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INTEGRATION BY PARTS

Theorem: If f(x) and g(x) are two integrable functions then
[109 mE)Ax=1 () [g(x)dx - [ £'(x) [ [ g(x)dx} dx.

Proof:

%[f () g(x)dx | = f(x)d—O:([ [aeaax]+ | g(x)dx[—lc%([ f(x)
=F()9(0)+| [9(xdx f'(x)

o [f ()g(x) +£'60) [ g(x)dx] dx=f(x)[ g(x)dx

= [T()g(x)dx+ f'(x)[ [ g(x)dx] dx= f(x)[ g(x)dx

0 [f(x)g(dx=f(x)[g(x)dx- | f'(x)Ug(x)dx] dx

Note 1:1f u and v are two functions of x thefudv= uv- | vdu.

Note 2:If u and v are two functions of x;,w", u"” ...... denote the successive derivatives of u and

Vi, Vo, Va3, V4 Vs ... the successive integrals of v then the extensibimtegration by pairs is

Iuvdx: uy—uUw+ dy— U y+ ..

Note 3:In integration by parts, the first function wikhiaken as the following order.

Inverse functions, Logarithmic functions, Algebr&iactions, Trigonometric functions and

Exponential functions. (To remember this a phragelE).

ax

Theorem: Ieax cos bxdx= (acosbx bsinbx)

2

a’+ b’

Proof: Let | = J'eax cosbxdx cos b}( B d-xJ'[ d(cos lfx)a"e }jx

e ™
=CO0s bx——J' € bsinbxy}— d:
a a

eax

=~_cos bx+£).[ & sinbx dx
a a
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ax X
:e—cosbx+—b{sinbx§—_[ b cos bx— }
a a a a

g™ b . b’
= ——c0s bx+— & sin bx —
a a a

b?) 1
= 1|1+— =—2eax[acosb>€r bsin b

a’) &

2
= I[a +2b2j :gleax[acosbxk bssin bx

a

ax

al=
a2+b2

[acosbxt+ bsinbk+

ax

Theorem: J'eax sin bx dx= (asinbx bcosb;

a2+b2

Proof : Let | = [e™ sinbxdx= sinbf & dxj[ d(sin bf) % ﬂx (

ax
:sinbxe—— bcosbﬁ ax

a a

:}e""x sin bx—Ej é* coshbxd

a a
X

:leax sinbx—E{ cosbxﬁ—j € bsinbx—é d}
a a a a

:leax sinbx——t; &~ cosbxﬁzj & sinbxc
a a a

:Eeax sin bx——t; &~ cosbxi2 I
a a a

a 1
= 1+F :—Ze""x[asinbx— bcos b
a

2 2
= I[a *tb j: eax[asinbx— b cos bk

b2 | a2
ax
O1=— . [asin bx— bcos bk+
a +
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Theorem: jeX[f(x)+f'(x)]dx:eXf(x)+c

Proof:

jex [f(x)+f'(x)]dx=J'exf(x)dx+J' & f (x)dx
:f(x)jede—j[d[f(x)]jede] dx+ [ & f (x)dx

=f(x)e* - j f'(x)e* dx+ j &f (x)dx= & f(x)} c

Note:je’x[f(x)— f’(x)] dx=-e"f(x)+c

Very Short Answer Questions

Evaluate the following integrals.

(2n+ 1)T[: nis an integ%(

1. J'xsec2 x dxon IDR\{

SoI.Ixse@ X dx= x(tanx}.[ tan xd

=xtanx-log|secxt !

2 jeX(tan—l b+ 2) dx, x O R.
1+ X

Sol.

1

Let f(x) =tan™* x so thatf'(x) =
1+ X

2

X 5T 1 = X 1 —
Dje (tanl X+1+x2j dx= & tan® * <(-.-je [£(x)+f'(x)] dx = & T (x)+ c)

log x
3. |—=dx on (0,).
%% on (0.0
Sol.j")%dx = (log x)(—éjﬂ‘—l[&dx
X X X X

:—llogx——1+C
X X
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4, J'(Iog x)2dx on (0, ).
Sol. j (log x)?dx = (log x)* x— j x[2log XG)% dx

= x(log x) - 2[ log x dx

=X(log x)2 - 2( xlog x—j xldxj
X

=x(log x)2 —2xog x+ x+ ¢

5. Ie" (secx secxtanx)con | DR\{(2n+ 1)1—2T:nD Z}

SOI.J'eX (secx secxtanx)dx *él seex
( [ €400+ (x)]dx =¥ (x) + c)
6. Iex cosxdxon R.
Sol.1 :Iex cosxdx= & sin>e.[ sinkl’e d
=e* [Binx+ & Dcosxj €0 cosxc
=¢e* (sin x+ cosx)

21 =" (sinx+ cosx)
eX
I :7(sinx+cosx)+ €

7. Iex (sin x+ cosx)d> on R.

SOI.J'eX (sin x+ cos x)d»
f(x) =sinx= f'(x) =cos x

0 jex (sinx+ cosx)dx &0sinx
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1 1 _
8. J'(tan x+ logsecx)& don ((Zn—gjn,( 2n+Ejnj nJ Z

Sol.let f=log|secx$ ftiDsec tant
secx

=tanXx

j(tan x+ logsecx)é dx B0 log|sec| (-.-Ie" [f(x) +f'(x)]dx :exf(x)+C)

Short Answer Questions
Evaluate the following integrals.

1. Ix” log xdxon (0,), nis a real number and n# —1.

n+1 1 n+11
Sol.| x"logxdx = (logx — —dx
I g (log )n+1 n+ 1J X
n+1
(logx) 1 «"dx
n+1 n+ 1
N+l 1
(logx) X iC
n+l  (n+17

Xn+1
= ni1f [(n+1)logx~1+ C

2. Ilog(1+ x?)dx on R.

Sol.j|og(1+ X2 )dx= j 1.log(® ¥ )dx=

=log(1+ X )K— jx 2xdx

+x°
1+x%-1
1+ x?

dx

= xlog(1+ x%)- 2[
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dx
1+ x°
=xlog(l+ x?)- 2x+ 2tant x+ C

= xlog(1+ x%)- 2j dx+ 2j

3. [Vxlogxdx on (0,w).

Sol.jﬁlogxdx =
:Ionggxyz—EJ'x‘?’zEl}dx
3 3 X

x%'?(log x) - j xY 2dx

/2

2
logX)————=+
(logx)==—=75

_2 %312

:gx3’2Iogx—gx3’2+C
4, je&dx on (0, ).

Sol. letJx =t= x =t2, dx = 2tdt

je&dxzzjtédtz %tb—j b@t
=2(te -é  C
=2JxeX - 2¢* + C

S. szcosxdx on R.
Sol.szcosxdx: * (sin x)—j sin x(2x dx

= x2sinx+ 2[ x( sin x)dx
=x? 3inx+ 2[xcos x| cos x dx

= x2sin x+ 2XCoSx 2sin¥ ¢
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6. J'xsin2 xdx on R.
L 1

Sol.fxsm xdx:EJ X(1- cos x)d
[ xdx - Ixcostd)ﬂ

1
=35
%{% { E—le( 1 S|n2xdxH

sin 2x+— J' sin 2x dx

sin 2x—%3 cos2x C

7. J'xcos2 xdx on R.

Sol._[xcos2 xdx:%I X(B cos2x)d

=—[dex+]x0052xd>ﬂ

2
== X Xsm2x —1 sin 2x dx
2 2 2

2
=X_+§sin 2x—1j sin 2x d>
4 4

BN e

N

X2

:—+§sin 2x+1 cos2x C
4 4 8

8. jcos\/_xdx on R.
Sol.x =t? = dx = 2tdt
lzzjt@ostdtz 2(tsint] sintdt

=2(tsint+ costy} C

= 2x sinv x+ 2cos/ x+ (¢
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9. jxsec2 2x dhonl DR\{(ZmH 1)E:nm z}

Sol.jxse@ 2x dx= @_El tan 2xd

=X tan 2x_§1%]109 | sec2xt (

2

tan2x 1
—-—log|sec2x{ C
> 299 I s

10. Ixcot2 xdxon | OR\{nrtnOZ} .
SOI.J'xcot2 xdx=j x(csé x 1)d:

=J-xcsc,2 xdx—j x dx

2
=Xx(—cot x)+j cotxdx—x?

52
=-xcotx+ log|sinx |—7+ C

11. Iex (tan x+ se€ x)don | O R\{(2n+ 1); :n0J Z}

Sol.f(x) =tanx= f'(x) = seé xdx

| =jex[f(x)+f'(x)]dx =& f(x)+C

=e“tanx+ C

12. [ (Mj dx on (0,).
X
Sol.[e* (—“X'Og Xj dx= | é‘[ log x+—1j o>
X

X

=e“ logx+ C
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dx
13. J‘m,(a> O) on R.

Sol: Take substitution x = a ta&h

So that dx = a sé@ do

| dx -] aseéo @
(x*+a%)®> ’ (a®tarf@+ & ¥

- [ 2sec08 aseé0 @ IsezcﬁEhI
a*(l+taf0f &' setd

:%jcoszeda
a

1 .1+cos®

=2ia3[j1me+jcos:8 @]

e+£sin 28}
2

:% tan‘1(§J+£si 2taﬁl(5j +
2a’ | a 2 a||

:igtan‘1 X +isi 2tait| 2|+
2a a) 4a a)|

14. [€ log(é* + 5& + 6)d:on .

Sol: €*+5&+ 6= (& j+ 5&+

= (€' +3e+ 28+ €
=" (e + 3¢ 2(é+ 3
=€ +3)(€ + 2

e log(é” + 5& + 6)d:
I
= [¢* log[(€ + 2)(& + 3)]db

=[e* log(& + 2)dx+[ & log(e+ 3)d(.logab= loga+ logb
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Let & = t then &dx = dt
O [e* log(€* + 5& + 6)dx
= [log(t+ 2)dt+ [ log(t+ 3)al

= log(t+ 2)t- i dt+ log(t+ 3)Tt- | % di

(using integration by parts on two integrals)

=tog(t+ 2)- j(wj dt+ tdog(t+ 3)-| (%)’j dt

= tlog(t+2)~ [ dt+ 2jt‘i—tz+ tlog(t 3)-[ de $%

=tlog(t+2)-t+ 2log(t+ 2+ tlog(t- 3> t 3log(t 3
=2log|(t+ 2) + 3log | (+ )+ 2t t[llogk 2)& 3)]

=1[log(t*> +5t+6)]- 2t+ 2log | t+ 2+ 3log |+ 34

=e*[log(é* + 58 + 6)} 28+ 2logfe+r 2| 3logie B|

15. [cos(log x)dx on (0, ).
Sol:  Letl = [cos(log x)dx= | cos(log x)U d:
Take u = cos(log x) and v = 1 and using integrabigmparts successively.

| =cos(log x)x-[ - sin(log x)1 xdd»
X

= xcos(log x)+ [ sin(log x)dx
=xcos(log x+ sin(log x)J )&j cos(log x—i} 0K d

=xcos(logx)+ xIsin(log x)- | cos(log x)dx
= x[cos(log x)+ sin(log x)} 1

0 21 = x[cos(log x)+ sin(log x)]
=1= g[cos(log x)+ sin(log x)}+ ¢
0 [ cos(log x)dx=

%[cos(log x)+ sin(log xX)} ¢
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16. Iex X+2
(x+3)

~dxon | OR\{-3}

x X+2

Sol.|e dx
I (x +3)?

Hint: J'ex[f(x)+f'(x)]dx:ex—f(x)+C
_[X X+3- 1
(x+3)?

:Ie 1 + (1) dx
X+3 (x+3)

e?‘(ij+c
X+3

17. j ~dxon | DR\ {-1}

(X+ 1)?
I{xﬂ 1}6de

(x+1)? (x+1)?
:j BENN 2}e"dx

| X+1 (x+1)
(i

| Xx+1 (x+1)
Hint: J'ex[f(x)+f'(x)]dx:ex—f(x)+C

= i eX+C:i+C
X+1 x+1

Sol. j
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Long Answer Questions

Evaluate the following integrals.
1. Ixtan‘l xdx, xd0 R
Soljxtan xdx= (tan x)— j)@[—l— d>
1+ x?
2 -1
_ X“(tan X)——lj(l— 1 jdx
2 2 1+ x2

_X 2(tan’t x) 1

(x tant x)+ C

2
2 (a1 =1
_X (tan X)_l(+ tan X+C
2 2 2
(x*+1)

=X T antx-24C
2 2

2. Ixztan'lxdx, xO R.

Soljx tan * xdx= (tan?! x)— I)?l
+ X2

3(tan X) 1J- x(x2+ 1)— X

dx

3 3 1+ X2
_X (tan X) 1jxdx+ j xdx
3 31+ %2

_x3(tant X) iz

+—1Iog |1+ ¢ |+ C
g 6

3. jta” Xdx, x0 10 R\{0}
X

Sol. J-tan de:J'tan'l xx—lzz(tan‘1 x(—;lj+ ;11+)1(2 )

tant x, 1c  2xdx

X 2 X (1+x2)
—1

__tan X+_1 (—%— j(Zde)
X 29 x2 1+x2
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tan X J-dx 1, 2xdx
X 2 1+ X2

3 tan ™ x

+Iog|x|—§1log|1lr X I C

4, Ixcos‘1 xdx,xJ € 1,1

SOI.J'xcos'l X

=cos? f X dx— j {% [cos? xj xd% o>

2
=—cos x—j ! X—dx
1- X2 2
2 X2
X—cos X+ = I dx
2 1- x2—1
——cos x——j

2
X et oL 11
==, cos™ x 2~[ 1= 8 dxt ZJ‘\/1_7 dx

2
x2 4 1 1 .4

=2 costx-= w1 ¥+=sint % C
2 4 4

5. J'xzsin"l xdx,xO 1,1

Sol.szsin'1 x dx

X1 1
:(Sln 1X)?_:—3J- Xg(—mJ dx

3 2
:X—sin'lx—}j—x[1 @ X
3 3 1-x2

X -1 11 i 1 .4
=2 costx—=| = x 1 ¥+=sint x+= sin! ¥ ¢
2 2[2 2 2
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3
=X gint x—}.[ xdx

3 3 V1- x2
3/2
—Esm x+—\/ l (1 X2)

"3@EI2e2)”

+—1Ix 1- X2 dx
3

~ 2
X 1(1 224 C

——sm Lx+
3

6. leog(1+ x)dx, X 10 )

SoI.Jx log(1+ x)dx

2 2
X 1, X
=log(l+ xX)| — |—= | ——dXx
o )(2] 27 1+ x

1- (1- x)d

——Iog(1+ X)— I 1+ x

2
X 1, dx 1

=—log(l+ xX)-=| —+—=| (1~ x)dx
2 o )Zj.l+x ZI( )

2 2

X 1 1 X

=—Ilog(1+ x)—=log(1+ x+—=| x—— [+ C
5 g+ x) 5 g(1+ x) 2{ 2}

2 _ 2
=ulog(1+ X)+§_x_+ @
2 2 4

7. Isin& dx on (0,).
Sol.putx =t? = dx = 2tdt
:Z[t(— cos )] costd}

=-2tcost+ 2sin’

=-2Jx cosV x+ 2sin/ x C
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8. [e*sin(bx+ c)dx (a, b, cOR, b#0)onR.
Sol.
Let | :J'eax sin(bx+ c)dx

= eax(—m)j +—1j cos(bx c)& ad
b b

__ ™ [tos(bx+ c),

_bET e™ cos(bx+ c)d»

b
ax
_ _ €7 [tos(bxt C)+— eaXE‘sinb—*j__T sin(bx- c)&0 & d
b b b J b

ax
:_e [Cos(b)("' C)+_aeax Sin(bx+ C)_b_é |
2 2 2 X
£1+%JI:—%cos(bx+ c)rb—";‘ & sin(bx cab+b| :%[asin(bx+ c)- b(cos(bx c

ax

gl =
a’ + 1?

[asin(bx+ c)- b(cos(bx c}i} €

9. [a*cos2xdon R(a>0and & 1).

SoI.IaX cos 2x d»

=a¥ 5|n2x_51J- sin2x& logad:
a*Bin2x_ logar , .
= + a” (—sin 2x)dx
5 e ¢sin2x)

_atsin 2x, log
2 2

a(ax Eos2% —]J. cos2kl’a logad:
2 2

_a'sin2x_ & logacos2x (Iog%l?
2 4 4

(1+ (log a)zJ _ & [2sin2% (oga)cos2
4 4

4+ (logaY = & [2sin 2% (cos2x)log:
4 4
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2[& [Bin2x+ (& Ologa)cos 2x

al=
(logay + 4

3
1| 3x—X 1 1
10 Itan (1_3)(2](:])(0” | DR\{_E,E}

Sol.Put x = tan t dx = seét dt

.3
Then _[tan’l(ix 3X2 ] dx
—3x

= _[ tan’l[—gtan t- tar 'jseé td

1-3tarf t

= [tan™ (tan3t)set tdt [ tséc t

d
:3{tj'se8 tdt—j{a (tj set t%l %1
= 3Jt(tan t)- j (1) tan tdt]

=3(ttant- log |sectp C

:3(xEtan_1 X— Iog\/ﬁ)+ C

:3x[tan_l x—g log(H ¥ )}+ 2

=3xtan - (x)—g log(H G » C

11. _[sinh_l xdx on R.

SOI..[sinh"1 xdx=J' 1.sinf! xd»

=x.sinh* x—j

L xdx
V1+ NG .
=X sinht x-=
- J\/1+x

=x.sinht X_EZ B X+

=x.sinht x-vV1+ ¥+ ¢
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12. J'cosh'1 xdx on [1, eo].

Sol.jcosh‘l xdx:j 1.cosht xd

Apply integration of parts.

Ans. xcosh! x-v ¥ -1+ C

13. J'tanh‘l xdxon (-1, 1).
Sol.jtanh_1 xdx:I 1.tanh! xd.

= Il.tanh‘1 x dx

=x.tanh ! x— xdx
Jl_ X2

=x.tanh?! x+lj —2X dx
271-x2

= x.tanh x+1 Iog( = >?)+ (
2
14. Find jeax cos(bx c)d:on R where a, b, ¢ are real numbers and ¥ O.

SolLet A = [€* cos(bx c)d:

Then from the formula for integration by parts

A :eax[sin(bx+ C)}—fae‘”‘[ sin(bx+ cﬂ d
b b

:%eax sin(bx+ c)—% [ & sin(ox c)d

:%eax sin(bx+ c)—%{ é‘x{—_ cosébxr C}—j a@{_—cos(bbx (}) d}+ f

=1eax sin(bx+ c)l-i2 & cos(bx e)éz A ¢
b b b
a’) . a 1 .
1+F A—Fe cos(bx+ C)FE & sinlbx & £

(@®+ b*)A= aé* cos(bx c} b& sin(bx ¢) 4

HenceA =
a’ + b’

[acos(bx+ cH bsin(bx c)} k
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Wherek = a constant

a?+ b2
By taking ¢ = 0, we get

ax

€
je cosbxdx i1

[acosbx bsin bx]
+b

15. Evaluatejtan‘l‘/i;—x dx on (-1, 1).
X

Sol.Put x = co8, 6] (0, mdx = —sinB do

1-x _1-co® _ 2siAB /2 . ,0
= = = tan® —
1+x 1+cod 2cog0 /2 z

-1 11-X _ 0 )
tan,[——dx=| tan',| taA— { sif
I 1+ X I 2 t a

:—J'tan‘ (tan—j (sird )@

:—%jeaineoe
—%[9(—005@)— [ € co® )6]+ (
1 .

:E(ecose— sim i C

:%(xcos'1 x—ﬁ)+ C

16. Evaluatejex(l_ ::)ns);j dx on | OR\{2nmt: n O Z}.

I 1-sinx _ 1-sinx

Sol. =—
1-cosx 2sinf x/2
1—25ir¢ coé ZsiF)'(r co)é
_ 2 2_ 1 2 2

2sirP X 2sif > 2sif X
2 2 2

:Ecsc?i— cots
2 2 2

www.sakshieducation.com



www.sakshieducation.com

fe G jonsxxjd ;é( cst % co@

= [ [£(x)+f'(x)] dx where f(x)= - co%

= &f(x)+ C=—¢ cot%+ C

17. Evaluate j tan‘{ 2X

deonIEIR\(—l 1).
1-x?

Sol.Let x = tanf=> dx = seéd do

2x _ 2tar®

= —tan D
1-x*> 1-tarf®

tan‘l( 2X2j:tan_l (tan@ ¥ @+ m

1-x

Where n=0if|x| <1
=-1ifx>1
=1lifx<-1

We havedd = dx and

1+ x?

1+ = 1 + tard = seéo
_ 2X
[ _[tan 1(1_ ij dx

—I(tan'l( 2x D 1+ )(2)— dx

1-x? 1+ X?
= [(20+nm)[seéo @

=2jese@9 @+ mtj SEM @+ ¢

=2(6tan9—j tard 6)+ m taf+
=2(0tanb+ log|co® + m tah+

=(20+ nmm) tanB+ 2log co8 +

=(20+ nm) tand + log coéB +
=(20+ ) tand + logseto+
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=xtan ! (Z—XZJ — log(+ X ¢

-1
18. Find szw\/izx)dx on (-1, 1) where m is a real number. (Here for Y1 R, exp.(y)
1-x

stands for €).

Sol.Let t = sint x, then

X =sint,dt= dx, for x 0 (-1, 1)
1- x?
.
Henceszw)dXZ jemt sin? tdt

V1- X2

(it

_ 1 mt _1 t
_Eje dt Ejé“ Ccos 2t dt ..(1)

Case(im=0

=1
2 exp(msin X)dx

V1- X2

:%jdt——;jcoszmﬂ C

From (1) [x

_t sin2t

2
_sintx
2

+C

—Zlfsin(ZSin‘l X+ C
Case (i)m=z0

<1
From (1) sz—eXp(m SIN" X

V1- %2

e 1 &
m

= (mcos2t 2sin2ty ¢

_1
2 2m2 +4

mt
:ez (_:]— 21 4(mcos2t+ 25in2tj+ ¢
m- +

emsin‘lx 1 1
= ( - 4(mCOS(25iﬁ1 X)}— 2sin(2sit >§)+ {

2 m m2+
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Integration of Some Special Types of Functions

Type I: If the integral is of the forn’jp—qux then take px + @ :A—(ax +bx+ c)+ B.
ax® + bx+ ¢

Type II: jpx—+qu. Take px + q =A%(ax2 + bx+ c)+ B.

Vax? + bx+ ¢
Type IlI: j(px+ qN ad + bx+ cdy. Take px + q :A%(ax2+bx+ c)+ B.

Type IV: j ! dx. To evaluate this put px + qi:.

(px+ qN a + bx+ ¢

Type V:j 1 dx. To evaluate this, put x %
(¢ +bNcé+d t
v ax 1
Type VI : dx or [ (px+qWax+ bdxor dx. Put ax + b =%
ype VI : [-1Z #b j [(ox+aN | IV o

Then dx :§2tdt.

Integration Of Functions Which Are Rational in sin x and cos x.

dx dx

or then
a’cod x+ I§ sirf x J.aco§ x+ bsinxcosx csin

Type l:If the integral is of the formj

multiply both numerator and denominator with’seand take tan x = t.

rf dx. orf dx : . take
a+ bsinx acosx+ bsinx «

Type II: If the integral is of the formJ.aJr—cosx

2dt sin x = 2tanx/2 _ 2t
1+ % 1+tarf x/2 ® £

tang: t:%se&% dx= d= (l+tarf x/2)dx= 2dt =dx=

1-tarf x/2_ ¥ ¢

COS X= = .
1+tarf x/2 M ¢
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acos x+ bsmx
ccosx+ dsin x

Type Il : If the integral is of the forrrj' , take a cos x + b sin x —ﬁr(c cosx+d

sin x). By equating the coefficients of cos x, gime get the values of A and B. Then the given
integral becomes A log|ccos x + d sin x| + Bx + k.

Very Short Answer Questions

Evaluate the following integrals.

L ==

2x-3x°+1

Sol.
'[ 2x—3x%+1

J- sin®

V2-co<0

sin®

\2- co$ 6

Putcosf= t=-sirb &= d

Sol.| —

= —sin_l(%j +C=- sin'{%} +C
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3. [y T g
sSin“ X+ 4sinx+ 5

Sol. J. COSX dx

sin® x+ 4sinx+ 5

put sinx=t= cosxdx= d
:J‘ :J- dt
t?+4t+5 ° (t+ 2P +1
=tan? (t+ 2)+ C= tan? (sin¥ 2y (

dx
4, |—
I1+ cog x
SOII J- sel dx:J~ set xd
1+co§ x * seé ¥ 1° tah %

Let tanx= t= seé xdx d

= —dt :i 1 _t
e m™ (5]

1 tan x
=—tan | —— |+ C
il
dx
5.
IZsin2 x+ 3coé x
Solj dx _,[ seé xdx
2sin? x+ 3coé x 2tah %

Let tanx= t= seé xdx d

dt 1 dt
| -

2 5 2
2t°+3 2 2, \/g
2
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_ 1 tan \/Etanx+c
J3

1 _1\F
=—tan — tanx|+ C
V6 { 3 ]

1

I dx

1+ tan x

ol.f dx

1+ tan x

J- _I cosxdx _ 1. 2cosxdx
smx sin X+ cos X 2[sin>er coS.
cosx

1I (cosx+ sinx)}+ (cosx sin Xax
sin X+ cos x

J'd J‘COSX— SII’]X
Sin X+ COSX

1 1 )
==—Xx+=log|sinx+ cosx} (
Xt gl i

J ! dx

1-cotx

SOI.J 1 dXZI 1 dx:I .smxdx
1-cotx 1- COSX Sin X— C0S»

sin x

1I (sinx—cosx)} (cosx sin Xax
sin X— cos X

cos xt sin X
-3l df e o
sin x— COSX

1 1 )
=—x+=log|sinx— cosxt (
- gl ¥
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Short Answer Questions

Evaluate the following integrals.

1. J 1+ 3x— X2 dx
J'\/1+ 3x— X dx:J'wll— (>¢ — 3x)dx
Sol.

:j\/l—(x—g)z—g dx

WEH

(x—j 1+3x- X2 3 x—§
— | 2
= +—sin +C
2 V13
2
_(2x=3W1+3x= 13, 4 2% i
= +—sin +C
2 8 v13

9cos x— sin X
_[ : dx
4sin x+ 5cos x

Sol._[ 9§osx— sin de
4sin x+ 5cos x

let 9cosx-sinx :A%( 4sinx 5cogx (B 4sinx 5cof

9cosx-sinx =A( 4cosx 5sin¢ (B 4sinx 5cop

Comparing the coefficients of sin and cos , we get
9 =4A+5B and -5=-5A+4
Solving these equations , A =1 and B=1.

O 9cosx-sinx =f 4cosx 5sinx (1 4simx 5co
=1(4cosx 5sink+ (L 4sinx 5cogx
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J-9cosx— sin x I (4sinx 5cosx) (4cosx 55iné<>2

. dx = :
4sin x+ 5cos x 4sin¥ 5cosx

:J-dX+J-4cpsx— 55|nxdx
4sin X+ 5cos x

=x+log|4sinx+ 5cosxt ¢

—dx
4cosx+ 5sinx

A
3 IZcosx 3sin X

Sol.Let 2 cos x + 3 sin x = A(4 cosx + 5 sin x) + B X + 5 cos X)

Equating the coefficient of sinx and cosx, we g&t45B = 2, 5A — 4B = 3.
A B 1

+5 -2 4 +5
-4 —3><5><—4

A B _ 1
“15-8 -10+ 12 - 16 2!

282

A -0
41 41

—dx =
4cosx+ 5sin X

.[ 2cosx+ 3sinx

_23 x——2 —4sin x+ 5005)&)(
41 41 4cos¥ 5sinx

:ng——zlog | 4cosx+ Ssinxt
41 41

_[ dx
1+ sin x+ cos x

Sol. &
" 1+ sin X+ cos X

dx

2 tar& 1- tad X

1+ 2 4 2
1+ tarf X 1+ tarf X

2 2

www.sakshieducation.com



www.sakshieducation.com

se@ X dx
2

1+tan2§+ 2tap)§+ 1 ta?'n5
2 2 2

= -[2+2t _[—Iog|1+ th C

+ C

=log|1+ tang

5 |—-
I3x2+x+1
dx

Sol.[—;

3%+ x+1 JB(X2+1X+1J
3 3

1 X+ (1/6)),
"3

1 o
R ((\/11/ 0

6
2 _1( 6x+1
=——tan | —— |+ C
o )
6 .[ dx
5= 22 + 4x
Sol.j

dx
\V5-2x2 + 4x

5— 2% + 4x

= —Z{XZ - ZX—g} = —2[ (x= 1P - 1—2}
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Now j

;dx
V5= 22 + 4x

dx

=EI \/(7J2 (1)

2

1 . (X—1)+C

V2o 702

:%sin_l\/g(x—lﬁ C

www.sakshieducation.com
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Long Answer Questions

Evaluate the following integrals.

1. jx—ﬂdx

VX% -x+1
Sol. take x+1 :Ai( X — x+ )+ E
dx

x+1 =A(2x-1+ B
Comparing the coefficients of like terms,

2A=1 and B-A=1

:>A:1 and b=§
2 2

O x+1 %( 2% ])+i23

—(2x 1)+—
J' X+1 —de
x+1 x2—x+1
_1p (2x- 1)dx 3 dx

2 \/x -X+1 2 \/x -X+1

x2—x+1+§

AT
fe3(%)

x% —x +1+gsinh_1( 2X— lj+ C

V3
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Sol.

let
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j(6x+5)\/6— 25 + X dx

6x+5= Add (6— 2% + %

— 6x+5=A(1-4x) +B

Equating the coefficients

Equating the constants
A+B=5

B=5_A=5+°=13
272

J(6x+5)\/6— 2¥ + x dx
:—gj(l—4x 6- 2X + xdx+—\/ 6- 2%+ xd

_ 36-2¢+xP'? 13 [0 5 x

T2 3/2 +_2JEI > i
2 32, 1

-2 e 32 (- 2

13
=—(6-2x% +x)*2+ ==
( ) NG

e T )

3-x2+2 X—=

4 2 £ 491 40, c
2 32 (7)
4
— (6= 22 + X2+ 13| (4x-1 6—2>8+x 49
NA 16x 2

:—(6—2x2 + x)3’/2 (4x 1N 6~ 2x2+ x+

www.sakshieducation.com
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dx
4+5sinx

J

dx

dx
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Sol.j

J

4+5

A+5sinx

2 tanl
2

1+ tarf X
2

puttans = t= setXd de «
2 2 2

=

dt

dx =

2dt
- 2
se@X 1+t
2

_2dt

dt

G.|.=2j Y

4+5 22
1+1

dt 1

:2J

4+ 42 + 10t

1 -1
2 t2+§+1 2
2

N~
Nlodlo

4t+
at+

o
Q

Wl

§+c—

2tan§+ 1
2

2(tar&}+
2

Wl

Slwbslw

%
3

+C

+C

2t+

2t+
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4, J.;dx
2—3C0S 2X

Sol L g
2-3c0s 2X 2_31—tar|2 X
1+ tar? x

puttanx= t= set xdx d

dt
dx =
1+ t2
dt dt
Gl = =
I 1+ t2 I2+2t2—3+3t2
2
230
1+t

dt 1 dt
2

52-1 5 t '(1j2
5

N

1 [J5t-1
275 % Bt 1

1 log \/Etan X— jr
25 |5 tan x+ j.

5. Jx\/1+ X — X2 dx

SolLetx = A(l —2x) + B

+C

+C

Equating the coefficients of x
=2A=A=-1/2
Equating the constants
0=A+B=B=-A=1/2

J.x 1+ x—x% dx=
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_%J'(l_ 2X)\/1+ X— X2 dx+—;J. T x— 8 dx

.
2 3/2 2 2 2

1 1 (x—;)\/1+x—x2 x—l
=—Z(@+x-x%)%¥2+ +2sint| 2
3 2 2 8 5
2
:—}(1+ x—x2)%¥2+ (2x=IN 1 x= X +—55in'1 2 1+ C
3 8 16 J5

dx
6.
I @+ x)\/ 3+ 2x— ¥

Sol.|

dx _ dx
1+ X} 3+ 2x— ¥ ) I 1+ X)y (3= x)(1+ x)

Putl+ x = t°> = dx= 2tdt

2tdt 2dt 2 dt
G.l.= = =|—
jtz\/t2(4—t2) jt2\/4—t2 It3 \/4

2 1

Put—2—1: y2 = —%dtz 2y dy
t t

G.l.= 2]—%% - _%j dy= __; y+ C

:—1 i_1+c
2\/'[2

-1 /i_1+c__l /3_ i C
2V 1+ X 2\ 3+ x
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SoI.J'

dx
4cos x+ 3sin>
dx :I dx
4cosx+ 3sinx 1-targ X 2tark
4 2+3

1+tart X 1 tad >y
2 2

Put tan§= t= dx= 2dt2
2 1+t
2dt
|:J‘ 1+ 2 :ZJ' dt
1-t%) 32t 4- A + 6t
4 +
1412 1+ 2
__1J‘ dt 1 dt
-5 "5 2 2
272 341 2 (t_3j _(5j
2 4 4
3.5
11 44
=75 B57Iog 3 5+C
2 t==4
4 4 4
:—llog -2 +C:——1Iog & €
5 °|t+(1/2) 5 7| 2t+
1 Z(tan)z(— 2)
:——Iog—x +C
S 2tan—+1
2
1
8. dx
jsinx+\/§cosx
Sol.Let t:tan5 So thatdx = 2dt
2 1+ t2
) 2t 1-
sinx= 5 1COS X= 5
1+t 1+t
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dt
2 2
oy
t +\/5(1—12) V3@ F)r 2t
1+t 1+ t?
| dt
3l _@e 2y V3 (ZJZ—(t— 1j2
& NE J3
_2 U4, ‘\/‘ \/é
\/_\/:_3 ‘ +C
VRN
t+ L
:1|Og \/§ C_ \/?3t+1
2 73—t 9 BWE- t)
1 \/§tan5+1
==log 2 +C
2 @(fs-tangj

J' dx
5+ 4cos2x

_ _ _dt
Solt = tan x= dt = seéx dx, dx = .

1+t
dt
_I 1+ t2 _I dt
5+4(1—12) 5+ 58+ 4 4%
1+t

:j ul :—1tan'l(—tj+c
t2+9 3 3

= }tanﬂ[ tan Xj +C
3 3
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10. _[ZS.InX+ 3Ccos ¥ A('jx
3sinx+ 4cos¥ 5

Sol.

IZsinx+ 3cos ¥ A(':Ix
3sinx+ 4cosx 5

Let

2sinx+ 3cosx+ 4 = (A 3sink  4cosx5) +Bd£(3sinx+ dcosx+ B+
X

2sinx+3cosx+4
= A(3sinx + 4cosx + 5) + 3(3cosx — 4sinx) + C
Equating the coefficients of
sin x and cos X,
weget 3A-4B=2
and 4A+3B=3
Solving these equations,

A= p-1
25 25

Equating the constants

4=5A+C

(o]

C=4-5A=4-5

S
(6]

11
AN

2sinx+ 3cosxt 4 = Eg( 3sinx  4cosx ) 5—1(3cosx— 4siny + 2
25 25 5

D-[Zsm X+ 3C0S % %Ix

3sinx+ 4cosx 5

18 1 3cosx 4sinx
= 0) G

2_5 25° 3sinx 4cos%*

2 dx
+E[
57 3sinx+ 4cosx !

:Ex+—1|og|35inx+ 4cosx 5]
25 25

+Ej . dX
3sinx+ 4cosx¥ 5

()

5

dx
3sinx+ 4cos E

Let|:j
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2dt

Put tan> = t= dx= Zdtz |:I 1+t2
2 1+t 3-2t, 4+ 1),

1+ t2 1+ t2

dt
=2
j6t+4 4t2+5+512 I12+ 6t C

:ZJ' dt __ 2 _ 2

o= _
(t+32 t+3 3+tan§

Substituting in (1)

:1—85k +—1Iog|35in X+ 4cosx 5
25 25
_;+C
5(3+ tarﬁj
2

11. | /i:)z(dxon (2, 5).
Sol: | ﬂdx:I /(5_—)()2dx
X=2 (x=2)(5-x)

_IJ(x =T

:J' 5_X dX
J5x - x2 —10+ 2x

5-x
= | —————=dX

J\/7x—x2—10
d 2
Let 5-x=A—(7x—-x“—-10)+ B
dx
=A(7-2x)+B

Equating coefficient of x and constant terms orhlsatles we get

2A=-1=A=12and 7A+B=5B=5-7A= 5—%—%
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0 5—x=£(7— 2x)+§
2 2

N J.de

J7x-x2-10

7-2
: X) _I 7x-x2 10 -

i N

Consider the first integral on RHS and suppose ¥x—10 = t= (7 — 2x)d = dt

1 (7- 2X) :_:Ljitzlj‘t—llzdt
\/ 10
/12
) i t =v7x-x*-10 ..(2)
21/2

Consider the second integral and
7x-x?=10=- (X% - 7x+ 10)

=- x2—2(7jx+4—9—ig+10
2 4 4

dx

D

2 2

=sin* X;; :Sin_l(zxs_ 7} ..(3)
2

[0 From (1), (2) and (3)

5-x
——  dx=

J.x/7x—x2—10

7x - X2 —10+g sin‘l( 2X3_ 7} +C
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12. j dxon(—ll

Sol: j 1+xd ‘I (1 x

1+x xdx
[ e 2
=sin™? x——j (\/12)(_):)(
=sintx-v1- ¥ + ¢
dx
13. on (-1, 3).
I(1—x)\/3— 2x— % L3

Sol: Putl-x=1/t=x= 1—%

Ddx=+izdt
t

2
Also 3-2x-x? = 3—[1—%)—( 1—%)

t >t
_4_1_4t-1
t t2
Lt
0 dx 3 t2
J =[ -
(1=x)+[3- 2x- ¥ (1)\/4t 1
t t?
. _2\/4t—1+c
\/4t 1 4
ZE\/4t_l+C

:1 4(ij_1+c
2 1-x
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Sol.

15.

Sol.

www.sakshieducation.com

J- dx
(x+2)\/le

J- dx
(x+2)\/le

put x+1 =¢

dx = 2tdt and x+2=1+

2
G.l._jmdt

=2.tan't+c= 2tan'vx+ *c

J- dx
(2x+3)/x+ 2

put x+2 =t

dx = 2tdt and 2x+3=2t—
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dx
16.
I(1+\/§)x/x—x2
dx dx
Sol. =
J.(1+\/;)\/x—x2 ‘[(1+&)\/§\/1—x
put x=sirft = dx = 2sirt .coisdt
:J' Zs.int.cc.)st dt :Zj 1_ dt = 2 tart - set) +c
(1+sint) sint .cos 1+ sint
:ZJ' 1, dt = 2 tart - set) +c
1+sint
dx
17.
‘[(x+1)\/2x2+3x+ 1

dx

Sol.
I(x+1)\/2x2+3x+1

put x+1 —%:> X —%and dx—t—dt

p -1
‘[\/2+22—4t+3—32+t2

dt

=] A—a=2lE

:2/2_ 1 teo= 2x+1,
X+1 Xx+1
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18. J-\/eX —4dx

Sol. J'\/eX —4dx =

_ e B 4
‘J.\/ex_4dx j\/ex_4dx

x/2

=2Je -4- 4j

=2Je' ~4+ 4 —o|_X/2 X
1 4( —x/2)

—x/2

’ —x/2

=2\€ -4+ 4sint 272+
x/2
=oJe — 4+ dart 22 +c

1-4e™

_2\/e_—4+ 4j

2
=24/e" - 4+ 4tan? +C
Ve'-4

19. I\/1+ secxdx

X
2cos =
J\/l+ secxdx =J"/1+ cosxdx =j 2x dx
COSX 1-2sit =
2
\/E.CO&X 1\/_2 COS

2__dx= ZI—dx

] ]

=2sin* (\/_2 sin§j+c
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20 j1+1x dx

Sol. | 1+1X4 dx
1 1+ X+ 1-x°
_EJ- 1+ x* __J- 1+ x*

1+x° 1-x
——J. dx
(1+x 1+ x* J

1 1
:EJ- 1+? + ?_1 dx
2 X2+i N
X X
1 1+ 1-= _1p 1
== X o~ X dx| " 2| /2
SR CHE!

O OO N S 1—J_2
2\/5 W2 2 x+1+\/_2

21. EvaluatejL.
5+ 4cosx
Sol: Put taniz tthendx = 2dt2
2 1+t
1- 2
And cos x= 5
1+t
2dt
J‘ dX =JA 1+ t2
5+ 4cosx

2
+41t
1+1t2
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_po2dt dt
_Ig+t2_ I3z+t2

Aol

X
2 tan—
=Ztan? 2\4¢
3 3

dx
3cosx+ 4sinx ¢

22.

2dt
1+t?

Sol: Let tang = tthendx =

2

and cosx

2t
smx-l >

+t? 1+t

DJ' dX
3cosx+ 4sinx ¢

2dt
= 1+t
_ 42
31 2 +%:22j+6
1+t 1+t
:f 2dt
3-3t + 8t+ 6+ 6f
:f 2dt
3t +8t+ 9
2 dt

3

2+ 5443
3
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2 dt

o

t+4
_23 .l 3

=— an
3411 J11

3

=2 Tan? (—BH 4] +c
J11 N

1
Vsint xv/1- ¥

1

1- x?

23. Evaluate | dx on = (0, 1).

Sol: Letsintx =tthen dx = dt

1 1
O dx = | —=dt
J Jsin™ xy1- x? J Jt

= [t%dt

=2Jt+c=2/sint x+ c

24. Find j%dx, xO1=(0,1).
- X

Sol: Let1-x="tover (0, 1)
Then —dx = 2tdtand x = 1 £ t

X __@-t*)2tdt
Dj\/l—_xdx_ j—t

TP B ol
==2[ (1~ t)*dt {t 3}

= —2|:\/m - (- X)3/2}
3

=§(1— x)¥2-2J1- x+ ¢
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25. Evaluate[W on (-4,).

Sol:

Defined over (—4)

X
X+4

Let x + 4 = £ then dx = 2t dt

DJ dx :J 2tdt :J dt
(X+5Wx+4 (2 +1)t t?+1
=2tan*t t+ c
=2tant @/ x+ 4)+ ¢
26. Evaluate dx

IVx2+2x+10'

Sol:

X2 +2x+10=~/ 32 + 2x+ 1+ ©

=J(x+1)* + 3

dx

dx
] =
IJx2+2x+1o IJ(x+ 17+ 3

Take x+1 =t dx = dt
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