



 OA i j k    3 2AB i j k   
2 2BC i j k    2 3CD i j k   OD 

 OA AB BC CD OD   
( ) (3 2 )OD i j k i j k      

( 2 2 ) (2 3 )i j k i j k     

7 2 3OD i j k   

 2 5 ,a i j k    4b i m j nk    ,m n 
 2 5 ,a i j k    4b i m j nk   

2 5 1
4 m n

  

1 5 1 1
2 2m n

   

10, 2m n  

 2 4 5 ,a i j k    ,b i j k    2c j k    a b c     


 a b c 

(2 4 5 ) ( ) ( 2 )i j k i j k j k       

3 6 2a b c i j k     

3 6 2a b c i j k    

2 2 2(3) (6) ( 2)   

9 36 4 49 7    

a b c   

a b c
a b c
 

 
 

(3 6 2 )
7

i j k 
 

www.sa
ksh

ieduca
tio

n.co
m



 3 6 2i j k        , ,     
cos ,cos ,cos   

  , ,i j k 

3 6 2Let p i j k  

Given  ( , ) , ( , )p i p j   
( , )p k 

.cos

.
p i
p i

 

(3 6 2 )
3 6 2
i j k
i j k
 


 

3 3
79 36 4(1)

 
 


.cos
.

p j
p j

 

(3 6 2 ). 6 6
7 73 6 2

i j k j
i j k j
  

   
 

.cos p k
p k

 

(3 6 2 ). 2
73 6 2 .

k j k k
i j k k
 

 
 

3 6cos , cos
7 7

  
    2cos

7
 

 , ,A B C  , ,a b c A 




 A a

 B b  C c
2

b cD  
 
 

, ,OA a OB b OC c   
  1 t a tb r   

www.sa
ksh

ieduca
tio

n.co
m



 1
2

b cr t a t
 

    
 

 , , ,A B C D 

2 ,2 , ,3a b a b a a b    , , ,AC DA BA BC  ,a b 
 O  2 , 2 ,OA a b OB a b OC a     

3OD a b 

 2 2AC OC OA a a b b      

   2 3 2DA a b a b a b      

   2 2 3BA a b a b b a     

 2BC a a b b a   

 2 3 , 3 ,a i j k b i j a b      
 2 3 ; 3a i j k b i j    

2 3 3a b i j k i j     

4 3 3i j k  

a b 
a b
a b

 




4 3 3
4 3 3
i j k
i j k

 
 

 

4 3 3
16 9 9
i j k

 
 
 

4 3 3
34

i j k
 

 

  3 4 , 8 6i j k i j k       ,  
 3 4 , 8 6a i j k b i j k         ,a b 

ta b

 3 4 8 6ti j k i j k       

3 4 8 6t i t j tki j k      

www.sa
ksh

ieduca
tio

n.co
m



 , ,i j k 

3
3 3 6 61

2

t
t

             

8 4
4 1
8 2

t t t    

6 6.
1 3
2

t     

 ABCDEF O 

3 6AB AC AD AE AF AD AO      



D

E C

O

B

A

F

 AB AC AD AE AF   

   AB AE AD AC AF    

   AE ED AD AC CD    

 ,AB ED AF CD 

3AD AD AD AD   

6 AO O OD AO 

www.sa
ksh

ieduca
tio

n.co
m



 , ,i j k  4 5 ,i j k   ,j k  3 9 4i j k 

4 4 4i j k   



4 6 2
1    4    3
8 1    3

AB AC AD
  

    
 

4(12 3) 6( 3 24) 2(1 32)       

60 126 66 0    
 , ,AB AC AD 
  , , ,A B C D 

11.  2a i j  
 a 

 1 1 1 2( 2 )
5 5 5

a a i j i j
a

    

a 
1 2 7 147 7
5 5 5 5

a i j i j 
    

 

 2 2 5a i j k   
2 3b i j k  



  (a b c  
4 3 2i j k  

2 2 24 3 ( 2) 29c     

4 3 2
29

i j kc  
 

www.sa
ksh

ieduca
tio

n.co
m



  2a i j k   
  r xi yj zk    , ,a b c  , ,x y z 


 1, 1, 2a b c   

 , ,l m n 

6r  
1 1,
6 6

a bl m
r r

    

2
6

cn
r

 

a 
1 1 2, ,
6 6 6

 
 

 

   3 2OP a b   OQ a b       ,P Q  
 ,P Q ( )i ( )ii 
 R 

 )i  ,P QR 
2( ) (3 2 ) 5

2 1 3
a b a b aOR   

 


)ii ,P Q R 
2( ) (3 2 ) 4

2 1
a b a bOR b a  

  


 (2 )A i j k   ( 3 5 )B i j k   (3 4 4 )C i j k  


 (1 2) ( 3 1) ( 5 1)AB i j k       

2 6i j k   

(3 1) ( 4 3) ( 4 5)BC i j k       

2i j k  

(2 3) ( 1 4) (1 4)CA i j k      

3 5i j k   

 2 2AB BC CA 

www.sa
ksh

ieduca
tio

n.co
m



 , , ,A B C D  2 , 2a b a b   ,3a a b  AC  , ,DA BA BC

 ,a b 
 , , ,A B C D O 

2OA a b  2OB a b 

OC a 3OD a b 

( 2 ) 2AC OC OA a a b b      

( 2 ) (3 )DA OA OD a b a b     

2 2a b b a    

( 2 ) (2 )BA OA OB a b a b     

3b a 

(2 )BC OC OB a a b b a      

16. 2 3i j k   4 2 3i j k  
 

 2 3a i j k    4 2 3b i j k   

a b 
( ),r a t b t R  

( . ., ) (2 3 ) (4 2 3 )i e r i j k t i j k     

( . ., ) (2 4 ) (3 2 ) (1 3 )i e r t i t j t k     

 OABC  ,OA a OC c  BC  


 OABC 
,OA a OC c AB  

OB OA AB a c   

BC 
(1 ) ( )r t c t a c   

(1 ) ,t t c ta c ta t R      

 2 3i j k   4 3i j k   
 2 3a i j k    4 3b i j k   

,a b 
(1 ) ,r t a tb t R   

(1 )(2 3 ) ( 4 3 )r t i j k t i j k        

( . ., ) (2 2 4 ) (1 3 )i e r t t i t t j     

www.sa
ksh

ieduca
tio

n.co
m



(3 3 )t t k  

( . ., ) 2(1 3 ) (1 2 )i e r t i t j   

(3 4 ) ,t k t R  

 2 5i j k   5 j k   3 5i k        


 2 5a i j k    5b j k    3 5c i j   
, ,a b c 

(1 ) ; ,r s t a sb tc s t R     

( . ., ) (1 )( 2 5 ) ( 5 )i e r s t i j k s j k       

( 3 5 )t i j  

( . ., ) (1 )( 2 5 ) (5 )i e r s t i j k s j k      

(3 5 ); ,t i j s t R  

 , 3 2 , 2 2OA i j k AB i j k BC i j k         

2 3CD i j k    OD 

 OD OA AB BC CD   

3 2 2 2 2 3i j k i j k i j k i j k           

7 2 3OD i j k  

www.sa
ksh

ieduca
tio

n.co
m





 ABC O H 

)i OA OB OC OH  

) 2ii HA HB HC HO   
 BC D 

)i

A

a

H
b

B

O

c
CD

O 

) ; ,i OA a OB b OC c   


2
b cOD 



2OA OB OC OA OD OA AH OH      



2 cos , cos ,AH R A OD R A R   ABC  2AH OD 
 ) 2 2ii HA HC HC HA HD HA HO OD      

2 2 2 2HA HO OD HA HO AH HO      




 ABC   , ,A B C      , ,a b c   

( )centroid  1 ( )
3

a b c  

 ABC G  A  AD 
: 2 :1AG GD   ' 'O 

,OA a ,OB b OC c

,D BC D

www.sa
ksh

ieduca
tio

n.co
m



1 ( )
2

OD b c 

,G AD 
G 

2 1( )
2
2 1 3

b c a
a b cOG

   
   



  , , ,A B C D  , , ,a b c d 





A

H

CB

DG

3

1
1G



ABCD O  , , ,A B C D 
, , ,a b c d  , , ,BCD CAD ABD ABC    

1 2 3 4, , ,G G G G 

1 3
b c dOG  



1AG 3:1 P 

 3
1

3
4

b c d
a

OP

 




 1
4

OP a b c d   

 2 3 4, ,BG CG DG 3:1

 1
4

a b c d   

P  1 2 3 4, , ,AG BG CG DG 

www.sa
ksh

ieduca
tio

n.co
m



 3 2 , 2 3 4 , 2i j k i j k i j k      

4 5i j k   
146
7




 

, , ,A B C D 

5 3 , 4 3 3AB i j k AC i j k       

 7 1AD i j k   

, , ,A B C D 

AD xAB y AC  

 7 1i j k  

   5 3 4 3 3x i j k y i j k       

 , ,i j k 
4 1,5 3 7, 3 3 1x y x y x y         




31 12,
17 17

x y  


1463 3 1
17

x y      

 , ,a b c  3 2 4 , 2 , 2 3a b c a c a b c       


 3 2 4 , 2 ,a b c a c        2 3a b c      , ,  

     


x y    

   2 3 3 2 4 2a b c x a b c y a c        

3 2, 2 1, 4 2 3x y x x y       

www.sa
ksh

ieduca
tio

n.co
m



1 1,
2 2

x y
 

, ,   

  ' ', ' 'a b

 1x y
a b
  

 OXYZ 
,i j  ,x y 

,a ai b b j

O OA a OB b  ,A B 

AB 
(1 )ai t b jr t   

r xi y j  
 (1 ) ,x t a   y tb

' 't  1 yx a
b

   
 

1x y
a b

  

1x y
a b

  

7. ABCD  ,BC CD  ,L M 
)i  ,AL AM  ,AB AD 
)ii  AM AD LM    



ABCD 
,AB DC BC AD  

BC  L 

www.sa
ksh

ieduca
tio

n.co
m



1 1( ) ( )
2 2

BL BC AD 

AD M 
1 1( ) ( )
2 2

DM DC AB 

1( ) ( )
2

i AL AB BL AB AD   

1 ( )
2

AM AD DM AD AB   

)ii 
(1)AM AD LM  

A 
AB b  AD d 

AC AB BC AB AD   

b d 

BC  L 
1 1( ) (2 )
2 2

AL b b d b d    

CD M 
 ( )AM AD LM 

( )AM LM AD  

( ) ( ) ( )AM AM AL AD   

2 ) ( )AM AL AD  

1 12 ( 2 ) (2 ) ( )
2 2

b d b d d             

2
2
db d b d    

3
2

d d 

3
2

 

www.sa
ksh

ieduca
tio

n.co
m



 OABC OAD CD 
OB 

 OA a OC b 

OB a b  
1 ( )
2

OD a 

,OB CD M 
: :1, : :1OM MB k CM MD l  

( )
1

k a bOM
k


 


1( )
2 2

1 2( 1)

al b
la bOM

l l

 
 

  
 

1 1
2 1 1 1

l k
l k l

       

12,
2

l k  

 ,CD OB  ,OB CD 
 ,a b 3 2  

( 4 ) (2 1)x y a x y b      
( 2 2) (2 3 1)y x a x y b        ,x y 

 3 2 

3( 4 ) 3(2 1)x y a x y b    

2( 2 2) 2(2 3 1)y x a x b     

,a b 
3 12 2 4 4 7 10 4 (1)x y y x x y       

6 3 3 4 6 2x y x y    

2 9 5 (2)x y    


2, 1x y  

www.sa
ksh

ieduca
tio

n.co
m



 , ,i j k  4 5 ,i j k   ,j k  3 9 4i j k 

4 4 4i j k   
 ' 'O  , , ,A B C D 

4 5OA i j k  

OB j k  

3 9 4OC i j k  

4 4 4OD i j k   

AB OB OA 

( ) (4 5 )j k i j k     

4 6 2i j k   

AC OC OA 

(3 9 4 ) (4 5 )i j k i j k     

4 3i j k   

AD OD OA 

( 4 4 4 ) (4 5 )i j k i j k      

8 3i j k   

( ) ( )AB x AC y AD  
( ,x y 

4 6 2 ( 4 3 )i j k x i j k       

( 8 3 )y i j k   

( 8 4) ( 4 6)x y i x y j      

( 3 3 2) 0x y k    

, ,i j k 
 8 4 0 (1)x y   

4 6 0 (2)x y    

3 3 2 0 (3)x y   


8 4 0x y  

3 3 2 0x y  

1
16 12 12 12 3 24

x y
 

   

1
28 14 21
x y

  
 

www.sa
ksh

ieduca
tio

n.co
m



4
3

x    2
3

y 

,x y 
4 2 16 24 6 6
3 3 3 3

        
 

6 6 0  
 , ,AB AC AD 
  , , ,A B C D 

 , ,a b c 
i) 2 3 5a b c    2 3a b c   7a c
ii) 3 4 3 ,a b c  4 5 6 ,a b c   4 7 6a b c 

iii) 2 5 4a b c   4 3a b c   4 7 6a b c  


 O  , ,P Q R 
2 3 5OP a b c   

2 3OQ a b c  

7OR a c 

PQ OR OQ 

(7 ) ( 2 3 )a c a b c    

6 2 4a b c  

2(3 4 )a b c  

2( )PQ

2( )QR PQ 

, ,P Q R 

 , ,a b c 

 2r a b t b c    

   2r a x b c y a b c      

 

     2 2a b t b c a x b c y a b c        



www.sa
ksh

ieduca
tio

n.co
m




2 1 y 

 1y 

1 2t x y   

 1t x 

t x y  

 1t x 

1, 0, 1t x y  

 2 2a b c  

 , ,A B C    , ,a b c  A





 A a

 B b  C c
2

b cD  
 
 

, ,OA a OB b OC c   

  1 t a tb r   

 1
2

b cr t a t
 

    
 

www.sa
ksh

ieduca
tio

n.co
m





 , ,a b c  2 3 ,3 4 2a b c a b c    
2 3 , 6 6a b c a b c    

 2 3 , 3 4 2OA a b c OB a b c     

2 3 , 6 6OC a b c OD a b c      

,OA OB 

  ,r OA t OB OA t R   

2 3 3 4 2 2 3a b c t a b c a b c          

 2 3 .......(1)r a b c t a b c     

,OC OD 

  ,r OC s OD OC s R   

 2 3 6 6 2 3a b c s a b c a b c        

 2 3 4 3 ...............(2)r a b c s b c     

   2 4 3 3a s b s c     

     2 3 1t a t b t c     

   2 48 3 38a b c     

 , ,a b c 

2 1t  1t  

3 2 4t s   2 2 4 1s s      

1 3 3t s    3 4s t   

 t 

   2 3 1r a b c a b c      

2 3a b c a b c     

2r a b 

www.sa
ksh

ieduca
tio

n.co
m



 , ,a b c  6 4 4a b c   4c  2 3a b c   

2 5a b c   4c 

 4 3 ,3 7 10 , 2 5 7i j k i j k i j k      
2 3i j k  

 4 3 , 3 7 10a i j k b i j k     

2 5 7c i j k   

, ,a b c 

 1 , ,r s t a sb tc s t R     

   a s b a t c a    

 4 3 3 7 10 4 3 1i j k s i j k i j c        

 2 5 7 4 3t i j k i j k     

 4 3 10 9r i j k s i j k      

 2 8 6t i j k   

2 3r i j k   

 2 3 4 3 10 9i j k i j k s i j k        

 2 8 6i j k   

 , ,i j k 

1 4 2s t   2 3....(1)t s  

2 3 10 8s t    8 10 5......(2)t s  

3 1 9 6s t     6 9 2....(3)t s  

   1 3 3 6 3 9t s    

6 9 2t s 

6 7s 

7
6

s  

 7 252 3
6 6

t   

www.sa
ksh

ieduca
tio

n.co
m



25
12

t 

,s t   2 

25 78. 10 5
12 6

    
 

50 35
3 3

 

15 5
3

  5 5 


 2 3i j k  

 O O 
 P 
Q O Q  ,i j 
 045XOP  

 ' 'O 
045XOP 

O P 
0 0(3co 45 ) (3sin 45 )OP i j  

3 3
2 2

OP i j        
   

,PR OX  0135RPQ 

4PQ  
PQ 

0 04 cos(135 ) 4(sin135 )PQ i 

4 4
2 2

i j  

OQ OP PQ  

3 3
2 2

i j
         
    

4 4
2 2

i j     

 7 1 7
2 2

i jOQ i j
     

www.sa
ksh

ieduca
tio

n.co
m



 PQ   E   PQ  
 .R  :QF FR  2 :1 QR F PR EF


 ' 'O OP p OQ q OR r

,E PQ 1: 2

E  1( ) 2( )
2 1

q pOE 




2
3

p q


QR F  : 2 :1QF FR 

( . ., )i e  ,F QR  2 :1

F  2( ) 1( ) 2
2 1 3

r q q rOF  
 



EF OF OE 

2 2
3 3

q r p q    
    
   

2 ( )
3

r p 

2 ( )
3

OR OP 

2
3

PR

2
3

EF PR

,EF PR 

www.sa
ksh

ieduca
tio

n.co
m



 ABC  , ,AB BC CA  , , ,P Q R D 

)i DA DB DC 
    DP DQ DR 

   

)ii PQ QB RC a   a 


)i A

B CR

P Q

D 

, ,DA a DB b DC c  

, ,
2 2 2

a b b c a cDP DQ DR 
  

 

DA DB DC a b c    

1
2

DP DQ DR a b b c c a         

1 2 2 2
2

a b c    

a b c DA DB DC     

DA DB DC DP DQ DR     

)ii PA QB RC a  

DA DP DB DQ DC DR a      

DA DB DC DP DQ DR a            

DP D Q D R D P DQ D R a            

 [ 1 

O a

0a 

www.sa
ksh

ieduca
tio

n.co
m



 , ,A B C  2 , 4 2 2 , 6 3 13i j k i j k i j k        

AB AC  
 O  2OA i j k    

4 2 2 , 6 3 13OB i j k OC i j k      

 AB AC

OB OA OC OA     

4 2 2 2i j k i j k      

6 3 13 2i j k i j k       

2 3 8 12i j k i j k        

i 

2 12 8
8 4

  


      

 ) , ,i a b c 
 4 3 ,3 2 5 , 3 8 5a b c a b c a b c        

3 2a b c  

 6 2 ,a b c   2 3 ,a b c   2 4 ,a b c   12a b c  
 4 3 , 3 2 5OA a b c OB a b c      

3 8 5 , 3 2OC a b c OD a b c        

3 2 5 4 3AB OB OA a b c a b c       

4 2 2a b c  

3 8 5 4 3AC OC OA a b c a b c        

2 4 2a b c   

AD OD OA 

3 2 4 3 2 2 4a b c a b c a b c          

; ,AB xAC y AD x y  

4 2 2 2 4 2a b c x a b c       

www.sa
ksh

ieduca
tio

n.co
m



2 2 4y a b c     

4 2 2 ............(1)x y  

2 4 2 .............(2)x y  

2 2 4 .............(3)x y   

(1) (3) 2 2 4x y    

 2 4 2x y   

6 6y 

1y  

(3)  2 2 4x y   

2 4  

2 2x 

1x  

,x y  2 4 2   

2 2  

,x y 

 ABCD 



 A  AB b  AC c  AD d

, , ,M N AB CD 

M  1
2

AM b

N  1 ( )
2

AN c d 

P 
P  AP r

 AC 
, (1)r tc t R  

BD 
(1 ) , (2)r s b sd s R    

www.sa
ksh

ieduca
tio

n.co
m



MN 
1(1 ) . ( ) (3)

2 2
br x x c d x R     

2 (1 ) ( ) (4)r x b x c d     

(1 ) ( )r r x b x c d     

(1 )tc s b sd   

(1 ) ( )x b x c d     ; (1), (2) 
, ,b c d 

1 1s x s x    
t x

s t x  


(1 )tc s b sd  

(1 ) ,sc s b sd t s     

(1 ) ( )( )s b s c d   

,b c d  
,AB CD

  
ABCD 

 2 4 2i j k   2 3 5i j k   3 2i j k  
 2 3i j k   4 2 3i j k  


 2 4 2a i j k    2 3 5b i j k      3 2c i j k    


r   ; ,tb sc t s R 

(1 )(2 4 2 ) (2 3 5 )r t i j k t i j k       

(3 2 )s i j k  

(2 3 ) (4 2 )r s i t s     

(2 3 ) (1)j t s k   

2 3 , 4 2 3p i j k q i j k      
(1 ) ;r x p xq x R   

( . ., ) (1 )(2 3 )i e r x i j k   

(4 2 3 )x i j k  

(2 2 4 ) (1 2 )r x x i x x j      

www.sa
ksh

ieduca
tio

n.co
m



(3 3 3 )x x k  

(2 2 ) (1 3 ) 3 ,r x i x j k       (2)x R 

P  r 
(2 3 ) (4 2 ) (2 3 )s i t s j t s k      

(2 2 ) (1 3 ) 3x i x j k    

, ,i j k 
2 3 2 2 2 3 0 (3)s x x s      

4 2 1 3 3 2 3 (4)t s x x s t         

2 3 3 3 1 (5)t s s t      

3 1t s 

1
3

st 
 

' 't 
13 2 3

3
sx s      

 

9 6 1 9x s s     
9 5 8x s   

( . .,)9 5 8 0 (6)ie x s   

2 3 0 0 (3)x s   


1

0 24 16 0 27 10
x s

 
   

24
17

x 


24
17

x 
 

48 722 1 3
17 17

r i j k          
   

14 89( . ., ) 3
17 17

i e r i j k        
   


14 89, ,3

17 17
P  
 
 

www.sa
ksh

ieduca
tio

n.co
m



 , ,a b c  2 3 5a b c    2 3a b c   7a c 


 O  , ,P Q R 
2 3 5OP a b c   

2 3OQ a b c  

7OR a c 

PQ OR OQ 

(7 ) ( 2 3 )a c a b c    

6 2 4a b c  

2(3 4 )a b c  

2( )PQ

2( )QR PQ 

, ,P Q R 

 2 2i j k   (3 )i j k  

A  15AP  
P  P 

  A  3a i j k   
2 2b i j k   

,r a tb t R  

( . ) (3 ) (2 2 )i e r i j k t i j k     

r a tb  

AP tb 

(2 2 2 )AP t i j k    

4 1 4 3 15AP AP t t       
5, 5t t   

5AP b 

5OP OA b  

5 (3 ) 5OP a b i j k       (2 2 )i j k  13 4 9i j k  

 5AP b 

5 (3 )OP a b i j k      5(2 2 )i j k  

7 6 11i j k   

13 4 9OP i j k     7 6 11i j k  

www.sa
ksh

ieduca
tio

n.co
m


