
 ¶ªê±µ÷±ÉPvÀ ¶¢À±¼±ÀµÀÀ Ctûv0s±ÉPvÀ
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xy x
x


 


 10x  
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xy
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2 1
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11
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2 2

( 1) 10
( 2) ( 2)

dy
dx x x


   

 

10x   2

1
(10 2)

 


1
64

 

 1 sinx a    2cosy b   2
  

 1 sinx a  

cosdx a
d



 

2cosy b 

(2cos )( sin ) 2 cos sindy b b
d

   

   

2 .cos sin
cos

dy
dy bdm

dxdx a
d

 




 
 
   

 
 
 

2 .sinb
a



 1
2 sin

a
m b 

   

2
  

2 sin
2

a
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2 .1
a

b




2
a
b




 3 11 5y x x    11y x  
  3 11 5y x x  

23 11dy x
dx

 

 11y x 

 23 11 1x  
23 12x 

2 4x 

2x  
11y x 

2 2 11 9x y     

 (2, 9)P 

4. x = 4¶¢lµç y = 3x4– 4x    CÊm ¶¢Oµñ0 ±ÀÇÀÀOµÖ ¶ªê±µ÷±ÉP ¢¸vÀ Oµ¶mÀSÍ¶mÀ¶¶¢ÀÀ

Sol: EWÛ¶m ¶¢Oµñ0 y = 3x4 - 4x

   x lµÅ©¸àþï C¶¢Oµv¶m¶¢ÀÀ VÉ±ÀµÀS¸

=> dy
dx  = 12x 3  - 4

x = 4  ¶pñi°É»p0VµS¸  ¢¸vÀ  = 764

5. y = x2 - 3x + 2 CÊm ¶¢O¸ñ nOº x n±µÀ¶pOµ0  3  C±ÀÉÀï t0lµÀ¶¢Á¶¢lµç ¢¸vÀ
Oµ¶mÀOÐÖ0fº

Sol:   y = x 3 - 3x + 2

   x    lµÅ©¸àþï  C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸

dy
dx  = 3x 2  - 3
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  x = 3 ¶¢lµç ¢¸vÀ  = 3(3) 2 -3
          = 27 – 3 = 24

6. x  =  a  C o s 3, y = a Sin3 CÊm ¶¢O¸ñnOº .
4


  ¶¢lµç Ctûv0s±ÉP  ¢¸vÀ

Oµ¶mÀSÍ¶mÀ¶¶¢ÀÀ

Sol:x = a Cos 3

dx
d  = a(3 Cos 2 ) (- Sin ) = - 3a Cos 2  . Sin

y = a Sin 3

dy
d = a (3 Sin 2  ) Cos = 3a Sin 2  Cos

dy
dx  = 

dy
d
dx
d

 
  
 
  

  = 
2

2
3aSin Cos
3aCos Sin

 

  
= - 

Sin
Cos



 = - tan

¶¢lµç ¶ªê±µ÷±ÉP  ¢¸vÀ = tan = -1

Ctûv0s±ÉP  ¢¸vÀ = - = 1.

7. y = x3 - 3x2 - 9x + 7 CÊm ¶¢Oµñ0  ËÈp Jt0lµÀ¶¢Á ¶¢lµç ¶ªê±µ÷±ÉP vÀ x-
C°¸nOº ¶ª¶¢Ã0hµ±µ0S¸ G0d¹±ÀÇÃ Oµ¶mÀOÐÖ0fº.

Sol:   y = x- 3x- 9x+7

   x    lµÅ©¸àþï C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸

dy
dx = 3x - 6x – x

¶ªê±µ÷±ÉP vÀ x- C°¸nOº ¶ª¶¢Ã0hµ±µ0S¸ Gm¸é±ÀÀ,O¸¶¢Á¶m ¢¸dº ¢¸vÀvÀ = 0
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 3x- 6x -9 = 0   => x-2x – 3 = 0

 (x-3) (x+1) = 0  => x = 3 or -1

y= x - 3x - 9x + 7

x = 3  y = 27 – 27 – 27 + 7 = -20

x = -1, y = -1 – 3 + 9 + 7 = 12

 t0lµÀ¶¢ÁvÀ  (3, - 20), (-1, 12).

 1/3( )y f x x    0x  

 0h  
0

(0 ) (0)
h

f h flt
h

 

1/3

2/3 1/3 20 0 0

1 1
( )h h h

hlt lt lt
h h h  

    


0

( ) ( )lim
h

f a h f a
h

 
   x 


 2/3( )y f x x   0x  

 0h  
2/3

1/3

(0 ) (0) 1f h f h
h h h

 
 

0h  1/3

1
h 

  1/30

1
h
lt

h


  0

( ) ( )
h

f a h f alt
h




 
  ( )f x

2/3x  0x  


 secx c   tany c    
sin cosy x c   

  
 sec , tanc  
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2sec cos
sec tan

dy
dy cd ec

dxdx c
d

 
 



 
 
   
 
 
 


tan cos ( sec )y c ec x c    

  sin cosy x c  

 2 4y ax 
 2 4y ax  x 

22 4 ayy a y
y

   

 2yy a 

MG  ( , )x y 
 ( 0)xy a a  
 xy a  logxy a a 

 ( , )x y 

3

1
log log

xy a
y a a a
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 2

1
2 3

y
x x


 



  2

1
2 3

y
x x


 

2 2

1 {2( 1)}
( 2 3)

dy x
dx x x


 

 

2 2

2( 1)
( 2 3)

x
x x
 


 

 0

2 2

2( 1) 0
( 2 3)

x
x x
 

 
 

1 0 1x x   

1x  

2

1 1 1
2 3 1 2 3 2

y
x x

  
   

P 
11,
2

 
 
 

 0


1 0( 1)
2

y x  

2 1 0y  

 3 24y x x  ( 1,3) 
  3 24y x x 

23 8dy x x
dx

 

( 1,3)P  
 23( 1) 8( 1)   

3 8 5   

 ( 1,3)P 

1 1 1( )( )y y f x x x  

3 5( 1) 5 5y x x      

5 2 0x y  

P 
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1 1
1

1 ( )
( )

y y x x
f x

   


13 ( 1)
5

y x  

5 15 1y x  

5 16 0x y  

3.    Oºñ0l¼¶¢O¸ñvOµÀ ¢¸dº Oº IlµÀ±µÀS¸ EWÛ¶mt0lµÀ¶¢Áv ¶¢lµç ¶ªê±µ÷
±ÉP,Ctûv0s±ÉP v ¶ª£ÀOµ±µg¸v¶mÀ Oµ¶mÀOÐÖ0fº.

i) y = x4- 6x3+ 13x2 - 10x + 5 at  (0, 5).

Sol:  y = x4- 6x3+ 13x2 - 10x + 5


dy
dx

 = 4x 3 - 18x 2 + 26x – 10

At x = (0,5)

¶ªê±µ÷±ÉP  ¢¸vÀ  
 0,5

0 0 0 10
at

dym
dx

      
  = 0 – 0 + 0 – 10 = - 10

¶ªê±µ÷ ±ÉP¶ª£±µg0  y – 5 = -10(x – 0)

= - 10x

10x + y– 5 =0

Ctûv0s±ÉP  ¢¸vÀ = - 
1
m  = 1

10

Ctûv0s±ÉP ¶ª£ÀOµ±µg0 y – 5 = 1
10 (x-0)

10y – 50 = xx - 10y + 50 = 0

 iv) x = Cos t, y = Sin t, at t = .
4


Sol: x = Cos t, y = Sin t

 => dx dtsin t, cos t
dt dx
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dy
dy cos tdx cot t

dxdx sin t
dt

 
 
    

 
 
 

4

cot 1
4at

dym
dx 

       
    and 1 1x cot , y sin

4 42 2
 

    

 t0lµÀ¶¢Á   1 1p ,
2 2

 
 
 

¶ªê±µ÷ ±ÉP¶ª£ÀOµ±µg0  
1 1y x
2 2

     
 

1x
2

  


1 1 2x y
2 2 2

       x y 2 

Ctûv0s±ÉP  ¢¸vÀ = 1 1 1
m 1


  



Ctûv0s±ÉP ¶ª£ÀOµ±µg0 
1 1y x
2 2

      x y 0   .

  logy x x        3
2  


  logy x x

1. log .1 1 logdy x x x
dx x

   

31 log
2

x 

1/21log
2e x x e e   

.log
2
ey e e  

 ,
2
eP e
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 3 ( )
2 2
ey x e  

2 3( )
2 2

y e x e 


2 3 3y e x e  

3 2 2 0x y e  

 1 1
1

1 ( )
( )

y y x x
f x

   


2 ( )
2 3
ey x e   

2 2 ( )
2 3

y e x e
  

6 3 4 4y e x e   

. , 4 6 7 0i e x y e  

 2 2 2x y  
  2 2 2 (1)x y  

x 

2 2 0dyx y
dx

 

 2dy
dx

 

2 4 0; 2x y x y   

 2 24 2y y 
23 2y 

2 2 2
3 3

y y   

22 2
3

x y  


2 22 ,
3 3

P
 
  
 



2 22 ,
3 3

Q
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 (1 )y x x   (2, 2)P  



  (1 )y x x 

1
xy

x




x 

2

(1 ).1 ( 1)
(1 )
x xdy

xdx
  




2 2

1 1
(1 ) (1 )

x x
x x

 
 

 

(2, 2)P   1 2

1( ) 1
(1 2)

f x m   


P 
2 1( 2) 2; 4y x x x y      

1 1
4 4 4 ( 4)
x y x y
    



4, 4a b   

   


1 1
1

1 ( )
( )

y y x x
f x

  


2 ( 2) 2y x x      

0x y 


(2, 2)P  

7. 2x 2xy 4y 0    Ë Èp LOµ t0lµÀ¶¢Á ¶¢lµç ¶ªê±µ÷ ±ÉP ¢¸vÀ 3
2

   C±ÀÀhÉ ,  D

t0lµÀ¶¢Á ¶¢lµç ¶ªê±µ÷ ±ÉP, Ctûv0s ±ÉPv ¶ª£ÀOµ±µg¸v¶mÀ Oµ¶mÀOÐÖ0fº.

Sol: 2x 2xy 4y 0   — (1)

   x    lµÅ©¸àþï  C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸
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2 2 . 2 4 0dy dyx x y
dx dx

   

    dy2 x y 2 x 2
dx

  

 
 

2 x ydy x y
dx 2 x 2 x 2

 
 

 

  dy 3
dx 2

  
x y 3
x 2 2


  


2 2 3 6 5 2 6x y x x y         2y 5x 6  —(2)

 (1) , (2)  «¸lû¼û0VµS¸ ,

   2x x 5x 6 2 5x 6 0    

 2 2x 5x 6x 10x 12 0      24x 16x 12 0   

  24 x 4x 3 0     2x 4x 3 0  

  x 1 0 or x 3 0   

x 1 or x 3  

Case (i) : x = 1 ,  (1)¶mÀ0fº

1 2y 4y 0   
12y 1 y
2

    

t0lµÀ¶¢Á 1P 1,
2

  
 

¶ªê±µ÷ ±ÉP¹ ¶ª£ÀOµ±µg0  1 3y x 1
2 2

   


 3 x 12y 1

2 2
 

  2y 1 3x 3     3x 2y 2 0  

Ctûv0s ±ÉP ¢¸vÀ  2/3
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Ctûv0s ±ÉP¹ ¶ª£ÀOµ±µg0  1 2y x 1
2 3

  

  2y 1 2 x 1
2 3


   6y 3 4x 4    4x 6y 7 0  

Case (ii) : x = 3

  (1) ¶mÀ0fº, 9 6y 4y 0   
92y 9 y
2

  

 t0lµÀ¶¢Á 93,
2

 
 
 

 ¶ªê±µ÷ ±ÉP¹ ¶ª£ÀOµ±µg0  9 3y x 3
2 2

   


 3 x 32y 9

2 2
 

  2y 9 3x 9     3x 2y 18 0  

  Ctûv0s ±ÉP¹ ¶ª£ÀOµ±µg0  9 2y x 3
2 3

  

 2 x 32y 9
2 3


  6y 27 4x 12    4x 6y 15 0  

8. x / 3y 2e    ¶¢Oµñ0  y-C°¸né P0fº0VÉ t0lµÀ¶¢Á ¶¢lµç D ¶¢O¸ñnOº ¶ªê±µ÷ ±ÉP
¶ª£ÀOµ±µg¸vÀ Oµ¶mÀOÐÖ0fº.

Sol:   x /3y 2e —(1)

y-C°µ ¶ª£ÀOµ±µg0 x = 0

 0y 2.e 2.1 2  

  P0fµ¶m t0lµÀ¶¢Á  P(0, 2)

  x    lµÅ©¸àþï  C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸,


x / 3dy 12 .e

dx 3
   

 

 

0

0,2

2 2
3 3at

dym e
dx
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  P ¶¢lµç  ¶ªê±µ÷ ±ÉP¹ ¶ª£ÀOµ±µg0

 2y 2 x 0
3

     3y 6 2x    2x 3y 6 0  

Ctûv0s ±ÉP ¢¸vÀ  = 3/2

Ctûv0s ±ÉP¹ ¶ª£ÀOµ±µg0  3y 2 x 0
2

  

9. x y a    ¶¢Oµñ0 ËÈp  1 1P x , y    ¶¢lµç ¶ªê±µ÷ ±ÉP¹ ¶ª£ÀOµ±µg0

1/ 2 1/ 2 1/ 2
1 1yy xx a    Cn VµÃ¶pÁ¶¢ÀÀ.

Sol:   x y a  ——(1)

 P(x1,y1) ¶¢Oµñ0ËÈp JËlÇm¸ t0lµÀ¶¢Á C¶mÀOÐ0fº.  C¶pÁýêfµÀ  1 1x y a 

x    lµÅ©¸àþï C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸,

1 1 dy. 0
dx2 x 2 y

  
1 dy 1.

dx2 y 2 x
   

1/ 2

1/ 2
2 ydy y

dx 2 x x
   

     
 

1/ 2
1

1 1 1/ 2
1

y
P x , y

x
 

¶ªê±µ÷ ±ÉP¹ ¶ª£ÀOµ±µg0 ,  
1/ 2

1
1 11/ 2

1

yy y x x
x


  

1 1
1/ 2 1/ 2 1/ 2 1/ 2

1 1 1 1

y y x x
y y x x

    1/ 2 1/ 2
1 1x y    =a1/2

  P   ¶¶¢lµç¶ªê±µ÷ ±ÉP¹ ¶ª£ÀOµ±µg0

1/ 2 1/ 2 1/ 2
1 2y.y x.x a  
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10.   x2+y2= 2 ,   2 23x x 4x    CÊm ¶¢O¸ñvOµÀ  (1, 1) ¶¶¢lµç G¶¢Àîfº ¶ªê±µ÷
±ÉP G0dÀ0lµn VµÃ¶pÁ¶¢ÀÀ.

Sol: ¶ÈÈ¢ÀÀlµdº ¶¢Oµñ¶ª£ÀOµ±µg0 2 2x y 2 

x    lµÅ©¸àþï      C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸


dy2x 2y 0
dx

    dy2y 2x
dx

  
dy 2x x
dx 2y y

   

 p (1, 1) ¶¢lµç ¶ªê±µ÷ ±ÉP¢¸vÀ    =  1 1
1


 

±Ç0fµ¶¢ ¶¢Oµñ¶ª£ÀOµ±µg0 2 23x y 4y. 

   x    lµÅ©¸àþï C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸

dy6x 2y. 4
dx

  
dy2y. 4 6x
dx

 


dy 4 6x 2y 3x
dx 2y y

 
 

  p(1, 1) ¶¢lµç ¶ªê±µ÷ ±ÉP¢¸vÀ  = 2 3
1
 = -1 1

1
 

p(1, 1) ¶¢lµç ¶ªê±µ÷ ±ÉP¢¸vÀvÀ ¶ª¶¢Ã¶m0 ¶¢À±¼±ÀµÀÀ C£ SµÀ0f¸ qÒhµÀm¸é±ÀÀ
O ¶̧¢Á¶m  EWÛ¶m ¶¢O¸ñvOµÀ G¶¢Àîfº ¶ªê±µ÷ ±ÉP GdÀ0l¼.

11. xy b.sin
a

   ¶¢Oµñ0 ËÈp JlÉn t0lµÀ¶¶¢Á   ¶¢lµç G¶p ¶ªê±µ÷P0fµ0, G¶p v0s

P0f¸v¶mÀ Oµ¶mÀOÐÖ0fº.

Sol:   xy b.sin
a

 
dy x 1 b xb.cos . .cos
dx a a a a

  = m

  P(x,y) ¶¢Oµñ0 LOµËÈp t0lµÀ¶¢ÁC¶mÀOÐ0fº.

G¶p ¶ªê±µ÷P0fµ0 = 1y
m

xb.sin xa a.tanb x a.cos
a a
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G¶p v0s P0fµ0 = 1y m
2x b x b 2xb.sin . cos .sin

a a a 2a a
   
  .

12 2xy a  y 


  2xy a
2ay

x


2

2

dy a
dx x




 1 1, ( )y f x

22
2 1

1 2 4
1

( ) , yay a y
x a

 
   

 

3
31
12

y y y
a

   

 /x ay be  ( , )x y 


2y

a


  /. x ay b e

/ 1. .x ady yb e
dx a a

 

 1

1( )
y

f x




1

1

y a
y
a

  
 
 
 



 1 1, ( )y f x

1
1,

yy
a



2
1y
a
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 2 33y x x  x
  2 33 0y x x    x 0y  

2 33 0x x   2 (3 ) 0x x  
 0, 3x x 

 X  (0,0), (3,0)O A 
26 3 (0,0)dy x x O

dx
   

(0,0)

0dy
dx



(0,0)O  0 0( 0)y x    0y  
 (0,0) 

 (3,0)A 
(3,0)

dy
dx

 
 
 

26(3) 3(3) 9   

(3,0) 
0 9( 3)y x     9 27y x  

 siny x 

 siny x  cosdy x
dx




cos 0x 

 (2 1) ;
2

x n n Z
  



0 0( , )x y

0 (2 1).
2

x n 
  

0 ( 1)ny n Z  www.sa
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1.   ( 1, 1x y )¶¶¢lµç  3 3 3x y axy   CÊm ¶¢O¸ñnOº  ¶ªê±µ÷ ±ÉP¹ ¶ª£ÀOµ±µg0

2 2
1 1 1 1(x ay )x (y ax )   y = 1 1ax y .  Cn VµÃ¶pÁ¶¢ÀÀ

Sol:   ¶¢Oµñ¶ª£ÀOµ±µg0 3 3x y 3axy 

P ¶¢Oµñ 0 ËÈp t0lµÀ¶¢Á O ¶̧¢Á¶m  2 2
1 1 1 13x y ax y 

3 3x y 3axy    ¶mÀ x  lµÅ©¸àþï C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸

2 2 dy dy3x 3y . 3a x. y
dx dx

    
 

2 2 dy dyx y a x. y
dx dx

    
 

 = dyax. ay
dx




2 2dy(y ax) ay x

dx
   

2 2

2 2
dy ay x (x ay)
dx y ax (y ax)

 
  

 

¶ªê±µ÷ ±ÉP¢¸vÀ 
2
1 1

1 1 2
1 1

(x ay )(x , y )
(y ax )


 



  P ¶¢lµç   ¶ªê±µ÷ ±ÉP¹ ¶ª£ÀOµ±µg0

2
1 1

1 12
1 1

(x ay )y y (x x )
(y ax )


   



 1
2 2
1 ax 1 1y(y ) y(y ax )   = - 2 2

1 1 1 1 1x(x ay ) x (x ay )  

 2 2
1 1 1 1x(x ay ) y(y ax )   = 

1
2 2

1 1 1 1 1 axx (x ay ) y (y ) 

= 3 3
1 1 1 1 1 1x ax y y ax y   = 3 3

1 1 1 1x y 2ax y  = 1 1 1 13ax y 2ax y = 1 1ax y
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2. 2 / 3 2 / 3 2/ 3x y a     ¶¢Oµñ0 ËÈp JlÉn t0lµÀ¶mÀ ¶¢lµç ¶ªê±µ÷ ±ÉP n±µÃ¶pO¸°¸v¶mÀ
A, B v¶¢lµç   P0fºÊªå AB qÏfµ¶¢Á »ªè±µ¶¢Àn VµÃ¶pÁ¶¢ÀÀ

 1 1P x ,y

Y

B

O A
X

Sol:  ¶¢Oµñ¶ª£ÀOµ±µg0 2 /3 2 / 3 2 /3x y a 

¶¢Oµñ0 ±ÀÇÀÀOµÖ ¶p ±¸£Àj±ÀµÀ ¶ª¤ÀOµ±µg¸vÀ 3 3x a cos , y a sin   

 3 3a cos , a sin  ¶¢Oµñ 0  ËÈp t0lµÀ¶¢Á

 
 

2

2
a.3sin . cosdy sin

dx cosa.3cos . sin
   

  
  

P   ¶¢lµç ¶ªê±µ÷ ±ÉP¹ ¶ª¤ÀOµ±µg0

 3 3siny a sin x a cos
cos
 

    


2 2y xa sin a cos
sin cos

      
 

 2 2x y a sin cos a
cos sin

     
 

x y 1
a cos a sin

  
 

x int ercept OA a cos
y int ercept OB= asin
   
 

2 2 2AB OA OB 

   2 2a cos a sin   

 2 2 2 2a sin cos a     AB = a = »ªç±¸0Oµ0.
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3.  m n m nx y a (mn 0)  ¶¢Oµñ0 ËÈp JlÉn t0lµÀ¶mÀ P ¶¢lµç ¶ªê±µ÷ ±ÉP n±µÃ¶pO¸°¸v¶mÀ
A, B v¶¢lµç   P0fºÊªå AP : PB »ªçè±µ¶¢Àn VµÃ¶pÁ¶¢ÀÀ

 1 1P x ,y

Y

B

O A
X

Sol: ¶¢Oµñ¶ª£ÀOµ±µg0 m n m nx .y a 

P( 1, 1x y )¶¢Oµñ LOµËÈp t0lµÀ¶¢ÁC¶mÀOÐ0fº. C¶pÁýêfµÀ 1 1.m n m nx y a 

x lµÅ©¸àþï C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸

m n 1 n m 1dyx .ny . y .mx 0
dx

  

m n 1 m 1 ndynx .y m.x .y
dx

   
m 1 n

m n 1
dy m.x .y my
dx nxn.x y






  

P¶¶¢lµç¢¸vÀ = 1

1

my
mx


  P ¶¢lµç ¶ªê±µ÷ ±ÉP¹ ¶ª£ÀOµ±µg0  1
1 1

1

myy y x x
nx

   

 1 1 1 1 1 1nx y nx y my x mx y   

  1 1 1 1 1 1 1 1my x nx y mx y nx y m n x y    

    
1 1

1 1 1 1

my nx.x .y 1
m n x y m n x y

 
 

 1 1

x y 1m n m n.x .y
m n

 
 

 1
m n m nOA .x .OB

m n
 

 

O ¶̧¢Á¶m   A 1
m n .x ,0

m
 

  
,B 1

m n0, .y
n
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      AB  n P t0lµÀ¶¢Á £sûµZ0VÉ n¶̈ êiå

1
1 1

1 1 10

m n xX X nxAP nm
PB X x mx m




   


  LOµ »ªè±¸0Oµ0.

4. Oºñ0l¼ ¶¢O¸ñv ¶¢Àlûµï OÐg¸né Oµ¶mOÐÖ0fº.
 2 2 24 , 5y x x y  

 y  2 4 5x x 
2 4 5 0x x  

( 1)( 5) 0x x  

1 0x   5 0x 

1x   5
2 4y x

21 4x y  

2y  

5x y   
 (1,2)P  (1, 2)Q   2 4y x

2 . 4dyy
dx



4
2

dy
dx y



2( )f x
y

 

 2 2 5x y 

2 2 0dyx y
dx

 

2 . 2dyy x
dx

 

2 ; ( )
2

dy x x xg x
dx y y y

     

(1,2)P  1
2( ) 1,
2

f x   1
1( )
2

g x  

1 1

1 1

11( ) ( ) 2tan 311 ( ) ( ) 1
2

f x g x
f x g x
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1tan (3) 

(1, 2)Q   1
2( ) 1
2

f x   


 1
1( )
2

g x 

1 1

1 1

11( ) ( ) 2tan 311 ( ) ( ) 1
2

f x g x
f x g x


  

  
  

1tan (3) 

 2
2

82( 1);
4

x y y
x

  



2

2
2 2

8 16 2 82 1
4 4

xx
x x

       
2 2 2( 4) 2 24x x x  
4 2 24 2 24 0x x x   
4 22 24 0x x  

2 2( 6)( 4) 0x x  
2 6x    2 4x 
2 6x x   
2 4 2x x   

2

8 8 8 1
4 4 4 8

y
x

   
 

 (2,1)P  ( 2,1)Q   2 2( 1)x y 

2 2. dy dyx x
dx dx

  

1 1( )f x x 

 2

8
4

y
x




2 2 2 2

8( 1) 162
( 4) ( 4)

dy xx
dx x x


  

 

1 2 2

16( )
( 4)

xg x
x

  


(2,1)P  1( ) 2f x 

1 2

16 2 32 1( )
8 64 2

g x       

1 1
1( ). ( ) 2 1
2

f x g x         
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. .,
2

i e  

( 2,1)Q   1 1
32 1( ) 2, ( )
64 2

f x g x    

1 1
1( ). ( ) 2 1
2

f x g x      



2
 

 2 2 28 , 4 32y x x y  

 2 24 8 32 2 8x x x x    
2 2 8 0x x  

( 2)( 4) 0x x  

2x   4
24x y   

22 16 4x y y     

 (2, 4), (2, 4)P Q 

 2 8y x

8 42 . 8
2

dy dyy
dx dx y y

   

1
4( )f x
y

 


2 24 32x y 

8 2 . 0dyx y
dx

 

8 42 8
2

dy dy x xy x
dx dx y y

 
    

1
4( ) xg x
y

  

(2,4)P  1
4( ) 1
4

f x   

1
4.2( ) 2
4

g x    
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1 1

1 1

( ) ( ) 1 2tan 3
1 ( ) ( ) 1 2
f x g x

f x g x


  
  

  

1tan (3) 

(2, 4)Q   1
4( ) 1
4

f x   


1
4.2( ) 2
4

g x   


1 1

1 1

( ) ( ) 1 2tan
1 ( ) ( ) 1 ( 1).2
f x g x

f x g x


   
 

   

3 3
1


 


1tan (3) 

 26 5 2 0x x y    2 24 8 3x y   
1 1,
2 2

 
 
 

   


 

26 5 2 0x x y  
22 5 6y x x 

2. 5 12dy x
dx

 

5 12
2

dy x
dx




1 1,
2 2

P  
 
 


1

15 12.
2( )

2
f x


 

5 6 1
2 2


  

 2 24 8 3x y 

8 16 . 0dyx y
dx

 

16 . 8dyy x
dx

 

8
16 2

dy x x
dx y y
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1 1,
2 2

P  
 
 

 1

1
12( )

1 22
2

g x


   
 
 
 

1 1( ) ( )f x g x  


1 1,
2 2

P  
 
 



 2 3( ) , ( 0)by x a b   


 2 3( )by x a   x 
22 3( )byy x a  

 ( , )x y 

23 ( ) (1)
2

yy x a
b

   


2 2

2

y y
y y

 
 

3 3 2 2

2 42

( ) ( ) 4
9( )3( )

2

x a x a b y
b x ax ab

by

   
  

 
 
 

3 3
2

4

( ) 4 ( ) 1
9 ( )

x a x ab
b b x a
 

    


 2 3( )by x a 

24 ( ) (2)
9

x a 



2

2

4 ( )
9
3 ( )

2

x a

x a
b






8
27
b
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 2 4( 1)y x   2 36(9 )y x  
 2 24( 1), 36(9 )y x y x    

4( 1) 36(9 )x x  

10 80x   8x 
2 24( 1) 4(9) 36y x y    

6y  

 (8,6)P  (8, 6)Q 

2 24( 1) dyy x
dx y

    

2 1836(9 ) dyy x
dx y


    

2 4( 1)y x  P 

1
2 1
6 3

m  

2 36(9 )y x  P 

2
18 3
6

m 
  

1 2
1 3 1
3

m m    

P 
Q 

. k k 1x.y a  ¶¢Oµñ0 ËÈp JlÉn t0lµÀ¶¶¢Á  ¶¢lµç  G¶p v0s P0fµ0»ªè±µ0 O¸¢¸v0dÉ  k
£vÀ¶¢¶mÀ Oµ¶mÀOÐÖ0fº.

Sol:  P( 1, 1x y )¶¶¶¢Oµñ0 LOµËÈp t0lµÀ¶¢ÁC¶mÀOÐ0fº.

¶¢Oµñ¶ª£ÀOµ±µg0 k k 1x.y a  .

   x    lµÅ©¸àþï C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸

k 1 kdyx.k.y y .1 0
dx

     k 1 kdyk.xy . y
dx

  


k

k 1
dy y y
dx kxk.x.y 
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G¶p v0s P0fµ0= 1y m  =
  2

1 1
1

1 1

y yy
kx kx




2 k k 2
1 1 1

k 1 k 1
y y y.
k a k.a



  

G¶p v0s P0fµ0»ªè±µ0  O¸¶¢Á¶m k 2 0 k 2     

9.  x = a (t + sin t), y = a(1 – cos t)   ¶¢Oµñ0 ËÈp JlÉn t0lµÀ¶¶¢Á ¶¢lµç
¶ªê±µ÷±ÉP qÏfµ¶¢Á, Ctûv0s±ÉPqÏfµ¶¢Á, G¶p¶ªê±µ÷±ÉP qÏfµ¶¢Á,
G¶pv0s±ÉPqÏfµ¶¢Á Oµ¶mÀOÐÖ0fº.

Sol: ¶¢Oµñ¶ª£ÀOµ±µg0 x = a (t + sin t), y = a(1 – cos t)

 

dy
dy a sin tdt

dxdx a 1 cos t
dt

 
 
  

 
 
 

2

t t t2sin .cos sin
2 2 2

t t2cos cos
2 2

  =m

¶ªê±µ÷±ÉP qÏfµ¶¢Á = 21 1y m
m

   2 ta 1 cos t 1 cot
2

  

2 t t2a.sin .cosec
2 2


2 t 12a.sin . t2 sin

2

 t2a sin
2



Ctûv0s±ÉPqÏfµ¶¢Á
 2

1 1y m   2 ta 1 cos t 1 tan
2

  

= 2 t ta a sin .sec
2 2

 
 
 

tsint 22a.sin . t2 cot
2

 t t2a.sin .tan
2 2



G¶p¶ªê±µ÷±ÉP qÏfµ¶¢Á
 1y

m

=
 1 cos
sin / 2
cos / 2

a t
t
t


2 cos t / 2a.2sin t / 2.

sin t / 2


 a. 2sin t / 2.cos t / 2 a.sin t
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G¶pv0s±ÉPqÏfµ¶¢Á 1y m =   sin / 21 cos
cos / 2

ta t
t



22a sin t / 2.tan t / 2 22a sin t / 2.tan t / 2

10.   x / a x / aay e e
2

   ¶¢Oµñ0 ËÈp JlÉn t0lµÀ¶¶¢Á  ¶¢lµç G¶p¶ªê±µ÷±ÉP qÏfµ¶¢Á,

v0s±ÉPqÏfµ¶¢Á Oµ¶mÀOÐÖ0fº.

Sol: ¶¢Oµñ¶ª£ÀOµ±µg0  x / a x / aay e e
2

 
xa.cosh
a

   
 


dy x 1 xa.sinh sinh
dx a a a

   
 

  =m

v0s±ÉPqÏfµ¶¢Á = 2
1 1y m 2x xa.cosh 1 sinh

a a
 

2x x xa.cosh .cosh a.cosh
a a a

 

G¶pv0s±ÉPqÏfµ¶¢Á 1y m
x xa.cosh .sinh
a a

       
   

a x x2sinh .cosh
2 a a
   
 

a 2x.sinh
2 a



11.    x a cos t t sin t y a sin t t cost    ¶¢Oµñ0 ËÈp JlÉn t0lµÀ¶¶¢Á  ¶¢lµç
G¶p¶ªê±µ÷±ÉP qÏfµ¶¢Á, G¶pv0s ±ÉPqÏfµ¶¢Á Oµ¶mÀOÐÖ0fº.

Sol: ¶¢Oµñ¶ª£ÀOµ±µg0  x a cos t t sin t  ,  y a sin t t cos t 

dy
dy at sin tdt tan t

dxdx at cos t
dt

 
 
   
 
 
 

G¶p¶ªê±µ÷±ÉP qÏfµ¶¢Á  
 1

1

a sin t t cos ty
f ` x tan t


   a cot t sin t t cos t 
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G¶pv0s±ÉPqÏfµ¶¢Á  1 1y .f ` x  a sin t t cos t tan t   a tan t sin t t cos t 

12.FOºñ0l¼ ¶¢O¸ñv ¶¢Àlµï OÐg¸né Oµ¶mÀOÐÖfº.

1. 2 2x y 2 0; x y 10y 0     

Sol:  x y 2 0 x y 2       ——(1)

2 2x y 10y 0   —(2)

1, 2 v ¶mÀ0fº

 2 2y 2 y 10y 0     2 2y 4y 4 y 10y 0    

 22y 6y 4 0    2y 3y 2 0       y 1 y 2 0  

 y 1 or y 2 

 x y 2  

 y 1 x 1 2 3      

 y 2 x 2 2 4      

P0fµ¶mt0lµÀ¶¢ÁvÀ    P 3,1 and Q 4, 2 

¶¢Oµñ ¶m£ÀOµ±µg0  2 2x y 10y 0  

 2 2x y 10y 0  

x    lµÅ©¸àþï C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸


dy dy2x 2y 10 0
dx dx

      dy2 y 5 2x
dx

   
dy x
dx y 5

 


 ±ÉP¹ ¶ª£ÀOµ±µg0  x y 2 0  
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¢¸vÀ  m2 =  -1.

Case (i):   ¢¸vÀ   1
3 3 /

1 5 4
dym P
dx


    


 ¶¢À±¼±ÀµÀÀ  m2 =  -1.

 ¶¢O¸ñv ¶¢Àlµï OÐg0  è  C±ÀÀhÉ 1 2

1 2
tan

1


 


m m
m m

3 1 14
3 71
4

 
 

 
1 1tan

7
     
 

Case (ii):

¢¸vÀ   1
4 4 /

2 5 3
dym Q
dx

    


  ¶¢À±¼±ÀµÀÀ  m2 =  -1.


1 2

1 2
tan

1


 


m m
m m  

4 1 13
4 71
3

 
 




1 1tan

7
     
 

2. 2 22y 9x 0, 3x 4y 0     (  4 ¶¢ q¸lµ0vÎ).

Sol:   2 22y 9x 0 9x 2y    
22x y

9
 -

 23x 4y 0 

¶ª£ÀOµ±µg¸v¶mÀ «¸lû¼0VµS¸ 443. y 4y 0
81

  


44y 108y 0

27


   34y y 27 0 

3y 0 or y 27 y 3     

29x 2y 2 9 x 2    
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P±fµ¶m t0lµÀ¶¢Á  P 2, 3 (  4 ¶¢ q¸lµ0vÎ)

  ¶¢Oµñ ¶ª£ÀOµ±µg0  22y 9x

dy dy 94y 9
dx dx 4y

  

    ¢¸vÀ  1
9 3/ 2, 3

4. 3 4
dym P
dx

    


  ±Ç0fµ¶¢ ¶¢Oµñ0 23x 4y 0 

 24y 3x 


dy4. 6x
dx

 


dy 6x 3x
dx 4 2

 
 

    ¢¸vÀ  2
3.2 / 2, 3 3
2

dym P
dx


    

     ¶¢O¸ñv ¶¢Àlµï OÐg0  è     C±ÀÀhÉ
 
  1 2

1 2
tan

1


 


m m
m m

1 9tan
13

     
 

.

 2y 4 x 1   ,  2y 36 9 x   CÊm ¶¢O¸ñvÀ v0s0S¸ P0fº0VµÀOµÀ0d¹±ÀµÀn
VµÃ¶pÁ¶¢ÀÀ.

13.  a,b  t0lµÀ¶¢Á ¶¢lµç  
n nx y 2 a 0,b 0

a b
         
   

 ¶¢O¸ñnOº ¶ªê±µ÷±ÉP¹ ¶ª£ÀOµ±µg0

x y 2
a b
  CnVµÃ¶pÁ¶¢ÀÀ.

Sol:   
n nx y 2

a b
       
   

   x    lµÅ©¸àþï C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸
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n 1 n 1x 1 y 1 dyn . n . . 0
a a b b dx

 
       
   

  

x 1

x 1
a,b

n a
dy ba a
dx an b

b b





           
    

  
  

   a, b  ¶¢lµç¶ªê±µ÷ ±ÉP¶ª£±µg0   by b x a
a

    
y x1 1
b a
    

x y 2
a b
 

14.   
x

22y e


  CÊm¶¢O¸ñnOº ¶¢À±¼±ÀµÀÀ y C°¸nOº ¶¢Àlµï OÐg¸né Oµ¶mÀOÐÖ0fº.

Sol:  y C°µ ¶ª£ÀOµ±µgA  x = 0

x
22y e


  , x = 0  v P0fµ¶m t0lµÀ¶¢Á     1(0, )
2

p

¶ªê±µ÷ ±ÉP x- C°µ0 hÐ VÉÊª OÐg0     C±ÀÀhÉ
x

2
10, 12 0,

2

dy 1 1tan e
dx 4 4



 
      

 

 
   

  y - C°µ0, 
x

22y e



   v ¶¢Àlµï OÐg0   C±ÀÀhÉ

tan tan cot 4
2
       

 

 
x

22y e


  CÊm¶¢O¸ñnOº ¶¢À±¼±ÀµÀÀ y C°¸nOº ¶¢Àlµï OÐg0 1tan 4 .
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15.   2 2ax by 1   , 2 2
1 1 1a x b y    CÊm¶¢O¸ñvÀ v0s0S¸ P0fº0VµÀOµÀ0dÉ

1 1

1 1 1 1
a b a b
    CnVµÃ¶pÁ¶¢ÀÀ.

Sol:    1 1p x , y   ¶mÀ 2 2ax by 1    , 2 2
1 1 1a x b y   ¶¢O¸ñv P0fµ¶m t0lµÀ¶¢Á

C¶mÀOÐ0fº.

C¶pÁýêfµÀ
2 2
1 1

1 1 1 1

x y 1
b b a a ab a b

 
   —(1)

 2 2ax by 1    ¶mÀ x  lµÅ©¸àþï C¶¢Oµv¶m¶¢ÀÀ  VÉ±ÀµÀS¸ ,

1=
atP

dym
dx

 
 
 

1
1

1

=   axm
by




ElÉ£lûµ0S¸  2 2
1 1 1a x b y  ¶¢O¸ñnOº  1 1p x , y ¶¢lµç ¶ªê±µ÷ ±ÉP ¢¸vÀ

2 =
atP

dym
dx

 
 
 

     1 1

1 1

=   a x
b y


¶¢O¸ñvÀ v0s0S¸ P0fº0VµÀOµÀ0dÀ0m¸é±ÀÀ O ¶̧¢Á¶m  1 2m m 1  .

i.e., 
2 2

1 1 1 1
2 2

21 1 1

aa x x bb1 or
aabb y y


    —(2)

 (1), (2) v¶mÀ0fº  1 1

1 1

b b bb
a a aa





     1 1 1 1b a a b b a ab  


1 1

1 1 1 1
a b a b
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