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Introduction

Real valued function: Any function f: S — R (S € R) is called a Real valued function.

Functions

Algebraic Trignonometric Inverse Exponential Logarithmic Hyperbolic

Limit of a function: Let f: S — R is a real valued function and a € S. Then, a real number ! € R is
said to be limit of f atx = aifforeach e > 0 3§ > 0 such that |f(x) — [| < € whenever
|x —al <& Vx € S.Itis denoted by lim,_,, f(x) = L

Continuity: Let f: S — Ris a real valued function and a € S. Then, f is said to be continuous at
x = a if foreach e > 0 36 > 0 such that |f(x) = f(a)| < € whenever [x —a| <§ Vx € S.Itis
denoted by lim,_,, f(x) = f(a).

Note: 1) The function y = sin x is continuous every where

2) Every cos x function is continuous every where.
3) Every tan x function is not continuous, but in (0, %) the function tan x is continuous.

4) Every polynomial is continuous every where.

5) Every exponential function is continuous every where.

6) Every log function is continuous every where.

Differentiability: Let y = f(x) be a function, then f is said to be differentiable or derivable at

fe)-f(a)
x—a

apoint x = q, if f'(a) = lim,_,, exists.




MEAN VALUE THEOREMS

Lety = f(x) be a given function.

ROLLE’S THEOREM

Let f:[a, b] — R such that
(i) f(x)is continuous in [a, b]
(ii) f(x) is differentiable (or) derivable in (a, b)
(iii) f(a) = f(b)

then 3 atleast one point c in (a, b) such that f'(c) = 0

Geometrical Interpretation of Rolle’s Theorem:

From the diagram, it can be observed that

(i) there is no gap for the curve y = f(x) from A(a,f(a)) to B(b, f(b)). Therefore, the function is
continuous

(ii) There exists unique tangent for every intermediate point between A and B

(ii) Also the ordinates of a and b are same, then by Rolle’s theorem, there exists atleast one point

C (c, f (c)) in between Aand B such that tangent at C is parallel to X —axis.

Y A
A(a, f(a)) B(b, f (b))
< »
\M
(e, f(©)
° > X
a b

LAGRANGE'S MEAN VALUE THEOREM

Let f:[a, b] — R such that
(i) f(x) is continuousin [a, b]
(ii) f(x) is differentiable (or) derivable in (a, b)

b —_
then 3 atleast one point ¢ € (a, b) such that f'(c) = [ ;_Z(a)




Geometrical Interpretation of Rolle’s Theorem:

From the diagram, it can be observed that
(i) there is no gap for the curve y = f(x) from A(a, f(a)) to B(b, f(b)). Therefore, the function is
continuous
(ii) There exists unique tangent for every intermediate point between A and B
Then by Lagrange’s mean value theorem, there exists atleast one point C(c, f(c)) in between Aand
B such that tangent at C is parallel to a straight line joining the points A and B

"1

CAUCHY'S MEAN VALUE THEOREM

Let f:[a,b] — R, g:[a, b] — R are such that

(i) f,g are continuous in [a, b]
(ii) f,g are differentiable (or) derivable in (a, b)
(iii) g'(x) # 0 Vx € (a,b)

7' _ J)-g9(@)
g’ g)-g(a)

then 3 atleast one point ¢ € (a, b) such that

Generalised Mean Value Theorems

Taylor’s Theorem: If f: [a, b] — R such that

@) £, f, f" o f®D are continuous on [a, b]

(i) £, £, f" ..., f® D are derivable or differentiable on (a, b)
(iii) p € Z* , then 3 ¢ € (a, b) such that

(b—a) (b — a)? (b —a)’

fb) =f(a) + T f(@"‘Tf(a)"‘Tf(a)"' - + Ry

where, R,, is called as Schlomilch - Roche’s form of remainder and is given by




(b=a)*(b—c)"?
(n—Dlp

R, = ™ ()

% Lagrange’s form of Remainder:

Substituting p = n in R,, we get Lagrange’s form of Remainder

— b=a" ()
ie R, oo Y (c)

X/
°e

Cauchy’s form of Remainder:

Substituting p = 1 in R,, we get Cauchy’s form of Remainder

(b—a)"(b—c)"!

ie. R, = D! ™ (c)

Maclaurin’s Theorem: If f: [0,x] — R such that
W ff.f" ., f®D are continuous on [0, x]
(i) £, f, f" ..., f™ D are derivable or differentiable on (0, x)

(iii) p € Z* ,then 3 6 € (0, x) such that

2 3
)= FO +Tf D +5 O +5fO + vt Ry

where, R,, is called as Schlomilch - Roche’s form of remainder and is given by

x"(1-0)"P

B e T

£ (62)

% Lagrange’s form of Remainder:

Substituting p = n in R,, we get Lagrange’s form of Remainder
ie. R, = ( 3 _ £ (gx)

% Cauchy’s form of Remainder:

Substituting p = 1 in R,, we get Cauchy’s form of Remainder

x(l 2D

ie. Ry =— — — f(">(9x)




Jacobian

Letu = u(x,y),v = v(x,y) are two functions, then the Jacobian of u and v w.r.t x and y is

a(u,v) u,v . .
denoted by 30y T ] (E) and is defined as
Jdu Jdu
u,v\ |ox OJy Uy Uy
]<H>_ av oav| °" |Ux Uy|
dx Jy
Properties:

‘0. a(u,v) a(er) —_

axy) T o)
d(u,w)  dww) d(r,s)
Axy)  o(rs) axy)

% Ifu, v are functions of r, s and r, s are functions of x, y then

Functional Dependence:
Two functions u(x, y), v(x, y) are said to be functional dependent on one another if the Jacobian of
(u,v) w.r.t (x,y) is zero.
If they are functionally dependent on one another, then it is possible to find the relation between

these two functions.

MAXIMA AND MINIMA

Maxima and Minima for the function of one Variable:
Let us consider a function y = f(x)

To find the Maxima and Minima, the following procedure must be followed:

e , — . d
Step 1: First find the first derivative and equate to zero. i.e. ﬁ =0

Step 2: Since y = f(x) is a polynomial = Z—z = ( is a polynomial equation. By solving this

equation we get roots.

d?y

Step 3: Find second derivative i.e. =

. , . d?
Step 4: Now substitute the obtained roots in d—sz’

2
Step 5: Depending on the Nature of % at that point we will solve further. The following cases will

be there.




dx?
value is given by [f(x)],=, = f(a)

. d . : .
Case (i): If 32/ < 0 ata point say = a, then f has maximum at x = a and the maximum

. d? : . .
Case (ii): If ﬁ > ( at a point say = a, then f has minimum at x = a and the minimum

value is given by [f(x)],=q = f(a@)

daz . . . . .
Case (iii): If # = (0 ata pointsay = a, then f has neither minimum nor maximum. i.e.

stationary.

Maxima and Minima for the function of Two Variable

Let us consider a function z = f(x,y)

To find the Maxima and Minima for the given function, the following procedure must be followed:

Step 1: First find the first derivatives and equate to zero. ie.—=0 ,Z—; =0

(Here, since we have two variables, we go for partial derivatives, but not ordinary
derivatives)

0z

Step 2: By solving Z—i =0 '3y = 0, we get the different values of x and y.

Write these values as set of ordered pairs. i.e. (x, y)

Step 3: Now, find second order partial derivatives.

ie 0%z 9%z an 9%z
7 9x2 ' ox ay dy?
9%z m = 9%z n= 0%z
axz ' " oxay '~ o9yz2

Step 4: Let us consider [ =

Step 5: Now, we have to see for what values of x & y, the given function is maximum/minimum/
does not have extreme values/ fails to have maximum or minimum.

% Ifatapoint, say (a,b) : In—m? > 0 and [ < 0, then f has maximum at this point and the
maximum value will be obtained by substituting (a, b) in the given function.

< Ifatapoint, say (a,b) : In—m? > 0and [ > 0, then f has minimum at this point and the
minimum value will be obtained by substituting (a, b) in the given function.

< If at a point, say (a,b) : In—m? < 0, then f has neither maximum nor minimum and
such points are called as saddle points.

< Ifata point, say (a,b) : In—m? = 0, then f fails to have maximum or minimum and case

needs further investigation to decide maxima/minima. i.e. No conclusion




Problem

1) Examine the function for extreme values f = x3 + 3xy? —3x2 -3y +4 (x> 0,y > 0)
Sol: Given f = x% + 3xy? — 3x%? — 3y’ + 4

The first order partial derivatives of f are given by

9 _ 342 2 _

Pl 3x“ + 3y“ — 6xand

of _
3y 6xy — 6y

Now, equating first order partial derivatives to zero, we get

%:0:)3x2+3y2—6x=0 . (1)
af
3y = 0=6xy—6y=0 ..(2)

Solving (1) & (2) we get

2)=6y(x—1)=0

=y=0x=1

Substitutingy = 0in (1) = 3x? — 6x =0
=3xx—-2)=0

=>x=0x=2

Substitutingx = 1in (1) = 3y? —-3=10

=y=1-1

= All possible set of values are (0,0),(2,0),(1,1),(1,—1)

Now, the second order partial derivatives are given by

_9 —ev) =
—) = - (6xy — 6y) = 6y

Now, In — m? = (6x — 6)(6x — 6) — (6y)? = (6x — 6)* — 36y>
Atapoint (0,0) =In-m?*=36>0 &l=-6<0

~ f has maximum at (0,0) and the maximum value will be obtained by substituting (0,0) in the
function

Le. [ (X, ¥J](0 = # Is the maximum value.




Also,atapoint (2,0) > In-m?>=36>0 &l=6>0

~ f has minimum at (2,0) and the minimum value is [f (x,¥)]z0) = 0.
Also,atapoint (1,1) > In—m? <0

=~ f has neither minimum nor maximum at this point.

Again, at a point (1,—1) = In—m? < 0

~ f has neither minimum nor maximum at this point.

Lagrange’s Method of Undetermined Multipliers

This method is useful to find the extreme values (i.e.,, maximum and minimum) for the given
function, whenever some condition is given involving the variables.

To find the Maxima and Minima for the given function using Lagrange’s Method , the following
procedure must be followed:

Step 1: Let us consider given function to be f(x,y, z) subject to the condition ¢(x,y,z) = 0

Step 2: Let us define a Lagrangean function F = f + 4 ¢, where 4 is called the Lagrange
multiplier.

Step 3: Find first order partial derivatives and equate to zero

. oF _ af 4 9

l.e.£—0=>ax+/1—ax—0 (1)
JF _ af oo
£_O=>_6y+l_6y_0 (2)

Z=0=Z12%=9 3
Let the given condition be ¢(x,y,z) =0 ...(4)

Step 4: Solve (1), (2),(3) & (4), eliminate A to get the values of x, y, z

Step 5: The values so obtained will give the stationary point of f(x,y, z)

Step 6: The minimum/maximum value will be obtained by substituting the values of x, y, z in the
given function.

Problem

1) Find the minimum value of x? + y% + z2 subject to the condition xyz = a3

Sol: Let us consider given function to be f = x? + y? + z% and ¢ = xyz — a®
Let us define Lagrangean function F = f + A1 ¢, where 1 is called the Lagrange multiplier.

=F=&*+y’+2°)+2(xyz—a’)




oF A x

Now,£=0$2x+/1yz=0 =>E=—; (1)
JF _ _ /_1__1
5—0=>2y+/1xz—0 == xz...(Z)
JF A z
5—0$22+Axy—0 :5__5"'(3)

. X _ Y _ Z
Solving (1),(2) & (3) = il

XZ

. X
Now, consider — = <~ = xZ = y? ... (4)
vz  xz

Again, consider% = xZ—Z = y? =2z%..(5
Again solving (4) & (5) = x? = y? = 7?
=Sx=y=2z
Given¢p = xyz—a® =0
Atx=y=z=x>=d’
=Sx=a
Similarly, we gety = a,z = a

Hence, the minimum value of the function is given by (f)gaa) = a + a* + a? = 3a*

k %k ok






