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SYSTEM OF CIRCLES

Theorem:

If d is the distance between the centers of twerg®cting circles with radiirr, and@ is the

_ d2 =22
angle between the circles thezg=——2 2.
2n1,

Proof:

Let C,, G be the centre s of the two circles S = 0= with radii g, r, respectively. Thus
C,C, = d. Let P be a point of intersection of the tvizles. Let PB, PA be the tangents of the
circles S = 0, S= 0 respectively at P.

/AN
\/

Now PG =1, PG =1, UAPB =6

Since PB is a tangent to the circle S £1@;,PB =172

Since PA is a tangent to the circle ' =3),[1C,PA =112

Now OC,PG, =C,PB +C,PA —[DAPB=12 + 112 -0 = 11— 0

FromAC,PG,, by cosine rule,

CiC5=PC+ PG- 2PQI PG ct% CP= d?>=r2+r2-2r,cosfi-0 )= = ¢+ £+ 2(p cod

2 2 .2
d°-r"-r

=2nr,cof=d - f- £= cod=
2nr,
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Corollary:

If 8 is the angle between the circles 2% y* + 2gx + 2fy + ¢ = 0, %+ y* + 2gx + 2fy + ¢= 0
c+c—2(gd+ ff)

2 +f2-cy g2+ f2-¢

thencost =

Proof:

Let C, C, be the centre s and r, be the radii of the circles S = 0,80 respectively and;C, = d.
[ C1 = (_g’ _f)’ Q = (_g’ _f')’
n=yg*+f%-c,,=dg?+f?*-¢

@ -2-rf _(@-gF+(-F)?-(g*+f?~0)-(g >+ *=C)

Nowcosb =
2nr, 2+ 2 -cyg2+ f2=d

_g°+g®-2gd+ P+ f2- 2ff — g’ f2+c-g > f 3+ ¢
2P +f2-cg2+f2-¢
____c+c-2(gg+ ff)
2 +12-cyg2+f2-¢

Note: Let d be the distance between the centers of méavsecting circles with radii,rr,. The two

circles cut orthogonally ifi* = i + .

Note: The condition that the two circles

S=Ex?+y +2gx+2fy +c =0, X%+ y* + 2dgx + 2fy + ¢=0 may cut each other orthogonally
is 2gd + 2ff' = c + ¢.
Proof: Let G, C, be the centers and r, be the radii of the circles S = 0,50 respectively.

0 C.=(-g,-), G=(-g, )

rﬁm, fz=\/m

Let P be point of intersection of the circles.
The two circles cut orthogonally at P
- 0C,PC, =90

www.sakshieducation.com



www.sakshieducation.com
=>CC=CFP+GP - (g i+ (F Ff=7F+ 7
o g*+g?-29d+ P+ f2-2ff = g°+ f2—c+ g %+ f 2+ ¢

= —(2gd + 2ff')=—(c+ ¢ )= 2gg+ 2ff= c+ €

Note:

1. The equation of the common chord of the inteisgatircles s= 0 ands0 is s-$ =0.
2. The equation of the common tangent of the toughircles s= 0 ands0 is s-$ =0

3. If the circle s=0 and the line L =0 are intergagthen the equation of the circle passing through

the points of intersection of s=0 and L=0 is/3+=0.

4. The equation of the circle passing through thatpaf intersection of S=0 and' S0 is
S+4S'=0.

Theorem: The equation of the radical axis of the circ®es0, S=0is S - S=0.
Theorem: The radical axis of two circles is perpenidular to their line of centers.
Proof:

Let S=x*+ V" + 2gx + 2fy + ¢ = 0, & x* + Y + 2gx + 2fy + ¢= 0 be the given circles.

The equation of the radical axis is S'=3
=2(g-d)x+ 2(f-f)y+(c-¢)=C
= ax + by + ¢ = 0 where
a=29-9,h=2(f-f),c=c-¢
The centers of the circles are (—g,—f),' ()
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The equation to the line of centers is:
x+g)f-f)=(+H@-9
= (f-f)x—(g-g)y-gf'+fg'=0
= aX + by + = 0 where
g=f-f.h=-(9-9, c=fg —of
Now aa,+b;b,=2(g — g)(f—")-2(f—f)(g —d) = 0.

Very Short Answer Questions

1. Find 'k’ if the following pair of circles are ort hogonal.
i) x*y? + 2by-k = 0, ¥+y*+2ax+8=0
Sol. Given circles are%y? + 2by-k = 0, %+y*+2ax+8=0
From above equations ;g0; fi=b;g=-k
g=a, £1=0;G6=8
Since the circles are orthogonal,
200+ 2hf =+
2(0) (@) + 2(b) OF -k +8
0=-k+8
K=38
i) x?+y?+6x—8y+12=0;
XC+y —4x+6y+k=0
Ans.

2 Find the angle between the circles given by the egtions
) X°+y—12x—6y+41=0; >y —4x+6y—59=0
Sol. *+y—12x—6y+41=0

Centre ¢ (6, 3) radiusy= {36 + 9 - 41}? =2

x?+y —4x + 6y —59 = 0, then centre<(-2,-3)

Radius #={4 +9-59}? ={72}"2=6y2

C,C; =d=/(6+2)"+ (3+3)° =64 +36 =10

www.sakshieducation.com



www.sakshieducation.com

2 3T 100 —2—72 24
Let 0 be the angle between the circles, thei@s & = E:é = 2 %27 Tax62
0 = 45°
i) x?+y?+6x—10y —135=0; 3¢ y*—4x + 14y — 116 = 0.
Ans. 8 :—F

3. Show that the angle between the circle$ x y* = & and X + y* = ax is~-

Sol. Equations of the circles are
S=X+y-&=0,
S'=x¥+y—ax—ay=0

C.(0,0),G @’gj

C e e
=z -
- — la” o’ —je L =8
r]_—a, — IT_T _'\J!T_ﬂ,_f
2z .1 2 _Tae" —a”
5@ — & g — &8> ' &)  —— _ -1 — Im _ 3x
Co5 — = .. =.75;f=—==C0S— Thereforef = —

4. Show that circles given by the following equatiogiintersect each other orthogonally.
). X°+y?+6x—8y+12=0;%+y —4x+6y+k=0
Sol. Given circles are

X+ V¥ +6x—8y+12=0; +y —4x+ 6y + k= 0from above circles,

g=-1, f=-1,¢=-7, d¢=7,f==; ¢ =0. Therefore,c +&—-7+0

=

2gd + 2ff'= -2(-1 ‘_4j +o(n22=8 _ 2 _-2A_ 4
99 ()(3 =3 "3 3

Therefore, 2gg+ 2ff = c + ¢
Hence the given circles cut each other orthodgpnal

Hence both the circles cut orthogonally.
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i) x?+y'+2x+4=0; X+y+2my-g=0
Sol. Given circles X+ y? + 2Ix + 4 = 0; %+ Y+ 2my - g = 0 from these equations,

0=-1f1=0,6=9,=0,L=m, g=-g
Now 2gg, + 2fifo=¢, + &

2(1) (0) +2(0) (m) =g—-g
0=0 ~TWO circles are orthogonal.

5. Find the equation of the radical axis of the fobbwing circles.
) X2+y—3x—4y+5=0, 36+ y)—7x+8y+11=0
SolletS=x*+y—3x—4y+5=0

8 11
S=+ Y- Lx+ Sys o
y 3 3y 3

Radical axisis S-S0

(x®+ Yy —3x — 4y+5){x +y ——x+2y+%1j:0

—Z @y+—4—0:> X+10y-2=C
3 3° 3

i) X2+y+2x+4y+1=0,%+y+4x+y=0. Ans. 2x—3y+1=0
ii) X2+ Yy +4x+6y—7=04k+V)+8x+12y—9=0. Ans. 8x +12y—19=0
iv) X2 +y—2x—4y—-1=0,% Y —-4x—-6y+5=0 Ans.x+y—3=0

6. Find the equation of the common chord of the follwing pair of circles.
) X2+y—4x—4y+3=0, X+y —5x—6y+4=0
Sol. S=X+yY—4x—4y+3=0

S'=x*+y—-5x—6y+4=0

Common chordis S-S 0

(¢ + Y — 4x — 4y + 3)—(X+ Y — 5x—6y+4) = 0

X+2y-1=0
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Short Answer Questions

1 Find the equation of the circle which passes thragh the origin and intersects the circles

given by the following equations orthogonally.

) X+yY—4x+6y+10=0,%+y+12y+6=0
Sol. Let equation of the circle be
X2+ Y + 2gx + 2fy + ¢ = 0 ----(1)
Above circle is passing through (0, 0)
0+0+0+0+c = 0.. c=0.
Circle (1) is orthogonal to
X%+ y? — 4x + 67 + 10 = 0 then
2gd + 2ff'=c+ ¢
29 (-2) +2f(3) =0+ 10
-4g + 6f =10 ----- (2)
Circle (1) is orthogonal to
X+y2+ 12y +6=0
+20 (0)+2f(6)=6+0
12f = 6 (3} f =3

From (2) and (3),
-4g+6 >=10

-4g=10-35g =--

- Equation of circle is

X4y - -x+y=0=2¢+ 2 —7x + 2y = 0.
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2. Find the equation of the circle which passes thumgh the point (0, -3) and intersects the
circles given by the equations %+ y*—6x+3y+5 = 0, X +y*~ x — 7y = 0 orthogonally.
Sol. Let circle be

X2+ V¥ + 2gx + 2fy + ¢ = 0------- (1)

(1) is orthogonal to%+ y—6x+3y+5 = 0

—6g + 3f =C + 5----------- (2)
(1) is orthogonal to+ y* —x —7y =0

~ 29 [+—1) + 2f(+—7j =cC
2 2

-g-7f=c ---(3)
Given (1) is passing through (0, —3)
0+9-6f+c=0

(3 -()
5g—10f=-5 g-2f=-1
(iii) + (iv)
9-g-13f=0>g+13f=9
g-2f=-1
15f = 10

f:§:>g =2.§—1:>g = +%

=9-6-+c=0sc=-5
Therefore, equations of the circles are
X+y+y+- x-5=0

(Or) 3% + 3y + 2x + 4y —15=0
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(3) Find the equation of the circle passing througlhe origin, having its centre on the line
X +y = 4 and intersecting the circle %+ y* — 4x + 2y + 4 = 0 orthogonally?
Sol. Let S= X+ Y+ 2gx + 2fy + c =0
S=0 is passing through (0, 0)
=0+0+29.0+2f0+c=6c=0
X+ Y +2gx+2fy=0
Centre (-g,-f)isonx+y=4
n—0g—f= 4 (1)
S=0 is orthogonal to
X +yY—4x+2y+4=0
=49+2f=4+0

=f-29=2 - (2)
Solving (1) and (2) we get
-3g=6=>g=-2
f=-2

Equation of circle is3+ y?— 4 x —4y = 0

4. Find the equation of the circle which passes tbugh the points (2, 0), (0, 2) and
orthogonal to the circle 2X + 2y + 5x — 6y + 4 =0
Sol. LetS=xX+y+2gx+2fy+c=0
S=0 is passing through (2, 0), (0, 2),
=4+0+4g+c=0 --- (1)
And 0+4+4f+c=0---- (2)
(1)-2=fg=0=g=7

S=0 is orthogonal to’x+ y* += x =Sy +2=0

= 29[%} + 2f (—;) = 2+cC

g-3f=2+c
Butg=f=3g-3g=2+c

=>-g=4+2cC
Putting value of g in equation (1)
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12

-16-8c+c=—4c= _—
= —-g4 ——_ = +§
Equation of the circle is

=>7(¢+y)-8x—-8y—-12=0

(5) Find the equation of the circle which cuts orthgonally the circle ¥ + Y = 4x + 2y -7 =0
and having centre at (2, 3)
Sol. Given circle is
X+ —Ax+2y—7=0---(1)
Let the required circle be
S=X+y'+2gx+2fy+c=0
Centre (—g, —f) =(2,3) given
g=-2,f=-3
Circles (1) and S=0 are cutting each other orthafip.
= 29d + 2fff=c+ ¢
2(-2) (-2)+2(-3) (1) ==7+c
=>8-6=—-7+e+2=-7+CcC
c=7+2=%c=9
Hence the required circle is,
X +y—4x—6y+9=0

6. Find the equation of the common tangent of the flmwing circles at their point of contact.
) x2+y*+10x—2y +22=0, 5+ Yy +2x -8y +8=0.
Sol. S=X+y +10x—2y+22=0

Centre A = (-5, 1), radiug F 2

S=x*+y+2x—8y+8=0.

Centre B = (-1, 4) radius £ 3

AB = v16+9=5
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Therefore AB =5 = 3+2 = #».
Given circles touch each other externally.
When circles touch each other, their common tangeft— S= 0
O0C+y +10x—2y+22)— &+ y +2x—8y+8)=0
8x+6y+14=0(or)4x+3y+7=0

i) x?+y'—8y—4=0,%+y —2x—4y=0.
Ans.x-2y-2=0

7. Show that the circles X+ y* — 8x — 2y + 8 = 0 and %+ y* — 2x + 6y + 6 = 0 touch each other
and find the point of contact?

SolS=X+y¥—-8x—-2y+8=0
Ci=(4,1) n=v16+1-8=c¢
S=x*+y—2x+6y+6=0

G =(1,-3),r,=4/1+9- 6= 2

C,Cy =+ (4- 17+ (1 3f = ¢

r+ r, = C, + G they touch each other externally

I:i Cz

The point of contact divides the centre of cirgteghe ratio {: r, internally.

Point of contact is

:(3(1)+2(4) 3¢ 3 2(1))2(11/5_7/3
3+2 3+ 2 ’

[0 Point of contact %%1%7) )

www.sakshieducation.com



www.sakshieducation.com
8. If the two circles ¥ + y? + 2gx + 2fy =0 and %+ y* + 2dx + 2fy = 0 touch each other then
show that fg = fg.
Sol.S=X+y+2gx +2fy=0

Centre G = (-g, —f), radiug; ={/g° +f?
S=xX+y+2gx+2fy=0

Co = (g, 1), p =g +12

Given circles are touching circles,
O C]_C2 =n+n

= (CiC)* = (n + )’

(g'—g)2+(f'—f)2= gz+f2+g'2+f'2+2\/gz+f 2\/g 2, ¢ 2
~2(qg + ') = 2{gzg’z+f2f’2+g2f'2+f 6 % 1
N (gg’+ff’)2:g2g2+f2f’2+ng'2+f 6

g?g2+ 1% 2+29dff =g’ 2+ ¥ 2+ g% %1 &
= 2gd ff' = g?f'?+f g2

= g’ 2+f ' 2-2gdff' =0

= (gf' -fg)2 =0 = gf' =fg'

9. Find the radical centre of the following circles
) X?+y —4x—6y+5=0,%+y—2x—4y—-1=0,%+y’ —6x—2y=0
Sol.Given circles

S=X+y —-4x—-6y+5=0

S'=X+y —2x—4y—1=0

S'=x+y —6x—2y=0

Radical axis Of S =B\nd S’=0 is S-S’ =0

= -2Xx-2y+6=0

=>X+y-3=0 .. (1)
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R.A.of S=0and S”=0is S’ -S” =0
= 4x-2y-1=0 .. (2)
Solving (1) and (2),

11
X=7/6,y="=
y 6

Radical centre is (7/6, 11/6).

i) X2+ +4x—7=0,2%+ 2y +3x+5y—9=0,%+y+y=0.

Ans.P (2, 1)
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Long Answer Questions

1  Find the equation of the circle which intersectshe circle
x> + y* — 6x + 4y — 3 = 0 orthogonally and passes throughe point (3, 0) and touches the
Y-axis.

Sol. Let (h, k) be the centre of the circle.

Since the circle is touching the y axis, theref@dius is |h|

S5=0

v axis

Therefore equation of the circle is
(Xx—hf+(y—kf="F
S=¥-2hx+y-2ky +k =0

S=0 is Passing through (3, 0),
—=9—6h+k=0— (i)

S=0 is Orthogonal to®¢ y* — 6x+ 4y—3=0
= 2(-h) (-3)+2(-k) (2) = - 3 +k
—6h—4k=-3 +k

— 6h-4k +3—k =0----- (2)

Q) +2)=12-4k=0= k=3
— h=3,
Equation of circle be
V+xXX—6x—6y+9=0
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(2) Find the equation of the circle which cuts the ctles ¥ + y* — 4x — 6y + 11 = 0,
x? + y* — 10x — 4y + 21 = 0 orthogonally and has the dianee along the straight line
2Xx + 3y =17.
Sol.Let circle be S =%+ y* + 2gx + 2fy + ¢ = 0
S=0 is Orthogonal to’¢+ Y — 4x — 6y + 11 = 0,5+ y* — 10x — 4y + 21 =0
—  2g(=2)+2f(-3) =11 +¢c —— (1)
= 29 (-5) +2f(-2)=21+c —— (2)
(1) ~(2) = —6g +2f = 10—— (3)
Centre (-g,-f)ison 2x + 3y = 7,
.—2g-3f=7 — (@)
Solving (3) and (4)
=-1,9=-2,
Sub. These values in (1), thenc =3
Equation of circle X+ y* — 4x —2y +3 =0

3) If P,Q are conjugate points with respect to a gile S= x* + y* + 2gx+ 2fy + ¢ = 0 then
prove that the circle PQ as diameter cuts the cirels S = 0 orthogonally.
Sol. Equation of the circle is
S5=xX*+y +2gx+2fy+c=0
Let P = (%,y1) , Q (%,Y.) be the conjugate
Points w.r.t. the circle S=0.
Since P = (xYy1) , Q (%,Y,) are conjugate points;S=0.
= XX+ V1Yot g (X +Xo)+H(y1+y2)+c=0
= XXt Y1y +C= - 9% +Xp)-f(y1+y)----(1)
Equation of the circle on PQ as diameter is {x(-x,) + (y-y1) (y-y2) =0
= S'= X+ V(X)) X —(¥itY2) Y + (aXz+yiya) = 0.
Given S=0 and'S=0 are orthogonal,
2 g, + 2fif;
= 29[ (%2 )1 + 271 (232))

= -g(a+x2)-f (Y1tYa) = XXz + Y12 +C

And C +¢ =xXo + Y1 +C
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2200 Qo+ 2f, f, = C +¢

Hence circles are orthogonal to each other.

4) If the equation of two circles whose radii are aa' be S = 0, $=0, then show that the circles

'E :i— = 0 will interest orthogonally.

5) Find the equation of the circle which intersectsach of the following circles orthogonally
X+ +2x+4y+1=0;K+y*-2x+6y-3=0; 2%+2y+6x+8y-3=0
Sol. Let equation of circle be
X+ +2gx+2fy+c=0
This circle is orthogonal to
XY +2x+4y +1=0; %+ -2x+6y-3=0; &% YV +3x+4y—-3/2=0
20 (1) +2f(2)=c+1 -(i)

29(Z)+2f(2)=c< - (i)

29 (-1) +2f(3)=c -3 - (iii)

(iii)) — (i)

-5g + 2f =— (or) — 10g + 4f = -3 — (iv)
(iii)) — (i)

-4g +2f = -4

F-2g=-2

Solving (iv) and (v) we get
F=-7,9=-5/2,c=-34
-~ Equation of circle be
X +y—5x-14y-34=0
i) x>+ y+4x+2y+1=0;
2¢ + 2y + 8x +6y - 3 = 0;
XX+ Yy +6x—2y-3=0.
Ans.x*+y —5y—14x-34=0
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6) If the Straight line 2x + 3y = 1 intersects the ctle x* + y* = 4 at the points A and B. Find the
equation of the circle having AB as diameter.
Sol. CircleisS=%+y =4
Equation of the line is L = 2x + 3y = 1 Equatiofcircle passing through S=0 and L=0 is
S+AL =0
= (C+yY¥—4)+1(2x+3y—-1)=0
=>x*+yY+2ix+3ly—-44=0

b - i

— Center {—12%)
Centrelieson2x +3y—-1=0

~2(-1)+32-1=0

b

=i

(<)

.. Equation of circle be
13 (€ +y)-4x13-2(2x+3y-1)=0
13 (X + y?) - 4x — 6y - 50 = 0.

7) Ifx+y =3is the equation of the chord AB ofhe circle ¥ + y* - 2x + 4y - 8 = 0, Find the
equation of the circle having AB as diameter.
Ans. X+ -6x+4=0

8) Find the equation of the circle passing throughte intersection of the circles &+ y* = 2ax
and X% + y* = 2by and having its center on the ling -2 =2

@

Sol.S =X + y? = 2ax
S1=xX+y=2by
Equation of circle passes through the point afrisected of S = 0 and S 0 can be
Written as S+ S'=0

=x2+y -2ax# (¢ +y -2by)=0
x> (1+4) + Y (1+4) + x(-2a) - (2bh)y = 0

2 Zax Zhidy
+ - — — =0
=X +y 154 144

Centre C 5% =]
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Centre is a point oh—= = 2
fard o
e B 5 1-2=2(1+)
giltd) Ll+dle

=i=-1/3

Equation of circle be

3¢ + 3y -6ax -X-y +2by=0
— 2)%¢ + 2y - Bax + 2by = 0
—=x?+y - 3ax+by = 0.

9. Show that the common chord of the circles
x° +y? —6x — 4y + 9 = 0 and %+ y* — 8x — 6y + 23 = 0 is the diameter of the seconidote

also and find its length.
Sol. S=X+yY—6x—4y+9=0,S =% y*—8x—6y+23=0
Common chord is S-S” =0
= (X +y* — 6x — 4y+9) — (k+y*—8x—6y+23) = 0
= 2Xx+2y-14=0
= X+y—-7=0...()
Centre of circle (4, 3)
Substituting (4, 3) in x +y — 7 =0,
We get 4+3-7 =6= 0=0.

(i) is a diameter of S’ =0.

Radius isv4? + & — 23=+/ 2= diameter =2

10. Find the equation and the length of the common drd of the following circles.
) X2y +2x+2y +1 =0, X+ +4x +3y + 2 =0
Sol.S =X +y* +2x+2y + 1 = 0,

S'=x* +y? +4x +3y + 2 =0

Equation of common chord is
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S-38=0
(X + V¥ + 2x+2y+1) — (X +y* +4x +3y+2) = 0
—2X-y-1=02x+y+1=0
Centre of S=01is (-1, -1)
Radius =v1+1-1=1

Length oflJ from centre (—1,-1) to the chord is

o|2eD+ e
| 2|

Gl

length of the chord 3 A= é 4_2
5 45

i) x?+y—5x—6y+4=0%+yY—-2x-2=0

ANS. 2\/E
5

11. Prove that the radical axis of the circles %+ y* + 2gx + 2fy + ¢ = 0 and

X2 + y* + 2dx + 2fy + ¢ = 0 is the diameter of the later circle (or) forme bisects the

circumference of later) if 2d(g—-d) + 2f(f—-f)=c-¢.
Sol.S=X+y+2gx+2fy+c=0

S=x*+y+2dx+2fy+cd =0

Radical axisis S —'$ 0

X+ Y +2gx + 2fy + c) — (x+ Y+ 2dx + 2fy + ¢) = 0

20-gx+2(f-f)ly+c—-¢=0 ()]

Centre of second circle is (5g+)
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Radius =g +f'2-¢

Now (—d, —f') should lie on (i)
0-2g(@g-¢9—-2ff-f)+c—-¢=0
Or 20(g-¢ +2f(f-f)=c—-¢

12. Show that the circles X+ y* + 2ax + ¢ = 0 and %+ y* + 2by + ¢ = 0 touch each other if
1/ + 1" = 1lc.

Sol. S=¥+y +2ax+c=0
S=x+y+2by+c=0

The centre of the circles, G-a, 0) and &(0, —b) respectively.

Radiusr, =va’-c, r,=vb*-c

Given circles are touching circles,
=CC=nt+tn

= (CC)° = (n+1)°
= @+b)=d-c+B-c+2/@-c/F-c
—c=yVa-o/F-c

—c?=(@-c) (- c)

:>02=—c(a2+ bz}l- &5+ ¢

2 1 1 1
c@+)=Eh>t=1s 1
= ¢( ) 2y

13. Show that the circles X+ y* — 2x = 0 and
x? + y? + 6x — By + 2 = 0 touch each other. Find the codrdhtes of the point of contact. Is

the contact external or internal?
Sol. S=X+y-2x=0
Centre G = (1, 0), Radius =r= v1+0=1

S=X+yY+6x—6y+2=0
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Centre G= (-3, 3), r,=4/9+9-2=4

ClCy=y(1+ 3+ (0- 3F =16 9= 25 p+r,=1+4=5

As C,C, =, + 1, the two circles touch each other externally, thmipof contact P divides line
of centres internally in the ratio

n:rnp=1:4

Hence point of contact

= (1( 3)+ 4(1) 1(3¢ 4(0)) (_ _3
1+4 ' 1+ 4 55

14. Find the equation of circle which cuts the followng circles orthogonally.
) X+ +2x+4y+1=0, 2%+ 2 +6x+8y—3=0%+y —2x +6y—3=0.
Sol.

S=xX?+yY+2x+4y+1=0

S'=2¢+2¥+6x+8y—3=0

SH=x?+y¥ —-2x+6y—-3=0

Radical axis of S=0,'$0isS-$=0

X+2=0= x=2 )
2 2

Radical axis of S=0,6=0isS-&=0
4k -2y +4=0>2x-y+2=0

X :g: 5-y+2=0= y=7---- (2)
Solving (1) and (2),

Radical centre is P(5/2, 7)

PT = Length of the tangentfromPto S=0

\/—+49+ 5+ 28+ 1_\/—+ 8: = \/ 51332:*/ 25’

Equation of the circles cutting the given circlethogonally is
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2
5 357
X-=| +(y-77%==2
( 2) (y-7)°= 7

=X 5x+24 +y?-14y+ 49—3757

— x? +y -5x - 14y+275+49—3757 C

= x? +y2—Bx—14y+ 2271967 35 1316' SEIB

- X2 +y -5x - 14y+%6 0

= x?+y?-5x—14y- 34= (
i) X2+yY'+2x+ 17y +4=0%+ Yy +7x+6y+11=0%+y —x+22y +3=0
Ans. X’ +y —6x—4y—44=0
i) X2+ +4x+2y+1=0,2k+y) +8x+6y—3=0%+y +6x—2y—3=0.
Ans. x>+ Y —14x — 5y — 34 = 0.

15. Show that the circles S x* + y* — 2x — 4y — 20 = 0 and'8 x* + y* + 6x + 2y — 90 = 0 touch

each other internally. Find their point of contactand the equation of common tangent.
SolS=x*+y —2x—4y—20=0 ...(1) and

S=x*+y+6x+2y—90=0...(2)

Let C,, G, be the centres ang r, be the radii of the given circles (1) and (2).

ThenG=(1,2),G=(-3,-1),1=5,=10

C,C, = distance between the centers =5

In—r[=[5-10[=5=(,

[0 The given two circles touch internally. In thiseathe common tangent is nothing but the

radical axis. Therefore its equation is

S-3=0.

l.e.4x+3y—-35=0

Now we find the point of contact. The point of cacttdividesC,C, in the ratio 5: 10
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l.e. 1: 2 (Externally)

0 Point of contact = [(1)(_3)_ 2(1), W€ - 2(2)j: (5,5)
1-2 1-2
16. If the straight line represented by xcoa + ysina = p
Intersect the circle X + y* = & at the points A and B then show that the equatioof the
circle with AB as diameter is (X + y* — &) — 2p(xcost + ysina — p) = 0.
Sol.The equation of the circle passing through thefsoh and B is:
(X% + y? — &) “A\(xcos + ysimt — p) = 0 ...(iii)

The centre of this circle is:

(_)\cosa A sim(j
2 2

If the circle given by (3) ha#B as diameter then the centre of it must lie on (1)

_Acosa A sim

W 5 (cosa )-

(sinx )= ¢

le. —%(co§a +sirfa )= f i.e.A ==2p

Hence the equation of the required circle is

(x* + y* — &) — 2p (xcos + ysimx — p) = 0.
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Some Important Problems for Practice

1. If the angle between the circles%+ y* — 12x — 6y + 41 = 0 and>¢+ y* + kx + 6y —59 = 0 is
45°, find k.

Ans. x4

2. Find the equation of the circle which passes thugh (1, 1) and cuts orthogonally each of
the circles. X +y*—8x — 2y + 16 = 0 and>+ y* —4x — 4y — 1 = 0.

Ans. 3¢ + %) — 14x + 23y — 15 = 0.

3. Find the equation of the circle which is orthogoal to each of the following three circles.
X+ Y+ 2X+ 17y +4=0%+ Y +7x+6y+11=0 X+ Y —x+22y +3=0
Ans. X* + y* — 6x — 4y — 44 = 0.,

4. Find the equation of the circle passing throughlte points of intersection of the circles.
X>+y?—8x—6y+21=0%+y-2x-15=0and (1, 2).
Ans. 3¢ +y) —18x—12y + 27 = 0.

5. Let us find the equation the radical axis of 8 x* + y* — 5x + 6y + 12 = 0 and
S=xX+y +6x—4y—14=0.

Ans.11x — 10y — 26 = 0.

6. Let us find the equation of the radical axis of & + 2y* + 3x + 6y — 5 = 0 and
3 + 3y —7x+8y—11=0.

ANs.23x + 2y +7 =0

7. Let us find the radical centre of the circles
X°+yY—2x+6y=0,%+y —4x—2y+6=0andx+y —12x + 2y + 3=0.
Ans. (0, 3/4)
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8. Find the equation and length of the common chordf the two circles
S=x?+y+3x+5y+4=0and'S=x*+y +5x + 3y + 4 =0.

Ans. 4 units
9. Find the equation of the circle whose diameter ithhe common chord of the circles

S=x’+y+2x+3y+1=0andSx*+y +4x+ 3y +2=0.
Ans.2(0¢+Y) +2x+6y+1=0

10. Find the equation of a circle which cuts each othe following circles orthogonally
X2+yY+3Xx+2y+1=0; %+ —x+6y+5=0; k+y*+5x—8y + 15 =0.
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