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PAIR OF LINES

SYNOPSIS AND FORMULAE

The equations;a + by + ¢, = 0, ax + by + ¢ = 0 represent straight lines, the equation

(ax + by + ) (ax + by + ) =0 is called joint equation of the two lines.

(i) If h? > ab, then &+ 2hxy + by = O represents two real and different straight lines

through the origin.
(i) The equations of the separate lines axxe(hw it - ab y=0; ax+(h—V b — ag y=0.

(iii) The above lines are coincident it & ab and imaginary iftx ab.

(iv) If the slopes of the two lines represented by -a2hxy + by = 0 are m and m, then

_ -2h _a _2Vh*-ab : . _
my + mp = o mym, = b and [m—m = N The equations of the two lines are y =
myx and y = mx.

axX + 2hxy + by = 0 represents a pair of lines

4h®

2
+
(a) If the slopes of two lines are inthe ratiop : g tlfrgfn—qL: 0
Pq a

(b) If the slope of one line is square of the slope of the other line then

ab(a + b) — 6abh + 8ix 0.

(c) If B4, 6, are the inclinations of the two lines with x-axis then Bar{6,) = —h.

a-b
If 8 is the acute angle between the pair of linéstaZhxy + by = 0 then

o a2V—ab 4 JatB . Vp2-ab
0 = tan | H = coS =sin )
a+ \/(a— by + 4t V(@- by + 4Ff

Note: a+ b =0. The lines are perpendicular.
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The equation of the pair of lines through the iorignd perpendicular to the two lines
ax + 2hxy + by = 0 is bX + 2bxy + ay = 0

The equation of the pair of lines bisecting thglametween the lines ax 2hxy + by = 0 is

h(¢ — ) = (a — b)xy.

If the two pair of lines have the same angulaediar lines, then they are said to be equally

inclined to each other.

The pair of lines &+ 2hxy + by = 0 and (a + d+ 2hxy + (b + d)§ = 0 are equally

inclined for all values of d.

Area of the triangle formed by the line Ix + my & = 0 and the pair of lines

n?vh?-ab

a +2hxy+by=0is .
Y+ by ‘bl2—2blm+ an?‘

The line Ix + my + n = 0 forms an equilateral tuigge with the pair of lines
p2 n2

3 B +m?)

distance from the origin to the lines Ix + my + 0=

(Ix + myy’ — 3(mx — lyf = 0 its area where p is the perpendicular

Let S = ak + 2hxy + by + 2gx + 2fy + ¢ ; S = O represents a pair of liries
A = abc + 2fgh = & bdf — cif = 0 and §= ac, K = ab, f = bc.

If S = o represents two intersecting lines, tipint of intersection isg hf =bg gh- afj

ab- ¥ ab- K

Lengths of the intercepts made by the pair ofslirepresented by

’—ac a 2Jf%-bc

ax + 2hxy + by + 2gh + 2fy + ¢ = 0 on the coordinate axes 5 a nd B
S = 0 represents two parallel linedif 0, £ > bc, ¢ = ac and h= ab,% :E :% af’ = bef.

2 _ 2 _
The distance between the parallel line3 ]-g a -y f bc‘.
a(a+ b b(a+ b
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Let S = ax + 2hxy + by + 2gx + 2fy + ¢ = O represent two straight lines
(i) Pair of lines through origin and parallel to S is@¥ + 2hxy + by = 0

(i) Pair of lines through ¢xy;) and parallel to
S=0isa(x—¥° + 2h(x—x) (y - y) + by —y)* = 0.

(iii) Pair of lines through origin and perpendiculaBts 0 is b% — 2hxy + a§ = 0.

(iv) Pair of liens through ¢xy;) and perpendicular to
S=0is b(x —¥*—2h(x —x) (y—y) + a(y — y)* = 0.

Equation of the pair of lines through the origimdavhich are at a distance of d units from
(X1 Y is  d0OC +¥) = (yix — xay)™.
Let (X, y1) be a point of intersection of the pair of lines®. Then the equation of the pair

2 — (v —v.)2 = £
of angular bisectors ofS:Ogé Xl)a_(g y)? _ X Xl)r(]y Yy

If one of the angular bisectors of“ax 2hxy + by = O passes through the point of
intersection of lines@* + 2hxy + byy? + 2gx + 2fy + ¢ = 0 then (a — b)fg + hg f) = 0.

In the triangle formed by the lines?ax 2hxy + by = 0 and Ix + my + n = 0.

_ —h(a+b)
ant - 2hlm+ bf

(i) Orthocenter = P = (kI, km), where k

(i) op = | k W12 +m?.

(iii) If & + 2hxy + by = 0 represents two sides®ABC and the orthocenter is (c, d), then
the 3% side is (a + b) (cx + dy) = A& 2hcd + bt

(i) To find the centroid of the triangle formed by ax2hx + by = 0 and Ix + my + n = 0, let

f = bx? — 2hxy + ay.

_ -n[of of
3f

—,—latx=Ly=m.
ox Oy} Y
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(i) To find the & side when G ofAOAB is (x, Y1) and OA, OB combined equation is

axX + 2hxy + by = 0. Midpoint of AB = (3)(1 3y1j and the slope of AB is 21" 2% by,
2 2 hx, + by, )

Equation of AB is y =2 —3y1 = {%J(X_%j
1

The lines aX+ 2hxy + by = 0 and aX+ 2hxy + by + 2gx + 2fy + ¢ = 0 form a

Z-f2 _f

(i) Rhombus~ 9 = Fg and a + 2 0.

(i) Square= anda+b=0.

g’-f* _fg
a-b

g°-f*, fg
b

(i) Rectangle= anda+b=0.

2
(iv) Parallelogram-= g L fr? anda+ k% =0.
a_

The lines ak% + 2hxy + by = 0 and Ix + my + n = O represent an isoscelengle of

>-m? _a-b

Im h

(a) The two pairs of lines;&° + 2hxy + by, = 0 and & + 2hxy + b,y? = 0 have one line

2h, b _|a b
—2h, & a b

2

in common ther’

(b) One line in the first pair is perpendicular to dine in he second pair then

2

2h by & b
-2h, a| |b, a,

b, 2h,

(a) The product of the perpendicular distances fromy to the pair of lines represented by

axX + 2hxy + by = 0 |Jax1 *ameRt byl‘
(a—b)® + 4t
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(b) The product of the perpendicular distances fropy{xto the pair of lines represented by

2 2
axX + 2hxy + by + 2gx + 2fy + ¢ = 0 i_J,axl +2hx y+ by + 2gx+ 2fy+ }:
(a—b)* + 4t

(c) a¥ + 2hxy + by + 2gx + 2fy + ¢ = 0 are two lines which are atidigiance from the
origin then f — ¢ = (bf — ad).

Equation of the pair of lines through the origindamaking an anglea® with the line
IXx + my + n = 0is (Ix + my) tarf a(mx — lyf = 0 and the area of the triangle is

n2

tar(1? +m?)
(a) One of the lines of $ 0 is parallel to Ix + my + n = 0 then’s} 2him + ari = 0.
(b) One of the lines of $ 0 is perpendicular to Ix + my + n = 0 theh-al2hlm + bni = 0.

(a) The area of the parallelogram formed by &¢ + 2hxy + by = 0 and

|c]

gstl
2Vh?-ab

(b) Equation of the diagonal not passing through ftigirois 2gx + 2fy + ¢ = 0.

S't=axX +2hxy + by + 2gx + 2fy + ¢ =0 |

(c) Equation of the diagonal passing through the origji(hf — bg)y = (gh — af)x.

Area of parallelogram i@ where p, p is product of perpendicular distances between
Sina

parallel lines andr is angle between non parallel lines.

Point of intersection of diagonals of a rectarfglened by the pairs;&” + bx + ¢, = 0 and
—b, -b,

‘+hy+0=0is| 2,2,
ay thy+c 'S(zai'zagj

The condition that one of the lines represente@®y+ 2hxy + by = 0 bisects the angle

between the coordinate axes is (a #=b}t.
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