce another class of simpler functions F(s).

ADVANTAGES

*

¢ With the application of Linear Transformation, Particular solution of D.E is obtained directly
without the necessity of first determining general solution and then obtaining the particular
solution (by substitution of Initial Conditions).

¢ L.T solves non-homogeneous D.E without the necessity of first solving the corresponding
homogeneous D.E.

*» L.T is applicable not only to continuous functions but also to piece-wise continuous

functions, complicated periodic functions, step functions, Impulse functions.

% L.T of various functions are readily available.

[0}

LF@) = [ et de = F@)
0
The symbol ‘L’ denotes the L.T operator, when it operated on a function f(t), it transforms

into a function F(s) of complex variable s. We say the operator transforms the function f(t) in
the 't’ domain (usually called time domain) into the function F(s) in the 's’ domain (usually called
complex frequency domain or simply the frequency domain)

Because the Upper limit in the Integral is Infinite, L{f ()}

the domain of Integration is Infinite. Thus the

Integral is an example of an Improper Integral.

[ole]
t Domain s Domain

T
f etf(t) dt = 7li_r>noof e ¥ f(t) dt (time domain) (frequency domain)
0 0

The Laplace Transformation of f(t) is said to exist if the Integral foooe_“f(t) dt Converges for

some values of s, Otherwise it does not exist.




Definition: A function f(t) is said to be piece wise Continuous in any Interval [a, b] , if it is defined
on that Interval and is such that the Interval can be broken up into a finite number of sub-

Intervals in each of which f(t) is Continuous.

In Mathematics, a transform is usually a device that converts one type of problem into another
type.

The main application of D.E using Laplace Transformation and Inverse Laplace Transformation is
that, By solving D.E directly by using Variation of Parameters, etc methods, we first find the

general solution and then we substitute the Initial or Boundary values. In some cases it will be

more critical to find General solution.

By suing Laplace and Inverse Laplace Transformation, we will not going to find General solution

and in the middle we substitute the Boundary conditions, so the problem may becomes simple.

Note: Some Problems will be solved more easier in Laplace than by doing using Methods

(variation of Parameter etc) and vice-versa.

PROPERTIES OF LAPLACE TRANSFORMATION

» Laplace Transformation of constant K is g » The Laplace Transformation of e® is 1
s—a

Sol: We know that Sol: We know that

L O} = J; e f(D) dt = F(s) LU (O} = [ e () de = F(s)

= L{k} = fO e Stk dt — L{f(t)} = foooe_steat dt

= Lk} =k foooe_St dt = [Pelstat g¢
0

= LSt ” = E 1 —(o— [oe] 1
= L{k} k [ s :|t=0 s = Csta) [e (s a)]t—() = ;

= Definition of Gama Function

oo

r(n)= ] e tt"ldt,n=>0

0
(OR)
r(n)=f"e*x"1dt,n>0.

Note:i) I'(n + 1) = nI'(n) = n!

or ()= e




>

The Laplace Transformation of t" , where n is a non-negative Real number.

Sol: We know that L{f ()} = fooo e Stf(t) dt = F(s)

(0]

= L{f(t)} = f e~Stt™ dt

0
Put st = x =>t=§

dt =L dx
S

Ast > 0tooo = x > 0to

(0]

1
Find the Laplace Transformation of £ 2

We know that

L{f ()} = [, e=stf(t) dt = F(s)

1
—1(t)= @

1
= F(Lfl) [ I'n+1)=n!]
2

S

s
x=0
ny — 1 —X 4N
= L{t"} = ) e *x" dx
0
1
= ——=In+1) F(n)=f
0
= L{t"} = o [ I(n+1) =n!]
Problems
1
1) Find the Laplace Transformation of t2 2)
Sol:  We know that Sol:
L{f ()} = [, e Stf(t) dt = F(s)
1
1 =1
=1L (ti) = (72121
1 3
=57 )
1+Vm
= —3£ [ n(n) =n!]
=2
s2

1

~i()- T2

SECTIONALLY CONTINUOUS CURVES (Or) PIECE-WISE CONTINUOUS

A function f(x) is said to be Sectionally Continuous (or) Piece-wise Continuous in any Interval

[a, b], if it is continuous and has finite Left and Right limits in any Sub-Interval of [a, b].

In the above case Laplace Transformation holds good.




FUNCTIONS OF EXPONENTIAL ORDER

A function f(x) is said to be exponential of order 'a’ asx — o iflim,_,,, e~ f(x) is a finite
value.

Example: Verify x™ is an exponential order (or) not?

n

X [oe]
—ax n — 7 j—
x" = limy prrialn

Sol: lim,_ e ™ f(x) =limy_ e

. n! n! . .
= liMm, 0 prorri e 0, a finite value.

~ x™is an exponential order.

Sufficient conditions for the Existence of Laplace Transformation

The Laplace Transformation of f(t) exists i.e. The Improper Integral fooo e StF(t) dt of L{f(t)}

Converges (finite value) when the following conditions are satisfied.

1) f(t) is a piece-wise continuous
2) f(t) is an exponential of order 'a’.

PROPERTIES OF LAPLACE TRANSFORMATION
LINEAR PROPERTY

Statement: If L{f (t)} = F(s),L{g(t)} = G(s), then L{c, f(t) + c,g(t)} = ¢, F(s) + c,G(5)
Proof: Given that L{f(t)} = F(s) and L{g(t)} = G(s)
LH.S: L{c,f(8) + c29(0)} = ¢, L{f (©)} + c,L{g(£)}
= ¢,F(s) + c,G(s) =R.H.S

FIRST SHIFTING PROPERTY (or) FIRST TRANSLATION PROPERTY

Statement: If L{f (t)} = F(s) then L{e®f(t)} = F(s — a)

Proof: We know that Puts—a=p, p>0
L{r(©}y = [ et f(t) dt = F(s ‘
F© = J e de = () — sten= [ e pee
= L{e*f(t)} = fooo e Ste f(t) dt 0
— foooe—(s—a)t f(t)dt = F(p)
. . =F(s—a)
(Here we have taken exponential quantity as
negative, but not positive, because Hence, If L{f (t)} = F(s) then L{e®' f(t)} = F(s — a)

ast—> o0 = et 50 = e t>0)

» whenever we want to evaluate L{e® f(t)}, first evaluate L{f(t)} which is equal to F(s) and then

evaluate L{e® f(t)}, which will be obtained simply, by substituting s — a in place of a in F(s).




Problem

% Find the Laplace Transformation of
ft) = £z .3t
Sol: To find L {tg . e3t} , first we shall evaluate
L {tg}

Now, L {tg} _ Uh)

T U+

[« L{t™) =

n!
sn+1

= L {tg} = % [+ n!=nT(n)]

S2

22 [ T(n+1) = nl'(n)]

CHANGE OF SCALE PROPERTY

_ QGG _GQEEGE
_ B QGG
_ HQEGECE)
_QEEE EE
Z 3] _ 105w
tz.e }_16(5_3)%

Statement: If L{f(t)} = F(s) then L{f (at)} = %F( )

Proof: We know that L{f ()} = [, e ™tf(¢) dt = F(s)
= L{f(an)} = [" e *tf(at) dt

Putat=x =t = E
= dt == dx
a
= L{f(a)} = [ e af (x) ; dx
_1 o _ix
_Zfo e @ f(x) dx

Puti = p then, L{f(at)} = éfome_pr(x) dx

1

a

P =5 F ()

a




Problems

1) Find the Laplace Transformation of 2) Find the Laplace Transformation of
coshat i.e.L{coshat} sinhat i.e.L{sinhat}
at —at at_ ,—at
Sol: We know that cosh at = = +2e Sol: We know that sinh at = = ze
— (% ,-st — oo
and L{f(t)} = fo e Stf(t) dt = F(s) and L{f ()} = fo e StF(t) dt = F(s)
Now, L{cosh at} = %[L{eat + e %} Now, L{sinh at} = %[L{eat — e at}]
1 _
= 1[(e) + L(e~)] =z [L(e*) — L(e™)]
=1 L 1 =1
T2 s+a] 2 [ s+a]
. L[cosh at] = g ~ L[sinhat] = = a2

3) Find L{sinat} and L{cos at}
Sol: We know that e‘*t = cos at + i sinat
= L{e'%t} = L{cosat + isinat}—> 1

s+ia s+ia
But L{e'*} = = — 1
s—ia " s+ia s2+a?

stia S a

~ From I &II, L{cosat + isinat} =

s2+a?  s2+a? = s?+a?
Equating the corresponding coefficients, we get

L{sinat} = -——,and L{cosat} = 5—

LAPLACE TRANSFORMATION OF DERIVATIVES

Statement: If L{f (t)} = F(s),then L{f'(t)} = sF(s) — f(0)
L{f"(®)} = s*F(s) —sf(0) — f'(0)

L{f™ (&)} = s"F(s) — s"1£(0) — s"2f'(0) — ....—f™"*(0)

Proof: We know that In view of this, L{g'(t)} = s G(s) — g(0)
L{f©)} = [, et f () dt = F(s) Now, put g(t) = f'(t)
Let us consider L{f'(t)} = f e‘St df dt = L{g®} = L{f" O} = G(s)

Since, L{g'(t)} = s G(s) — g(0)

ol G il I rrd G B £ N RV o) SR S

= [e™* f(O]2Z0 — [J,Zy(—se™" £(2) dt] = L{f" (0} = s L{f' (O}~ f'(0)
= —£(0) + 5 LF ()} = L{f"(©)} = s(sF(s) — £(0)) = £'(0)
= SO +sF() = L{f"()} = s?F(s) — sf(0) — £'(0)

= L{f'(t)} = sF(s) — f(0)




Generalizing this, we get finally

L{f(”)(t)} = s"F(s) — s™1f(0) — s™2f'(0) — ...

—f"1(0)

Problem: Find the L{t*} by using derivatives method.
Sol: we know that L{f" (t)} = s?F(s) — sf(0) — f'(0)

Giventhat f(t) = t? = f(0)=0
= f'(t)= 2t = f'(0)=0

= L{f"(0)} = s? F(s)

= L(2) = s?F(s)

2
== s2F(s)

DIVISION BY ‘¢ METHOD (or) Laplace Integrals

Statement: If L{f(t)} = F(s),thenL {f(t)} = fsooF(s) ds

t

Proof: Let us consider F(s) = L{f(t)} = fooo e St f(t)dt

Now, Integrate on both sides w.r.t ‘s’ by taking the Limits from s to co then

f:oF(s) ds = f::s(ftozoe‘“f(t) dt) ds

Since 's" and t" are Independent variables, by Interchanging the order of Integration,

= [CF()ds = [2,([2 e ds) f(2) dt

(00}

i IOL

fto_oo e st (@) dt

= [TF(s)ds = L{{}
o L {@} = f:o F(s) ds

Problems

—at_ ,—bt
» Find the L {e ¢ }
Sol: Here f(t) = e — ¢~ bt

= F(s) = L{f ()} = L{e™* — ™"}

1
s+a

1
s+b

We know that L {@} = fsoo F(s) ds

AC) Ll I S
= L{T} - fS [s+a s+b dSV
= [log|s + a| — log|s + b|]2

o ().

=log1 —log (Z:—Z) = log (S+a)

S+b




» If{f(t)} = F(s), then L {fotf(t) dt} =2 F(s),5>0.
Sol: Let us consider g(t) = [} f(t) dt and g(0) =0
=g'()=f®)
Now, L{g'(6)} = s L{g(®)} — g(0)
L{F(OY = sL{f; F(©) dt} -
= F(s) =s L{f, f(t) dt}
= L{f £(0 dt} e

Generalization of above one:

L{fotfotf IN{O) dt} F()

n-times

Multiplication of 't’

Statement: If L{f(£)} = F(s), then L{t. f ()} = — - [F(s)]
Proof: We know that F(s) = [ e~ f()dt
= — F(s) = — [[,7e™t f(t)dt]
= [ () = (e~ Nt
= [Cf(©) et (-t)dt
=— [ ettt f(t)dt
= —L{t f(©)}
ALt f(D)} = -2
d"F

Generalization: L{t™. f(t)} = —%[F(s)] = -5

dsm

Problem

» Find L{t sinat}

Sol: weknow that L{t. f(t)} = — Z—:

Here f(t) = sinat

= F(s) = [

52+a2]

o L{t sinat} = —i{ a }z Zas

ds (s2+a? s2+a?




INVERSE LAPLACE TRANSFORMATION

Definition: If {f(t)} = F(s) , then f(t) is known as Inverse Laplace Transformation of F(s) and it
is denoted by L™1[F(s)] = f(t), where L™! is known as Inverse Laplace Transform operator and is

suchthat LL ' =L"1L =1.

Inverse Elementary Transformations of Some Elementary Functions

L (3)=1 » L (5) = cosat

b () = e » L (55) = >sinhat

> L (5) = (;:1)! » L (555) = coshat

> L ((s—la)") = e % > ((5‘“;”’2) = e sinbt
» 1 (2) = Lsinat > 1 () = €™ cos bt

Problems based on Partial Fractions

) aps™+a; s™ 1+ . +ay, . ) .
A fraction of the form — in which both powers m and n are positive numbers
bO s + bl sn +"'+bn

is called rational algebraic function.

When the degree of the Numerator is Lower than the degree of Denominator, then the fraction is

called as Proper Fraction.

To Resolve Proper Fractions into Partial Fractions, we first factorize the denominator into real

factors. These will be either Linear (or) Quadratic and some factors may be repeated.

From the definitions of Algebra, a Proper fraction can be resolved into sum of Partial fractions.

S.No Factor of the Denominator Corresponding Partial Fractions
Non-Repeated Linear Factor
1 A
1. Ex: —, [ (s — a)occurs only
s-a s—a
one time]
Repeated Linear Factor, A, A, A
2. repeated ‘r’ times + + ot ——=
Ex: (S _ a)r (S - a) (S - a)z (S - a)r
Non-repeated Quadratic AS+B
3. Expression —— -, Here atleastoneof Aor B # 0
Ex:s?+as+b stas+h
Repeated Quadratic. As+ B, A,s + B, As+B.
4, Expression, repeated ‘T’ times > > s+ T3
Ex: (s + as + b)" s24+as+b (s?+as+b) (s2+as+b)




SHIFTING PROPERTY OF INVERSE LAPLACE TRANSFORMATION

We know that L{e% f(t)} = F(s — a)
= L F(s—a)] = e* f(t)

FORMULAS

» IfL7[F(s)] = f(t) then, L [F(s —a)] = e* f(t)
> IfL7H[F(s)] = £(£) and £(0) = O then, L™ [s F(s)] = = [f (£)]

dn

2 [£(©)], provided £(0) = £/(0) = f"(0) = .= f*1 =0

b IFL[F(s)] = £(2) then, L7 [22] = [F £ (6) de

In general, L™ [s" F(s)] =

b IFLF(s)] = f(6) then, t.£(£) = L7 |- = {F(5)}|

> IFL7UF(s)] = f(t) then, £2 = L71[[" F(s) ds]

CONVOLUTION THEOREM

(A Differential Equation can be converted into Inverse Laplace Transformation)
(Inthis the denominator should contain atleast two terms)

Convolution is used to find Inverse Laplace transforms in solving Differential Equations and
Integral Equations.

Statement: Suppose two Laplace Transformations F(s) and G (s) are given. Let f (t) and g(t) are

their Inverse Laplace Transformations respectively i.e. L"*[F(s)] = f(t)
LG()] =g
Then, L"*[F(s).G(s)] = fotf(u) gt—uwdu=F xG
Where F * G is called Convolution. (Or) Falting of F & G.

Proof:Let ¢(t) = [, f(u) g(t — ) du

o _ t
Now L{p(0)} = [;"e™" [[i_, fw)g(t —w) du | at M
d
_ (o] t —st _ A

= Lip®} = [ [[i_e " fagt—w du| dt o

The above Integration is within the region lying below the ut

line, and above OT.

(Here equation of OM is u = t) 0 >
t - T

Let 't" is taken on OT line and u is taken on OM line, with ‘O’ as Origin.




The axes are perpendicular to each other.

If the order of Integration is changed, the strip will be taken parallel to OT. So that the limits of ¢

are from u to o and u is taken as 0 to oo. M

A

Lg@y= [7, [JS, e fgt —u) du| dr u=t

t
= 2, [ et ve g —wdu|de

(6™ Fwduw) [ftt:u e St Wg(t —u) dt]

Putt —u = v, then Lower Limit: t =u = v =20 (0] t T

Upper Limit: t =0 = v =

(0]

. © —s(t-u) _ —
Then, Consider [_ e ™g(t—w) dt = [ _

e=? g(v) dv
= L{g(»)} = G(v)
L)} = [[,_ e~ fFwdu] {G(v)}
=F(u)G(v)
Again, ¢(t) = L™[F(w).G (V)]

“HEW).G(t—u)]

v

Problem

v

: -1 |5
P Apply Convolution Theorem to evaluate L [(52+a2)2]

Sol: Given L1 [ #]

2+a2 " s2+q?

Let us choose one quantity as F(s) and other quantity as G (s)

Now, Let F(s) = ﬁ,a(s) = =

s2+a?

Now f(t) = L7YF(s)] = L1 [ ] = —sm at

s2+a?

= f(u) = %sinau

Againg(t) = L7t [G(s)] = L1 [ ] = cosat

s2+qa2

= By Convolution Theorem, L™[F(s).G(s)] = [, f(w) g(t —w)du

s
s? +a? '52+a2

t
1
= L1 [ fasinaucosa(t—u) du

u




1t :
= — J_o2sinaucosa(t —u) du

2a
= ﬁ " [{sin(au + at — au} + sinfau — at + au}] du

1ot 1ot
= — [,_osinat du+ — [ _ sin(2au — at) du

= L t 1
= S-sinat [u]0+2a

t
—cos(2alv—at)]
2a u=0

(-1)
4a?

= —sinat t + {- cosat + cos at}
2a

= — tsinat
2a

APPLICATIONS OF D.E’s BY USING LAPLACE AND INVERSE LAPLACE TRANSFORMATIONS

Laplace Transform Method of solving Differential Equations yields particular solutions without
necessity of first finding General solution and elimination of arbitrary constants.

2
Suppose the given D.Eq is of the form a ZTZ +b 2—3; +y=f({t) —>1

is a Linear D.Eq of order 2 with constants a, b.

Case 1: Suppose in Equation I, we assume a,b are constants and the boundary conditions are
y(0) = y'(0) =0.

We Know that L[f™(£)] = s™ F(s) — s™1£(0) — s"2f(0) — ...— £*~1(0)

and L[f"(®)] = s* F(s) —sf(0) — f'(0)

(0r) L[y2(®)] = s2¥(s) — s y(0) —y'(0)  Here y(s) = L{y(t)] and y2(t) is Second derivative
and L[y'(t)] = sy(s) — y(0)

Procedure: Apply Laplace Transformation to equation (1)

ie. al{y"}+ bL{y'}+ L{y} = L{f ()}

= a{s*y(s) —sy(0) — y'(0)} + b {sy(s) —y(O} + y(s) = F(s)

= as?y(s) + bs ¥(s) + ¥(s) = F(s)

(- we have taken Initial conditions as y(0) = y'(0) = 0)

= (as? + bs + 1) ¥(s) = F(s)

F(s)
(as?+bs +1)

= y(s) =

Now, apply Inverse Laplace Transformation




ie. L (p(s)} = L7t {2}

(as?+bs +1)

=>y(t)=L‘1{ ul }

(as?+bs +1)
By solving this, we get the required answer.

Case 2: If a, b are not constants (i.e. D.E with Variable Co-efficient)
2
Let the D.E is of the form ¢t ZT)Z/ +t % +y=f({t) — 1l

Here a, b are some functions of ‘t’, with Initial conditions y(0) = y'(0) =0

We know that L{t™ f2(0)} = (=1)™ <= [L{F™(D)}]

ds™m

Now, L{t?y"} = (—1)? ;—:2 [L{y" (t)}]

= £ [s%5(s) — 5 y(0) - y'(0)]
And, L{t y'} = (-1) = L{y' ()} = — =~ {s3(s) — y(0)}
Apply Laplace Transformation on both sides to (II ), we get

= L{t?y"} + L{ty'} + Ly} = LF (O}

= L [s25(s) = s y(0) =¥ (O] = < {s7(s) = y(O)} + 7(s) = F(s)
Substituting the boundary conditions in equation Il and get the values of y —III
Required solution is obtained by taking Inverse Laplace Transformation for equation III.

Problem

» Solve by the method of Transformations, the equation y"’ + 2y" —y' — 2y = 0 and
y(0) =y'(0) =1and y"(0) = —6.
Sol: Given y"' + 2y" —y' =2y =0 — |

Apply Laplace Transformation on both sides, we get

= L{y"'}+ 2L{y"} - L{y'} — 2L{y} = L{0}

= {s*y — s?5(0) — s y'(0) — y"(0)} + 2{s?¥(s) — s y(0) — ¥'(0)} — {sy(s) — y(0)} — 2y = 0—> I

Now substitute boundary conditions Immediately before solving in equation II, we get
= {3y +6}+2{s*y} —{sy} -2y =0
= y(s3+2s2—-s-2)=-6

—6
=V =
(S PP —




—6
s—1DG+1D(s—-2)

-1, 3 2 o . .
= St (By resolving into partial fractions)

= y=

= L)} = -1 S+t ) - )

s+1 s+2

= y(t) = —e! + 3e~t — 2e72! is the required solution.

B Solvethe D.Ety" +2y'+ty =cost ,y(0) =1,y'(0) =1
Sol: Taking Laplace Transform on both sides, we get

L{ty"}+ 2L{y'} + 2L{ty} = L{Cos t}

d d
= (1) 3 [52 V() = 53(0) =y (O)] + 2[s¥ () = y(O)] + (- - [V ()] = 5

Here, given Initial/Boundary conditions are y(0) = 1,y'(0) = 1

= (—1)% [s2Y(s) —s.1—1] + 2[sY(s) — D] + (_1)% [Y(s)] = SZ*:_ -

d d
_2 % _ 4 _
= -5 IS Y(s) —2sY(s) + 1+ 2sY(s) — 2 Is Y(s) 711

dy S

= ——{s?+1}=——+1
ds{s 13 52+1+
dY_ S 4 1
ds (s2+1)? s2+41

Apply Inverse Laplace Transformation on both sides, we get

= () =" (G ' (550)
We know that L{t £ (£)} = — = F(s)

1
=t.y(t) = Etsint+sint
sint

ony(t) = %sin t+ 5

Hints for solving problems in Inverse Laplace Transformation

» Ifitis possible to express denominator as product of factors then use partial fraction method

(i.e. resolve into partial fractions and solve further)

» Sometimes it is not possible to express as product of partial fractions. In such case, express

denominator quantity in the form of [(s — a)? + b?] or [(s — a)? — b?] etc

» Note that, the problems in which the denominator is possible to express as product of partial

fractions can be solved in other methods also.




Some Formulas

» IfL{f(t)} = F(s) then L{e* f(t)} = F(s — a)
Now, If L"H{F(s)} = f(¢t), then L"Y{F(s — a)} = e® f(t)
= L'YF(s —a)} = e*L7Y{F(s)}
b IFL{F(0)} = F(s) then L{ [} f(t) dt} = 3 F(s)

Now,If L™H{F(5)} = f(t), then L {Z2} = [ (1) at

Generalization: If L{f (t)} = F(s) then L {fot fot fotf(t) dt} = Sin F(s)

n times

Now, If L™Y{F(s)} = f(t), then L™ {%} = fg fg f(ff(t) dt

n times

> IFL{f(£)} = F(s) then L{t f(£)} = —=-F (s)
Now,If L™'{F(s)} = f(t), then L™ {<F(s)} = —t £ (1)
Generalization: If L{f ()} = F(s) then L{t" f (1)} = (~1)" = F(s)
Now, If L~'{F(s)} = f(t), then L™ {£_F(s)} = (~D)" £ £(&)
» EL{F(} = F(s) then LKD) = (2 F(s) ds
Now,If L™{F(s)} = f(t), then L™{[ F(s) ds}="L"
» IfL{f (D} = F(s) then L{f"()} = [s F(s) — f(0)]
Now, If L7I{F(s)} = £(¢),and £(0) = 0, then L![s F(s)] = f'(t)
Generalization: If L{f ()} = F(s) then L{f" ()} = [s2 F(s) — s £(0) — £'(0)]
Now, If L7I{F(s)} = £(£),and £(0) = £'(0) = 0, then L™![s? F(s)] = f"'(t)
Similarly, If L{f ()} = F(s) then L{f"(£)} = [s" F(s) — s"" £(0) — ...— f*"1(0)]

Now, If L™{F(s)} = f(¢t),and £(0) = f'(0) = - = f*~1(0) = 0, then L™ [s" F(s)] = f™(t)

b IFL{F(D)} = F(s) and g(t) = f(t — @) u(t — a) = {?(t . gi i “ Then,
L{g®)}=L{f(t—a)u(t —a)} = e"*F(s)
0 ift<a

Now, If L™Y{F(s)} = f(t),then L' {e % F(s)} = g(t) = {f(t _a)ift>a




Problems

% Find L7 {—]
s(s+2)
Sol: Here, if we observe, the denominator is in the product of factors form. So we can use partial

fractions method. Or we can use the following method.

We know that, If L{f ()} = F(s) then L{ [} f(¢) dt} =  F(s)

F©)
S

Now, If L7HF(s)} = f(t), then L™ {52} = [1f(t) dt — 1

Let us consider F(s) = S%

= L HF(s)} = L {%}
= f() =

~ Substituting in I, we get L™ {@} = fotf(t) dt

0

- (=)

L ED [t pa gy

5 i =nj___ s

» Find L {(52+a2)2}

Sol: Here if we observe, it is possible to express denominator as product of partial fractions. So we
can use partial fractions method also. But the method will be lengthy.

So, we go for another method, by which we can solve the problem easily.

Now, We know that If L{f (£)} = F(s) then L{t f(£)} = — == F(s)

Now, If L7YF(s)} = f(t), then L {< F(s)} = —t f(t) —>1

Let us consider F(s) = —

s2+q?2 If Numerator is ’s’ and
_ _ denominator is ( )? term,
= L'YF(s)} = L' {——
)} {52“12} then always use t f(t)
= |f(t) = ésin at model.
~ From I, we have L' {iF(s)} =—t f(t) t I s
’ ds = —f(t) = L~ 2
p 2 (s2+a?)
= —tf(t) = L {Z (s® + az)‘l}
t1 . s
= -=sinat = L' Or
= L™Y-2s(s?+a*)?%} 2a {(52+a2)2} (Or)
s L > __t="sinat
= —tf(t) = -2L7" > (s2+a?) 2a
(s2+a?)
= tf(t) =2L" > }
f© {(52+az)2




» If Numerator is ‘s’ and denominator is ( )? term, then always use t f(t) model.
» If Numerator is 1, and denominatoris ( )? term, then always use t f(t) model.
» Ifwe are asked to find L' of log( ) ,tan( ) ,cot( ) etc. or any unknown quantity, where

we don’t have any direct formula, in such cases always use t f(t) model.

PERIODIC FUNCTIONS OF LAPLACE TRANSFORMATIONS

Periodic Function: A Function f (t) is said to be periodic function of the period T (> 0) if
fO)=ft+T)=f({t+2T)= ..=f(t+nT)
Example: sint, cost are the periodic functions of period 2m.

Theorem: The Laplace Transformation of Piece-wise periodic function f(t) with period 'p’is

1

L{f()} = —=5 [y e~ (D) dt
Proof: Let f(t) be the given function then
L{f(®)} = [, e f(®)dt
= [Te St f(O)dt + [ e St f(O)dt + [, e~ fF(B)dt + .

Putt = u + p in the second Integral
t = u + 2p in the third Integral

t = u + np in the n** Integral etc
P P

P
~ L{f(t)} = f e St f(H)dt + f e SWHD) f(u+p)du+ ...+ f e~ slur=1pl £y 4 (n — Dp)du + ...
0

0 u=0
Since by substituting t = u = dt = du in 15t Integral and also by the definition of Periodic

function f(t) = f(t+T) = f(t + 2T) = ... = f(t + nT)
p p 14

= L{f(t)} =fe‘5” fwdu + e™s? fe‘su fuwdu + e‘ZSpfe_S” fwdu + ...

0 u=0 0

= L{f()}=[1+e P +e 2P + ] fope_su f(wdu

.. . . a
This is a Geometric Progression S, = —

4
= |00 = (=) l [ e padu
0




Unit Step Function (Heaviside’s Unit Function)

0, fort<a

1, fort> a,where 'a’

The Unit Step Function u(t — a) or H(t — a) is definedas H(t —a) = {
is positive number always.

“u(t —a)

v

Second Shifting Property (or) Second Translation Property

Statement: If L{f (t)} = F(s) and the shifted function

90 = Fe-ult-a) ={Ly Ly ooy Then Lg(O) = LIFGE=aYut - a)) = e (5)

Proof: We know that L{g(t)} = fooo e St g(t) dt

= [Festg(Ddt+ [ et g(t)de

=0+ [ et f(t—a)dt

Putt —a =u = dt = du then

o

= L{g(D)} = f ¢S+ £(1) du

0
= g~ 5¢ foooe‘suf(u) du
= L{g(D)} = e™*F(s)

e—as

Note: The Laplace Transform of Unit Step Function (put f(t) = 1) is L{H(t — a)} = —

Unit Impulse Function (or Diract delta Function)

Suppose a large force (like Earthquake, collision of two bodies) acts on a system, produces large
effect when applied for a very short interval of time. To deal with such situations, we introduce a

function called unit impulse function, which is a discontinuous function.

If a large force acts for a short time, the product of the force and time is called impulse. To deal
with similar type of problems in applied mechanics, the unit impulse is to be introduced.




Laplace Transform of Unit Step Function

L{H(t—a)} = [, e H(t — a) dt
= L{H({t—a)} = [ e " H(t—a)dt+ [ e 'H(t—a)dt

= [Jest.0dt+ [ et .1dt

e—as
o S
% Find Laplace Transformation of J,(x) % Find Laplace Transformation of J; (x)
2 4 6 Sol: We know that J; (x) = —J5(x
Sol: We know that J,(x) = 1—’26—2+257—m+ J(%) Jo(x)
' e _ 2% x3 x5
1 120 1 4 = Tt itee T bppeet
=W =-mEtapst - x i
= Ji(x) = _E+22 2
L{()}_1[1 11,131 1351 ' " )
= LtJol0)) = ¢ 252 24s* 24656 = L[J;(x)] ==L7! E] + 53 4L"[x3] —
-1
IEY PRAES _ _lrg1 3
- E[l +s_2] Vs2+1 o 2 52 + 22,4 s*

%k X




