10.

11.)

i) If Bis the principal amplitude, them<6 <1t
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COMPLEX NUMBERS

Any number of the form x+iy where x,[y R and ¥ = -1 is called &omplex Number.

In the complex number x+iy, x is called the rpait and y is called the imaginary part of the
complex number.

A complex number is said to be purely imaginarytsfreal part is zero and is said to be

purely real if its imaginary part is zero.

(@) Two complex numbers are said to be equal girtheal parts are equal and their
imaginary parts are equal.

(b) In the set of complex numbers, there is nammey to the phrases one complex is
greater than or less than another i.e. If two cemplumbers are not equal, we say they
are unequal.

(c) atib>c+idis meaningful only when b =d0s O.

Two complex numbers are conjugate if their sum prodiuct are both real. They are of the

form a+ib, a-ib.

CisH; Cishy = Cis@y +6,) ,— L = cis—6,), — = cod) —isin.

cis 6
cis 92 cod) +isind

a, +ib, (a,a, +b,b,)+i(a,b, -a,b,)

: - 2 2
;;12+1b2 a, +b2
1+i | 1-i
Partal - we bt
1-i ' 1+i

\Jx2 +y? is called the modulus of the complex number x &ny is denoted by r or  |x + iy|

Any value off obtained from the equations 605% sing = % is called an amplitude of the

complex number.

The amplitude lying betweent-and 1t is called the principal amplitude of the complex

number. Rule for choosing the principal amplitude.

www.sakshieducation.com



www.sakshieducation.com

12. If a is the principle amplitude of a complex numbemeal amplitude = 2n+ a where
nUZ.
13.i)) Amp (Z1 Z,) = Amp 4 + AmpZ

(7.
i) Amp =* |= AmpZ, - AmpZ
Z pl p2

2

i) Amp z + Ampz = 2t (when z is a negative real number) = 0 (otherwise)

14. (a) r(co® +isimd) is the modulus amplitude form of x+iy.

. n_. .
15. If the amplitude of a complex number—zrs its real part is zero.

16. If the amplitude of a complex numbergrs its real part is equal to its imaginary part.
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Very Short Answer Questians

1.  If z=(2,-1)z=(6,3 then z-z,
Solution: - Given z =z-i z,=6+3

z-2,=-4-4=(-4,-9

2. If z=(3,5)and z,=(2,9 find zz
Solution: -
Givenz =3+5 z,=2+6

z-2,=(3+5)(2+68)=6+ 28C+ 30'= 6 38 &

z.2,=-24+28 =(-24,28

3. Write the additive inverse of the following

(i) Additive inverse of (v3,5)

Additive inverse is(_*/‘s” B 5)

(i) Additive Inverse of (-6, 5)+(10,- 4
Given complex no is (4,1)

Additive inverse is(~4~3
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(iii) Additive inverse of (2,1)(-4, 9
Letz =2+i z,=-4+4d
zz,=(2+1)(-4+6)=-8+8~ &
=-2+8

Additive inverse is (-2, -8)

4. If z=(6,-3and z,=(2,- 9 thenfind z/z,
Solution: -
Givenz=6+3 z,=2-i

6+3 _(6+3)(2+i) 8+12+ 3
z-i  4-i* 5

4=
z,

5. If z=cos@+i sig then find z—l
z

Solution: -

z=cosf +i sind
b 1 . coY —i sird
zZ cosfd+isind cog-i sif
=cosf-i sind

z—E:Zi sin@d
z
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6. Write the multiplicative inverse of the following complex numbers
(i) (3,4) (i) (sing,cod) (ii)) (7,24) (iv (-2,
Solution: -

0] Let z=3+4i

Multiplicative inverse of z is—— = ——— 4
+4 (3+4)(3- 3)

(i) Let z=sin@+i cod

1 _sin@-i co¥

Multiplicative inverse ofz =— S
sind+1co® ( si-i co8)

_ sinfd-i co¥

=———— =sinf-ico¥
sin®@ + cos @

(i) Let z=7+24

1 - 24

Multiplicative inverse ofz = = ;
7424 (7+24)( 7- 24
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7. Write the following complex numbers in the formA + iB.
i) (2-3i)(3 + 4i)
i) (1 + 2i)°
a-ib
a+ib

ii)

jv) —4*+3l
(2 +3i)(4-3i)

v) (-5i)@_3j

2+5i N 2-5i
3-2i 3+ 2i

Vi)
Sol: i)z=(2-3i)(3 + 4i)
Z=6+8 -9 +12
z=18—i
=18 + (-1)i

i) z=(1 + 2if
=13+ 31 (2i)+ 3)(2iY + (2i)
=1+ 6i+6i° + 83
=1+6i-6-8i
=-5-2i

a—ib
a+ib

iii) z =

a—-ib a-ib
zZ= X

Ta+ib a-ib
_ (a—iby

a’ - (ib)?
_a’ + (iby’ - 2(a)(ib)
B a’+
_a-b . 2ab
T a2+ @2+ i
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4+ 3j

iv)z= 23
(2 +3i)(4-3i)

_ 4+3]

T 8-6i+12i+9
_4+3i

T 17+6i

_ 4+38i 17- 6
17+6i 17- 6i

_ (68+18)+ i(-24+ 51
C @7P- (6

_ 86+ 27i

289+ 36

_ 86+ 27i

- 325

_ 86, 27
325 32t

V) z = (-5i) (EI_B)

z=—_2j2
8

z:§+m
8

2+5 2-5i
=+

vi)z=—— -
3-21 3+ 2i

L (2+5)(3+20) , (2= 5)(3- 2i)
(3-2i)(3+2i) (3- 2i)(3- 2i)

, - 6+4i+15i+ 107 , 6~ 4i- 15 10f

9+4 9+ 4
, = ~4+19i- 4-19i
13
z:_—8+0i
13
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8. Write the conjugate of the following complex nurbers.
) (3 +4i)
ii) (2 + 5i)(—4 + 6i)

Sol: 1)z=3+4i

Z=3-4i

i)z = (2 + 5i)(—4 + 6i)
7z = -8 + 12i — 20i + 306i
=38 — 8i

Z=-38+8i

9. Simplify

) i%+i*+i%+..(2n+1) Terms
i) 18 -3.i7+] 2(1+i 4)[@4)26

Sol: i) i%+i*+i%+...(2n+1) terms

— i2+i2.2+i 2'3+...i 2.(2n+1)

= -1+1+ (-1)+ ...2n terms +i
=0-1=-1

ioiw—3j1H2@+iﬂ14)%

=(i%)°-3i% +i 1 +i 9@) *
= -1+ 3i+ (-1)(1+ 1 1
=3i-1+2

=3i+1
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10. Find a square root for the following complex nambers.

) 7+ 24i

i) —47+i8J3

Sol: i)z =7+ 24i

Let square rootof zbe a + ib
a+ib=+7+ 24i

(a+ by = 7+ 24i

a’— b’ + 2abi= 7 24
a’-b*=8,2abx 24 ..(

|a+ ibE N 7™ 24i
Squaring on both sides,
|a+ibf=|7+ 24i|
a’ + b? =/ 49+ 576
a?+ b =625= 25 ..(2
a’-p=7
a’+b?=25
Adding 222 = 7+ 25
a’=16

a=+4

2P =25-7

a+ib=x(4 + 3i).
—47+i8J3
Let the square root of z be a + ib,

(a+ibY? =-47+i8/3
- =-472a § :

la+ iDEN- 47 i8/ 3|
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Squaring on both sides,

a2+ 12 = 47} + (8/3F
=./2209+ 192=+/ 240

a’+ b= 49

2b° = 96

b? = 48

b=+4J3
a+ib=+(1+ 4/ 3i)

11. Find the multiplicative inverse of the followirg complex numbers.
i) /5+3i i) —i i) i7°°

Sol: i) z=J5+3i
Let a + ib be multiplicative inverse then

(a+ib)z =1

Z=

w
— Oor a+ib==
a+ib Z

i) z=-i
Let a + ib be multiplicative inverse then

(@a+ib)z=1

a+ib=1
VA
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.‘__ Llm

at+ib=i

jiyz=1i"°
Let a + ib be multiplicative inverse then
(a+ib)z=1
a+ib=t=—1 =

(a+ib)=i*° = (i) i=-i

12. Express the following complex numbers in moduse— amplitude form.
i) 1—i i) 1+iv/3
i) —v/3+i iv) —1-i/3

Sol: i) 1-i
Let 1-i=rcosB+ risin®
r cosf=1 and rsi®=-1

r’=1+1=2 =r =2

. 1 1 1 1

sinf=—-==-— And cosf=="=—

2 2
Thereforeg = _n

tim e of o -2

www.sakshieducation.com



ii) 1+iv/3 = rcosB + risird

ii)

rcosf=1

rsinf=+/3

r’(cos’ 8+ sirf@ = 1 ¢
=4

4=42
tan6:\/_3:>9:1—;

T . . T
2| cos—+ isin—
( 3 3)

—J3+i=rcosB+ risind
rcosez—\/_S
rsinf=1

r’(cos’0+ sirf@ = 3 :

r=+42

tanB = _—1

V3

fod5) i)

( 51T ..511]
2| cos—+ isin—
6 6

iv) ~1-+/3i=rcosd+ risird

rcosf=-1
rsin@=-3
r’(cos’ 0+ sirf 0 = ¢
r=+2

tan6=+/3

o= 2"
3
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2. . .21
Hence cos§+ ISIH§

13. Simplify —=2i(3 +i)(2 + 4i)(1 + i) and obtainlie modulus of that complex number.
Sol: z==2i(3+i)(2 + 4i)(1 +1)

= —2i(2+14i)(1+ i)

=-2i(2+2i+14i—-14)

=-2i(-12+16i)
=24i+32
=8(4+ 3i)

| z = 64025
|z 8% 4= 4(

14.1) Ifz#0find Argz+ArgzZ.

i) If z; = -1 and 2z = —i then find Arg(z,2,)

iii) If 2, = —1 and 2 = i then find Arg (i]

Z;

Sol: iletz=x+iy=zZ=x-ly
Argz=tar'Y and Argz= taﬁ(_—yj
X X

Argz+Argz= tanlY + tan 1(—_y)
X X

—tantY - tart 1(Xj
X X
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Sol:
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i)z, =-1and 3 = —i
Arg(z,z,)= Argz + Arg z,

=Tart 2 + Tan 16

iiz,=-landz =i

Arg (ﬁj =Argz, —Argz,

Z;
Tan? — Tantl

- 0
L

2 2

1) If (cosax+ isin2 )(cos@+ isin® = cosf+ isin® then find the value of@.
i) If /3+i=r(cos9+ isind ) then find the value off in radian measure.
iii) If x + iy = cisa . cisp then find the value of X + Y.

2z, + 7,

iv)If ﬁ;zl # 0 is an imaginary number then find the value oi‘z :
z -2,

1

V) If (V3+i)1%° =2+ ib) then show that & + b® = 4.

I)(cos2x + isin2 )(cos@+ isin®R =cosO +isinb

=cos cosPB+ isin@ cofr coa2 isip2? i sm2 sh
=cosd [lcosB- sin@ si i(simd] coB2 cas2 in
=cos(20 +f )1t isin(2¢ +B ))

=cosB+ isind

006=2(+p)
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i) let /3+i=r(cosB+ isind then

rcose=\/_3
rsin6=1
r’(sin?6+ cos 0 = ¢
r=+42
1 L
tanf=—=0=—
J3 6

iii) X+ iy = (cosn + isina )(cof+ isifs
= (cosa cof— sim sif ¥ i(cas spr sin $Bn
X +iy =cos(@ +B)+ isin@ +f3)
X =cos@ +3)
y =sin(@ +)

x2+y2=1

. . Z . . . £
iv) Given =2;z, # 0 is an imaginary number =ki say

4
Zy
|221+ 22|: 2 Z
‘221_22‘ o_%2
4

12+ki| _Va+K* _
2=kl Ja+12

1

V) (v/3+i)1%°=2%(a+ ib)

|3+ %= 2% |a+ ib
(\/Z)].OO — 299 /a2+ b2
2100 _ 599 /a2+ b2

A=g+If
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16.1) Ifz=x+1iy and |z| =1, then find the lags of z.

Sol: i)z=x+ly

IZI:“)(2+y2:1, given

1= 2 +y?

Locus is circle.

ii) If the amplitude of (z — 1) isTv2 then find the locus of z.

z-1=(x-D+iy

1Y
Xx-1

Given Tan”

Y=

x—1=0,¥%¥0alsoy>0.

17.1) Find the equation of the perpendicular bisgor of the line segment joining the points

7+ 7,77

Sol: )z;=7+7i,2=7-Ti
Let A (7, 7),B(7, —7) be the points which represeatiove complex nos.

A(=7,7) M B(7=,—7)

Midpoint of AB is M(7;7,%7J:M(7,0)

Slope of AB :l; -

Slope of the line perpendicular to AB is zero.

Therefore equation of the line passing throug@)(@nd having slope 0isy=0.
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i) Find the equation of the straight line joining the points -9 + 6i, 11 — 4i in the Argand
plane.

Sol. Given complex nos. are A(-9, 6) B(11, -4)

6+4 _ 10 _-1

-9-11 -20 2

Slope of AB =

Equation of line AB:

-1
—6=—(x+9
y 2( )

2y-12=-x-9
X+2y=3

18. If z = x + iy and if the point P in the Argand plane represents z, then describe
geometrically the locus of z satisfying the equatins

i) |z—2-3i|=5
i) 2z -2 = |z - 1]

iii)img z%= 4

. z-1
|V) Arg (mj

I
4

Sol: i)z—2-3i|=5
|x+iy —2—3i| =5
|(x=2)+(y=-3)F 5
(x=2)*+(y-38F =25
X2 +y%—4x—-6y+ 4+ 9- 25= (
X2 +y?-4x-6y-12=0
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i) 2|z -2| =z - 1]
Squaring on both sides 4|z — 2k |z — 1
4(z-2)(z- 2)= (= D)(z 1)
47z-8z- 87+ 16 Zz z %

3Zz2—-T7z2- T2+ 15 |

3(x%*+y?)-7(2x)+ 15= C

iii)img z%= 4
Z=X+1y

7% = (x+iy)?

Z2 = x% - y2 + 2xyi
Im(z?) = 2xy
2xy=4

Xy = 2 rectangular hyperbola.

_z-1_ (x=-D+1iy
T z+1 (x+D+iy
_ [(x =) +iy][(x +1) —iy]
[(x +1) +iy][(x +1) =iy]
_ (X=D(x+D+ ¥ +iy(x+1-x+1)
) (x+1)° +y?

Z

2y

ArgZ1 = Tan_l)(2+—y2_1

_nn
4

2y

—:1
x?+y?-1

2y=x*+y*-1
x2+y?-2y-1=0
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19. Show that the points in the Argand diagram repesented by the complex numbers 2 + 2i,

—2 — 2i,-2J3+ 2/3i are the vertices of an equilateral triangle.

Sol: Let A(2, 2), B(-2, —2), C{2/3,2/3) be points represents given complex numbers in the

argand plane .

AB =./(2+2)>+(2+ 2P = &/ 2
BC=y/(-2+2/3f + (- 2- 2/ 3§
BC=\4+12-8/3+ 4 12 § 3= 4
AC=\(2+2/37 + (2- 2/3f = 4/2

AB=AC=BC

AABC is equilateral.

20. Find the eccentricity of the ellipse whose eqtian is |z-4]+ z—1—52‘ =10
Sol. Given equation is of the form SP+SP =2a
12 q —
Where S(4,0) S(E ,Oj and 2a= 10 =a=5
SS’= 2ae
:4—1—2: 2X5e:>—8: 1= e:—4
5 5 5
21. Find the real and imaginary parts of the comigx numbera+_'g.
a—i

a+ib_ (a+ ib) (a+ ib)
a-ib (a- ib)(a+ ib)

Sol:

_ () +(ib)*+ 2a(ib)
@y -(ib)®
_a’- b’ + 2iab

a+
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:az—b2+i 2ab
a+p d+r

_a’-p

a+ 1P

[0 Real part

Imaginary part - 2ab
a2 + b2 '

22. If4x +i(3x —y) = 3 — 6i where x and y aneal numbers, then find the values of x and y.

Sol: We have 4x + i(3x — y) = 3 + i(-6). Equating thalrand imaginary parts in the above
equation, we get 4x = 3, 3x — y = —6. Upon solvimg simultaneous equations, we get x = 3/4
and y = 33/4.

23. If z = 2 — 3i, then show thatZz— 4z + 13= 0.
Sol: z=2-3i=>z-2=-3 (z-2f = (-3if
—=Z+4-4z=-9

—=7Z_-47+13=0.
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Short Answer Questions

i) If (a+ib) = x+iy, find x* + 2.
Sol: i)(a+ib) = x+iy

a’ - b*+ 2abi= x+ iy

a’-b’=x

2ab=y

Now ¥ = (& — If)?
Y= 48 B

x?+y?=(a%-b?)*+ 4a°P= (&+ B Y

3

i If x+iy=
) y 2+ co®9 +isind

then show that X + y? = 4x — 3.

. 3
X +iy =

= — rationalizing the dr.
2+ o9 +isind

_ 3(2+coD- isiM)

 (2+co ¥ - B sirfe

_ 3(2+co9—isinb)

~ 4+c020 + 4 cod +sin%

_6+3co9- 3isird

- 5+ 4 cosb

=6+3cosﬂ+ - 3isirb
5+4cos® 5+ 4co8

X_6+3cose y= - 3si®
5+4cod’ 5+ 4 coB

L.HS. =

X2 +y? = 6+ 3cod 2+ - 3si® 2
5+4 cod 5 4coB

_36+ 9co$0+ 36co8+ 9sfrd
(5+4cod §
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_ 45+ 36¢c0®
 (5+4co9P ¥
_9(5+4co9P
" (5+4c09P

2 9
X“+y =———
y2 5+4cod

_4 (6+3cod ) 3
5+ 4cod

_24+12co$- 15 12cdd

B 5+ 4cod

_ 9

 5+4co9

4x -3

O x*+y=4x - 3.

iIf X +iy = 1 then show that 4%—1=0.
1+co¥ +isind

1

X+iy = —
1+ co® +isind

X+l = 1+coD- isid
(1+cosD ¥ - 7 sirf@

y = l+cos® _ I co$
2+2cod 2(% coB

x:1:>2x:1
2

—4x% =1

—4x°-1=0
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)If u+iv=="" and z = x + iy find u, v.
z+3

2+

(x+3)+iy

_ (2+i)(x+3-1y)

C(x+3P+y?

_ (x+3)2+y N i(x+3-2y)
(x+37+y®  (x+3)°+y?

_2(x+3)+y  x+3-2y
u= 2 2T 2 2
(x+3)°+y (X+3)°+y

2. i) Ifz =3+ 5i then show that > 107 + 58z — 136 = 0.
Sol: )z=3+5i
(z-3)= (5
z? - 6z+ 9= 25f
7 -6z+9=-25
z?-6z+34= 0
2’-62+34z= 0
(22 -10Z + 58z 136} 47— 24% 136
(2 -10Z + 58z 136) 4(z- 6z 34
0z°-10Z+ 58z 136 0

i) If z= 2-i\/7 then show that
32-47+z+88=0.

z=2-i7
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(227 = W7Y

72 -4z+4=-7

z22-4z+11= 0

Z2-47+11z= 0

322-127+ 33= 0

(32— 47 + z+ 88) £ 82+ 32z 88)
(372 -4Z+ 7+ 88) 8(Z2- 4z 1B O
37 -47+ 7+ 88 0

iii) Show that 2_! > and 27 e conjugate to each other.
(1- 2i) 25

_2=0 e
Z_—(1—2i)2 (ifz=a+ib,z=a-ib)
2

 (1-4)-4i

2-i

-3-4j

_(2-i)(=3+4i)

(=3 4i)(-3+ 4i)

_ —6+8i+3i+4
~ 9+16
2411

- 25

[Conjugate to z iZ]

3.0) If (x-iy)¥3=a-ib, then show that§+%:4(a2— #).

Sol: i) (x-iy)Y®=a-ib

x —iy =(a-ib)®

x —iy =a®+ib* + 3a( ib)(a- ib)

—x=a’-3af &-iy= ib®- 3¢ b

—x=a’-3af &y=bB-32b
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N2 N2
i) Write (a+ 'bj —( a- 'bj in the form x + iy.
a-ib b

at |
(a+ ibjz _( a- ibjz
a-ib a+ ib

Z:((a+ ib)(a+ ib)jz _( (= ib)(a ib)jz

(a-ib)(a+ ib)) | (a+ ib)a ib)
_[a b+ 2abi2_ &- B- 2abj
a’+ b? &+ If

1
:m(8ab(& - 8 ))

iii)if x and y are real numbers such that DX =21, (2= 3)y+i

3+i
values of x and y.

(L+ix-2i , (2-3)y+i_.

3+i 3-i
[(+i)x ~2i]@3 i)  [(2-3i)y +](@3 +) _.
(3+i)(3-1) (3-i)(3+i)
X(3=i+3i+1)+ y(6+ 2i— 9i+ 3)- 6i— 2+ 3i+ T =
9+1
i(2x+2-7y- 3)+ 4x+ 9y- 3:i
10 10
4x+9y-3=0
2x—-7y-3=1C

Solving we get, x =3,y = —1.
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-\ N
4. i)Find the least positive integer n, satisfyiné?j =1.
=i

Sol: o(%) -1

@+ia+i))' _ .
@-i)(1+i)

HE

i"=1

(oM =1=-1x-1=i?xi%=i%
n=4

i*-1

Least value of n = 4.

3 3
.. 1+i 1-i R
fl=——70 -|=—| = f
i) (1—ij (1+J x+iy find x and y

EREE

@ra+) ) _(a-na-ny _
1-i)(L+1i) arna-pn, Y

.

x=0
y=-2
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3+ 2isin0 .
——————ISa

liFind the real values of@ in order that —
1-2isin6

(a) Real Number (b) Purely Imaginary Number.

_ 3+ 2isind
1-2isinB
, = (3+2isin@)(1+ 2isir )
(1-2isinB)(1+ 2isird )
_ 3-4sirf 8+ 8isip
zZ=
1+ 4sirf 0

Z is purely real=> imaginary part =0

8sind _
1+ 4sirf 6
sin6=0

B=nm,nl I
z is purely imaginary> Real part zero

3-4sirf 0
—=O
1+ 4sirf 0

sin29:§
4

J3

sin@g=+—
0=2nm+ " nO |
3
y-1

IV)Find the real value of x and y ifx—__1+—_ =i.
3+ 3-i

x=1 y-1_._ (x-1)(3-1) +(y—1)(3+ ) _
3+i 3-i (3+i)(3-i) (3-i)(3+i)
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(x=1)E-1 (y=DE+1)_,

9+1 9+1
3(x-1)+ 3(y- 1)+ i(1- x+ y- 1):i
10 10
3x+3y- 6+—x+ y:i
10 10
3x+3y-6=0
y—-x=10

Solving we get, x = -4,y = 6.

5. Simplify the following complex numbers and findtheir modulus.

(2+ 4i)(-1+ 2i)
(-1-0)(3-1)

, = (2+4i)(-1+ 20)
(-1-D)(3-1)

Sol:

_ —2+4i-4i+8#°
-3+1- 3i+

_-10 _ 5
-4-2i 2+i
5(2-1)

T 2+i2-)

_5(2-1i)
4+1

|2 A= E

=2-i

6. i) If @-i)(2-i)(3-i)...1- ni)= x— iy then prove that 2(500...(+ & F X+ ¥.
Sol: i)(1-i)(2-i)@-i)...(1- ni)= x—iy

Taking modulus both sides.

A=D1 DI...1+ niF [x iy

205 1 F =y #+ ¢
2060001+ 1f )= X+ ¥
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ii) If the real part of il is 1, then find the locus of z.

Z+1
2 ki
Z+1
DY kg
(X)+(y+1)i

[ +D) +iyllx ~(v +Di] _,
[x +(y +Dillx =(y +1)i] = 7

X(X+1)+y(y+1)+i(xy— (x+1)(y+1))
X2 +(y+1)

Givenreal part=1
X2 +y?+x+y=x2+(y+1)?
x2+y2+x+y:x2+y2+2y+1
x-y=1
iiIf |z— 3 + i| = 4 determine the locus of z.
z-3+i|=4
|(x=3)+i(y+1) = 4
(x=3)°+(y+1)° =16
X% +y2-6x+2y+10= 1€
x?+y?-6x+2y-6=0

IV)If |z+ai[p |z ai then find the locus of z.
|z + ai| = [z — ali|

09+ (y+ a)i[= | x+ (y= )i
X2 +(y+a)f = X2+ (y- af

y=0
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7. Ifz=x+1y and if the point P in the Argand pane represents z, then describe
geometrically the locus of P satisfying the equatins
) [2z-3|=7
Sol: )|2z-3|=7
| 2(x)— 3+ 2yiE 7
J@x-37+4y =7
AX? —12x+ O+ 4y = 4¢C
4x° + 4y* = 12x- 40= (
x?+y?-3x-10=0

CentrE(E,oj, radius =Z
2 2

i) |z =4 Re (z + 2)
|zf= 4Re(z 2
X2+ V= 4(X + 2)
X¥+yY—4x—-8=0
Circle centre (2, 0).

Radius =12 = 2/3.

i)z +i[*—|z=if=2

X2 +(y+D)P=x*=(y-1)°=2
4y =2
2y=1=2y-1=0

Line parallel to x-axis.
V) |z + 4i| + |z —4i| = 10

Sol: Given |z + 4i| + |z — 4i] = 10.

| (x+(y+4)i) [+ (x+ (y= i) F 1C
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X+ (y+4)7 +3xC+ (-4 =10
K +(y+a)’ =(10- ¢ (y- 2
X2+ (y+4)° =

100+ X + (y- 4 - 2Q/ ¥+ (y- 4f

Solving we get
25% + 9y = 225 is ellipse.
Centre (0, 0)

[42 =
Eccentricity = e = a sz
a
_ [25-9
25

o)
Il
gl

If z1, z, are two non-zero complex numbers satisfying

1) |21+ z| = |z| + || then show that Arg z — Arg z, = 0.

Nz + 2| = 2| + |2

Squaring both sides

lz+2 f=(lz I [2)f
(z,+2,)(z+2)
=lzf+1zf+2|z 2 |
2,2t 2,2, 1Lt 2,4
=lz f+lzf+2]z llz |
2,2,+72,= 2|z || 2
(X +iy (X 2=y J +(X o Hiy (X 17y )

=23 +y2\[x3+y3

Squaring on both sides we get
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(X Xo + Yy 2> = (XT+yD(X5+Y )
(X1y2 =YX 2)2 =0

Yo Wi
X, Xg

LJArgz,—Argz, =0

i) If z = x + iy and the point P represents z in he Argand plane and

z—j 1
Z+
Re(a)# 0 then find the locus of P.

Z;j :1

Z+

|z—afF |z a

Sol.

Squaring on both sides
(x—af+y=(x+af+y
4xa =0

Xx=0

Parallel to y-axis.

9. If B 4jisareal number, show that the points representeldy the complex numbers gz z,
74

Z are collinear.

Sol:
z
0
23 O ZZ
Z,— 2 Z,— 2, .
Arg| 2= =0 then=2—=8 is real.
4~ 4~
0=0

O z, 2, zz are collinear.
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10. Show that the four points in the Argand plane epresented by the complex numbers 2 + i,

4 + 3i, 2 + 5i, 3i are the vertices of a square.
Sol: Let the four points represented by the given complembers be A, B, C, D then
A=(,1),B(4,3),C(2,5),D(0,3)

AB = \(4-27 + (3- 1} =/ 4+ 4= 2/
BC = \/(4- 27+ (3- 57 =/ 4+ 4= 2/

AC = /(227 + (5- 1} =/ OF 16= ¢

BD = /(4- 07 + (3- 3} =16+ 0= ¢
AB = BC and AC = BD

Given Complex number are the vertices of a square.

11. Show that the points in the Argand diagram repesented by the complex numbers

-2+ 7i,_73+%' , 4 — Si%(l + 1) are the vertices of a rhombus.

A B cu-aglt
Sol: A(-2,7), B( , ,ZJ,C(4, 3),[{2,2j

a3 (3]

_\/1+@_\/17o
4 4 2

oorfs] o3

_ 121, 49_+170
4 4 2

on| 3] o[+

_\/1+@_Jl7o
4 4 2
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oo+ (-

_\/gl+i9_ J170

4 4 2
Slope of AC :E:E:j
-2-4 -6 3
71
-2 2.3
Slope of BD 7,375
3 2
AC OBD

0 ABCD is rhombus.

12. Show that the points in the Argand diagram repesented by the complex numbers,zz, z;
are collinear if and only if there exists real numlers p, g, r not all zero, satisfying
pz;+qz +rzz=0andp+q+r=0

Sol: pz+qz+rzz=0
P21+ 0% = -1z

Pz *+ 07 —
———= |(pta)=-r1z
( p+q j ’
Nowp+q=—r

Pa+az _,
- 48
p+q

= zz divides z and z is g : p ratio. O z;, 2, 73 are collinear.
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13. The points P, Q denote the complex numbers, z in the Argand diagram. O is origin. If

2,2, +72z,= 0then show thatOPOQ = 90°.

Sol: z7,+7z,=0

—21_22 +_2122 =0= ﬁ-+(ﬁj =0
2,7, Z \ 4

= Real ofﬁz 0
Z

or A4 s purely imaginary
Z

Let Imaginary part o(%j is K.

2

A =i
Z

= Arg (ﬁJ :E.
z,) 2

14. Determine the locus of z, 2 2i, such that( Z_;j =0.
z-2i
Sol: Letz=x+1iy, then

z-4 _ x+iy—4: (x—4)+ iy
z-2i x+iy-2i x+i(y-2)

_ (x=2)+iy x-i(y-2)
A X+i(y—-2) x-i(y—-2)

_ (x* - 4x+y* - 2y)+i(2x+ 4y- 8)
X2 +(y-2)?

- 2002 _ Ay
Hence, real partoﬁZ 4): X“+y"-4x-2y

z-2i X2 +(y -2)?
The ratio on the RHS is zero.

i.e. ¥ —4x + ¥ — 2y = 0 if and only if
(x—2F + (y— 1} = 5.
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Therefore z 2i and Re( Z_;j =0
72— 2i

= (X, y)% (0, 2) and (x — Z)+ (y — 1f = 5.
Hence the locus of the given point representingctiaplex number is the circle with (2, 1) as

centre and/5 units as radius except the point (0, 2).

15. Write z = -7+iy/21 in the polar form.

Sol: Ifz=-7+iW21 =x+iy
Then x =—J7,y =+/21, r=x? +y?
=\7+21=28= 2/ 7

ano=Y =213
X —_

Since the given point lies in the second quadnaatjook for a solution of taA = —/3 which

lies in (gﬂj We find that® :%n is such a solution.

07 +iv21= 2\/_7{ cos%n+ isin%n}

16. If the amplitude of( K 2) =" find its locus.
Z-6i 2
Sol: Letz=x+iy
Z-2  X—2+1iy

Then = .
z-61 x+i(y—6)

_[(x=2) +iy]ix (i(y —6)]
[x +i(y -6)l[x —i(y —6)]

_X(x=2)+y(y—6) . xy=(X=2)(y=6)

X? +(y —6) x>+ (y-6)°

=a +ib (say)
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X(x=2)+y(y-6)
X% +(y -6)

Then a=

p=XY~-(x=2)(y=6)
x?+(y-6)°

But by the hypothesis, amplitude a# ib:g.

Hencea=0and»0

O x(x—2)+y(y—6)=0or

X +y —2x—6y=0 ..(1)
and 3x+y—-&0 ..(2)

The points satisfying (1) and (2) constitute the afrthe circle X+ y* — 2x — 6y = 0 intercepted
by the diameter 3x + y — 6 = 0 not containing thigio and excluding the points (0, 6) and
(2, 0). Hence this arc is the required locus.

17. Show that the equation of any circle in the copiex plane is of the form
zz+bz+ bz+ = 0,(0 C;@ R.

Sol:  Assume the general form of the equation of a circi@artesian coordinates as
x?+y?+2gx+ 2fy+¢c= 0,(g,f0 R) ... (1)
To write this equation in the complex variablenfior

Let (X, y) =z. Then

z+7Z z-Z i(z—"2)
:X,_. — y: e
2 2i 2

x2+y?=|zfP= 2z

Substituting these results in equation (1), weliobt
zZz+ g(z+7z2)y+ f(z=2)c it &= C

i.e. zz+ (g- if)z+ (g+ if)z+c= 0 ... (2)

If g + if = b, then equation (2) can be written @&+ bz+ bz+ & (.
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18. Show that the complex numbers z satisfying? +z? = 2 constitute a hyperbola.

Sol. Substituting z = x + iy in the given equatiah+z*= 2, we obtain the Cartesian form of the
given equation.
0 (x +iy)? +(x —iy) 2 =2
i.e., x2—y?+2ixy +x?—y?-2ixy =2
Or 2¢ -2y =2 ie,X—y=1.
Since this equation denotes a hyperbola all thepb®mmumbers satisfying® + z> = 2 constitute
the hyperbola%- y = 1.

19. Show that the points in the Argand diagram repesented by the complex numbers 1+ 3i,
4 — 3i, 5 — 5i are collinear.
Sol: LetP = (1 + 3i) represented by (1, 3)
Q =4 - 3irepresented by (4, -3)
R =5 — 5i represented by (5, -5)
If slope of PQ = slope QR then P, Q, R are caddline

Slope of PQ —3_—2’ -_—63: -2

-3+5

Slope of QR = =2

O P, Q, R are collinear.

20. Find the equation of straight line joining thepoints represented by (—4+3i), (2 — 3i) in the
Argand plane.

Sol: Take the given points as
A=—-4+3i=(—4,3)
B=2-3i=(2, -3)

Equation of the straight lin@B is
3+3

y—-3=

(X+4)

e, x+y+1=0.
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21. The point P resent a complex number z in the Ajand plane. If the amplitude of z isv4,

determine the locus of P.

Sol:iLetz=x+1y

By hypothesis, amplitude czf:g.

Tt z
Hencex =|7 coszz% andy = |Z|sz_%

Hencex=0,y=0and x =.
Clearly for anyx [0, ), the point X + ix has amplitud@#4.
O The locus of P is the ray
{(x,y)DR2 |x= 0, y= 0,x= )}[
[

22. If the point P denotes the complex number z = x Iy in the Argand plane and ifiT_1 is a

purely imaginary number, find the locus of P.
Sol:We note thatz—_'1 is not defined if z=1
7—

Since, z=x +1y,

z-i _x+iy—i _x+i(y-1)
z-1 x+iy-1 x-1+iy

_ ily -1 Jl(x- 'y]
[x D+iy| [(x=1)-iy]

:x2+y2—x—yJri 1-x-y
(x-1)%+y? (x-1)%+y?

z_ Will be purely imaginary, if and 2 1 and% 0.
= x-1 +y

i.e., x*+y?-x-y=0 and(x,y)#(10).

00 The locus of P is the circle? +y?—x -y =0 excluding the point (1, 0).

www.sakshieducation.com



www.sakshieducation.com

23. The complex no. z has argumeft o<e<g and satisfy the equation|z-3i|=3. Then

prove that (cote—gj =i.
z

Sol. Let z = x+iy3

|2-3i|=3= |x+iy-3|=3
=|x=i(y-3)=3

=¥ +(y-3)°" =3
= x*+y*-6y+9=9
=X +y*-6y=0

= X’ +y* =6y

6y _ By _
=2 2~ o2 T
x+y E:
5,82
zz zy
:>§:x—|y
z y
8- X i 8 cote-i
zZ 'y y4
Dcote—ézi
y4
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