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LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

anrt d
Y4 o+ P12+ P,=0Q(x) is called as a Linear

dxn—1 dx
Differential Equation of order n with constant coefficients, where P;, P,, ..., P, are Real constants.
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A DE of the form —+ P,
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Let us denote — = D,— = D*,—
dx dx? dx

S = D3 etc, then above equation becomes

(D™ + P, D" 1+ ... + P,_yD + P,)y = Q(x) which is in the form of f(D)y = Q(x), where

f(D)=D"+P D" '+ .. +P,_1D+P).

The General Solution of the above equationisy = C.F + P.1 C.F= Complementary Function
(or) y=yc+ ¥ P.I= Particular Function

Now, to find Complementary Function y, , we have to find Auxillary Equation

Aucxillary Equation: An equation of the form f(m) = 0 is called as an Auxillary Equation.

Since f(m) = 0 is a polynomial equation, by solving this we get roots. Depending upon these
roots we will solve further.

Complimentary Function: The General Solution of f(D)y =0 is called as Complimentary
Function and it is denoted by y,

Depending upon the Nature of roots of an Auxillary equation we can define y,
Case I: If the Roots of the A.E are real and distinct, then proceed as follows

If a4, @, are two roots which are real and distinct (different) then complementary function is
given by y, = c;e** + c,e%2*

Generalized condition: If a4, a,, a3, ..., a, are real and distinct roots of an A.E then
Ve = e + ce%* + ;e + L+ c e
Case II: If the roots of A.E are real and equal then proceed as follows
Ifa; = a, = atheny, = e*(cy + cyx)
Generalized condition: If ¢; = a,,= a3,= ...,= a,, = a then
Ve = e%(cy + X + c3x% + - 4 cpx™ )
Case III: If roots of A.E are Complex conjugate i.e.m = a * if3 then
Y. = e*(cq cos Bx + ¢, sin Bx)
(Or) y.=ce* cos(Bx + cy)

(Or) y.=ce*™sin(Bx + c,)




Note: For repeated Complex roots say, m = a + if8, a + if8
Ve = e [(c; + c3x) cos Bx + (c3 + ¢,x) sin Bx]

Case IV: If roots of A.E are in the form of Surds i.e. m = a + \/F, where f is not a perfect square

then, Ve = e%*(cy cosh\/Bx + ¢, sin \/Bx)
(0r) ye = cre® cos(y/Bx + cz)
(0r) y = cre™sin(\/Bx + c3)
Note: For repeated roots of surds say, m = a + /B, a + \/E
Ve = e%[(c; + ;%) cosh \/Bx + (c3 + c4x) sinh /x|

Particular Integral

The evaluation of J% Q(x) is called as Particular Integral and it is denoted by y,,

. 1

ie.yy =705 Q(x)

Note: The General Solution of f(D)y = Q(x) is called as Particular Integral and it is denoted by y,

Methods to find Particular Integral
Method 1: Method to find P.I of f(D)y = Q(x) where Q(x) = e, where a is a constant.

1

MO

We know thaty, =

1
— eax

f ()

Yy = %eax if f(a)#0 [ Directly substitute a in place of D ]

= e f(D1+a) if f(a)=0 [ Taking e** outside the operator by replacing D with D + a ]

Depending upon the nature of f (D + a) we can proceed further.

X
r(D)

Denominator quantity as product of factors, and then keep aside the factor which troubles us.

Note: while solving the problems of the type Q(x), where Denominator =0, Rewrite the

L.e the term which makes the denominator quantity zero, and then solve the remaining quantity.

finally substitute D + a in place of D.




Method 2: Method to find P.I of f(D)y = Q(x) where Q(x) = sin ax (or)cos ax, a is constant

We know thaty, = Q(x)

.
s (D)

= ——sinax (or) — cos ax
- 7o) (or) f(D)

Let us consider f(D) = (D(DZ), then the above equation becomes

——sinax (or) — @( 7 COs ax

- yp Q)(DZ)
Now Substitute D? = —a? if @(D?) # 0
If (D?) =0 thenie.y, = . oz sinax (or) --—cosax

Theny, = gfsin ax dx (or) gfcos ax dx respectively.

Method 3: Method to find P.I of f(D)y = Q(x) where Q(x) = x* ke Z*

We know thaty, = f(D) —Q(x)
—_1 .k
oyt
1
Now taking Lowest degree term as common in f (D), above relation becomes ¥, = 17000)] xk

= y, = [1+8(D)]"x*
Expanding this relation upto k‘"* derivative by using Binomial expansion and hence get Vp
Important Formulae:

1) (1-D)"'=1+D+D?*+
2) 1+D)*=1-D+D?-
3)(1-D)2=1+2D+3D%*+
4) (1+D)2=1-2D+3D?—
5) (1-D)3=1+3D+6D%+
6)(1+D)3=1-3D+6D%—

Method 4: Method to find P.I of f(D)y = Q(x) where Q(x) = e™V, where V is a function
of x and a is constant

In such cases, first take e** term outside the operator, by substituting D + a in place of D.

1
— ax
= y,=e f—(D ) |74

Depending upon the nature of V we will solve further.




Method 5: Method to find P.I of f(D)y = Q(x) where Q(x) = x*.v, where k e Z*, v is any

function of x (i.e. v = sinax (or)cos ax)

1

We know that y,, = ) Q(x)
— 1 k
o XY

, _ _ [, '™ 1
Case I: Let k = 1, then y, [x D)) 70
Casell: Letk # 1 and v = sinax

1

= x* sin ax

% T FD)

We know that e?® = cos@ + isin 8

- 1 Lk j
Yo = oy X [.P(e'*)

= [.P —— xkeiax
f(D)

1 k

= L.Pe'®™ X
' f(D+ia)

By using previous methods we will solve
further

Finally substitute e'** = cos ax + i sin ax

General Method

e = cos@ +isinfh

R.P I.P
cosf = R.P(eie)
sin@ = 1. P(e'?)

Letk # 1 and v = sinax

1

— k
Vp f(D)x cos ax

We know that e = cos6 + isinf

W j
Yo = oy X R.P(e'¥)

R.P - yxkelax
f(D)

1 k

= R.Pe'™ X
' f(D+ia)

By using previous methods we will solve
further

Finally substitute e'** = cos ax + i sin ax

To find P.I of f(D)y = Q(x) where Q(x) is a function of x

We know thaty, = ]% Q(x)

1
(D-a)

=e™ [e™* Q(x) dx

Let f(D) = (D — a) then y, = Q(x)

1
(D+a)

Similarly, f(D) = (D + a) theny, = Q(x)

=e % [ e Q(x) dx

Note: The above method is used for the problems of the following type

» (D?—3D + 2)y = sin(e™)
» (D? + a?)y = secax
» (D?+a?)y =tanax

» (D? +a?)y = cosecax




Cauchy’s Linear Equations (or) Homogeneous Linear Equations

A Differential Equation of the form [x"D, + A;x™ 1D,_; + ...+ A,_1xD + A,)]y = Q(x) where
D= ;—x is called as n'" order Cauchy’s Linear Equation in terms of dependent variable y and
independent variable x, where A4, A,, A5, ..., A,, are Real constants and D = %

Substitute x = e = logx = zand

xD = 6,x2D% = 0(6 = 1),x*D3 = 9(0 — 1)(0 — 2), .. O=-

Then above relation becomes (8)y = Q(z) , which is a Linear D.E with constant coefficients. By
using previous methods, we can find Complementary Function and Particular Integral of it, and

hence by replacing z with log x we get the required General Solution of Cauchy’s Linear Equation.

Legendre’s Linear Equation

An D.E of the form [(ax + b)"D,, + A;(ax + b)* 1D,y + ..+ Ap_1(ax + b)D + A, ]y = Q(x) is
called as Legendre’s Linear Equation of order , where a, b, A4, A, A5, ..., A,, are Real constants.
Now substituting, (ax + b) = e* = z = log(ax + b)

(ax + b)D = ab, (ax + b)?D? = a?6(0 — 1), (ax + b)3D3 = a36(8 — 1O — 2),... 6= %
Then, above relation becomes f(8)y = Q(z) which is a Linear D.E with constant coefficients. By
using previous methods we can find general solution of it and hence substituting z = log(ax + b)

we get the general solution of Legendre’s Linear Equation.

Method of Variation of Parameters

To find the general solution of — + P L -t Qy = R(x)

Let us consider given D. E — + P + Qy =R(x) —— (1)

Let the Complementary Function of above equation is y, = c;u + c,v

Let the Particular Integral of it is given by ¥, = Au + Bv, where

A=[——dx B=[——

uv’ —vur uv’—vur




