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HYPERBOLA

Equation of a Hyperbola in Standard From.

2 2

The equation of a hyperbola in the standard fOI‘F)I(CIZ—iSy— =1.
a

b?
Proof: Let S be the focus, e be the eccentricity and Lbe ¢he directrix of the hyperbola.
Let P be a point on the hyperbola. Let M, Z be finejections of P, S on the directrix L = 0
respectively. Let N be the projection of P on SificE e > 1, we can divide SZ both internally and
externally in the ratio e : 1. Let A,' e the points of division of SZ in the ratio e internally and
externally respectively. Let AA= 2a. Let C be the midpoint of AAThe points A, Alie on the

hyperbola anGS—A =e, i =e.
AZ AZ

yn

Z AN S

wne
>
@]

L=0

[J SA=eAZ, SA=eAZ.

Now SA + SA=eAZ + eAZ

— CS - CA + CS + CA= e(AZ + AZ)
= 2CS=eAA(-CA=CA)

= 2CS =e2a> CS =ae

Aslo SA — SA =eAZ —eAZ

= AA' = e(AZ - AZ)

= 2a=¢e[CA+CZ-(CA-C2)]

= 2a=g2CZ{CA=CA)=Cz=2.
e
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Take CS, the principal axis of the hyperbola as

x-axis and Cy perpendicular to CS as y-axis. Then(&, 0).

Now PM = NZ = CN — CZ =x1—i;‘.

P lies on the hyperbota PS_ e
PM

= PS= ePM= P3= % PK
2
= -aef + (4~ 0F = ¢[ x-2]
= (x,-aef + yf = (xe- af
= xZ+a’e’ - 2xae y= X é+ & 2x¢
=S x2e*-1)-y=a(E- 1

2 2
X1 Y X1

2
_ Y1 _
=— =l —=-==1
a> a&(€-1) g B
Where B = &(e® — 1)
X% y?
The locus of P IS - =1.

2

2 2
[0 The equation of the hyperbola%—% =1.
a

2 2

Nature of the Curvé%—y— =
a

2 y2
Let C be the curve represented>—(lgyLF =1.Then
a

D (X, yY)OC < (x,-y)dCand(x,yJC < (—x,y)dC.

Thus the curve is symmetric with respect to bot#hxkaxis and the y-axis. Hence the coordinate
axes are two axes of the hyperbola.

i) X,y)OC < (=x,-y)dC.

Thus the curve is symmetric about the origin O hedce O is the midpoint of every chord of the
hyperbola through O. Therefore the origin is theteeof the hyperbola.
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i) (x,y) OCandy=0=>x*=d& = x =+a.

Thus the curve meets x-axis (Principal axis) at pemts A(a, 0), A—a, 0). Hence hyperbola has
two vertices. The axis AAs called transverse axis. The length of trangvaerss is AA = 2a.

iv) (x, y) 0C and x = 6= y?* = -f = y is imaginary.
Thus the curve does not meet the y-axis. The p&@(@s b), B(0, —b) are two points on y-axis.

The axis BBis called conjugate axis. BB 2b is called the length of conjugate axis.

X

2 b
v) = =1= y=—+/x*-a® = y has no real value for —a < x < a.
a

Y
a2 b
Thus the curve does not lie between x = —a an@x =
Further X- co=y - o and
X - =00 =Y - oo,
Thus the curve is not bounded (closed) on botlsithes of the axes.
vi) The focus of the hyperbola is S(ae, 0). Thegemaf S with respect to the conjugate axis is

S(—ae, 0). The point’'Ss called second focus of the hyperbola.

vii) The directrix of the hyperbola is x = a/e. Tineage of x = a/e with respect to the conjugates &xi

= —ale. The line x = —ale is called second direcif the hyperbola corresponding to the second
focus S.

2 2 2
Theorem: The length of the latus rectum of the hyperbé%a—yg =1lis %.
a

Proof:

N

2
Let LL" be the length of the latus rectum of the hyperlﬁ(%lay—
a

b2:1.
\I 1.
/ [8] A‘.\|S

L'

If SL =1, then L = (ae, I)

F
(12)2 L=

L lies on the hyperbola>
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2

I
:¥:e2—1:> = b* (e~ 1)

2 2 2
:>I2=b2><b—2:>I=b—:>SL=£
a a a
2
oL =251 =22
a

Theorem: The difference of the focal distances of any poimtthe hyperbola is constant i.e., if P is

2 2

appoint on the hyperbo —% =1 with foci S and Sthen|PS'— PE= 2

a

>

Proof:
Let e be the eccentricity and L = 0,40 be the directrices of the hyperbola.
Let C be the centre and A, Be the vertices of the hyperbola.

0 AA' = 2a.

TN
,_ﬂef*‘/7\

+ + oy
3 j z| ¢ .é-.\ 3

Foci of the hyperbola are S(ae, 0)-&e, 0).

I

Let P(x, y1) be a point on the hyperbola.

Let M, M’ be the projections of P on the directrices L £'0; O respectively.

g SP_g SP_

— =E.
PM PM

Let Z, Z be the points of intersection of transverse axik directrices.
0 MM'=2Z'=CZ+CZ' =2ale€

PS- PSs ePM- ePM e(PM Pl
=e(MM') =e(2al/efF 2a

Notation: We use the following notation in this chapter.

2
§=X Y geXa Wiy

2
a® b & o

= Xz y2 _ XXy Yy
S =S80 % :a—%—?—], S, = ;22_ bzz_l'
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2 2

Note: Let P(x, Y1) be a point an&s%—%— 1= 0 be a hyperbola. Then

i) P lies onthe hyperbola S=® S;;=0

ii) P lies inside the hyperbola S =0 S;; >0
iil) P lies outside the hyperbolaS=0S,;<0

Theorem: The equation of the chord joining the two pointxA1), B(x, y») on the hyperbola S = 0
IsS +S =3y

. : Xoy° _ . ax bzy_ 2 12
Theorem: The equation of the normal to the hyperbega—g =1latP(x, y1)is —+—=>=a"+b".
a X1 Y1

2
Theorem: The condition that the line y = mx + ¢ may be agtant to the hyperbole)l(—— 1is

Yo
a
c?=dm’ -1

2

2
Note: The equation of the tangent to the hyperb@&% =1 may be taken as= mx++va’nt - 7.
a

: -a’m -B° 2
The point of contact s — where é = &m® - K.

Theorem: Two tangents can be drawn to a hyperbola from &real point.

Note: If my, m, are the slopes of the tangents through P, thenmm become the roots of

(x§ —a%)m?= 2y m+ (i + P )= C

2X 2 4+ p?
Hencan, + m, ==Y , mym % .
1 2 2 2 1772 2 2
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2 2
Theorem: The point of intersection of two perpendicular tantg to the hyperbolé;—% =1 lies on
a

the circle X + y = & — .

Proof:

Equation of any tangent to the hyperbola is:
y= mxim
Suppose P@x y1) is the point of intersection of tangents.
P lies on the tangend y, = mxlix/m = y— mx= w/ &ni- B
= (y,—mx,)* =&’ - i
= yZ +m?xZ - 2mx y;— a i+ b= (
= m?(x{ —a®)= 2mx y+ (f+ B )= C
This is a quadratic in m giving the values for g sa and.m.
The tangents are perpendicular:

y +b* _

-1
xZ —a?

=>mm,=-1=

= yi+b?=-xZ+a’= x7+ yi= a’— bf

P(x, yy) lies on the circle%+ y* = & — I

Definition: The point of intersection of perpendicular tangetdsa hyperbola lies on a circle,

concentric with the hyperbola. This circle is cdltirector circle of the hyperbola.

Definition: The feet of the perpendiculars drawn from the foany tangent to the hyperbola lies on a

circle, concentric with the hyperbola. This cirdecalled auxiliary circle of the hyperbola.

2 2
Corollary: The equation to the auxiliary circle é(lfz——y— =lisX¥+y =&
a

b?
Theorem: The equation to the chord of contact of P(%) with respect to the hyperbola S = 0 is
S =0.
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Midpoint of a Chord:

Theorem: The equation of the chord of the hyperbola S = GintaP(x, yi) as it's midpoint is
S = S

Pair of Tangents:

Theorem: The equation to the pair of tangents to the hydarBo= 0 from P(x y;) is S = Si:S.

Asymptotes:

Definition: The tangents of a hyperbola which touch the hydarabinfinity are called asymptotes of

the hyperbola.

Note:

2 2

1. The equation to the pair of asymptotes)—(gf—y— =1lis
a

b? 2

2. The equation to the pair of asymptotes and thetingla differ by a constant.

2 2
X°_y
5 0.

3. Asymptotes of a hyperbola passes through theeenthe hyperbola.
4. Asymptotes are equally inclined to the axes offtyygerbola.

5. Any straight line parallel to an asymptote of @érpola intersects the hyperbola at only one point.

Theorem: The angle between the asymptotes of the hyperbel@ & 2tan'(b/a).

Proof:

The equations to the asymptotes wteiEX .
a

If B is an angle between the asymptotes, then

b b b

a | a 2| 2tana b
; a - 612 = =tan 22 Wheretana =—.
14 (bj(_bj L tarf o a

a a a2

tanB =

06=2a= 2Tan‘19.
a
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Parametric Equations:

2

2
A point (X, y) on the hyperbolé%—%:l represented as x = a 8egy = b tanf in a single parameter
a

2 2
0. These equations x = a 8eg= b ta® are called parametric equations of the hyperlﬁ@a%zl.
a

The point (a sdt; b tar®) is simply denoted b§.

2

2
Note: A point on the hyperbola%—%—l can also be represented by (a €ysh sint®). The
a

2
equations x = a codhy = sinl® are also called parametric equations of the hypar 52— y_2

2 2

Theorem: The equation of the chord joining two poiots@nd on the hyperbolax—z—y— =1is:
a

b?

2 2

Theorem: The equation of the tangent abPon the hyperboIaX?—yF =1lis gsecﬁ—% taro= .
a

2 2

Theorem: The equation of the normal at&p(©n the hyperbola)%—y— = x by _.p
a

b’ sed tar®
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Very Short Answer Questions

1. One focus of a hyperbola is located at the poiniL(—3) and the corresponding directrix is the

line y = 2. Find the equation of the hyperbola ifts eccentricity is 3/2.
Sol. Focus S(1, -3) and directrix L=y—-2=0.

Eccentricity e = 3/2.

M P(le yl)

y—2=0 S(1, -3)

Let P(x, y1) be any point on the hyperbola. Let PM be thep@edicular from P to the directrix .

Then SP = @M = SP = €PM?

g 2

4

Y1 —2

v1+0

(X, ~1)% + (Yo + 3y =

X2 +1-2% + Y5+ 9+ 6y1=% (v~ 2f
4% +4y; —8x, + 24y, + 40= 9(+ 4 4y ¥ 97— 36y 3
4x? -5y? - 8x + 60y, + 4= 0
Locus of P(x, y1) is
4x% — 5y — 8x + 60y + 4 = 0.

2. Ifthelines 3x —4y = 12 and 3x + 4y = 12 meets arhyperbola S = 0 then find the eccentricity
of the hyperbola S = 0.

Sol.Given lines 3x—4y =12, 3x+4y =12
The combined equation of the lines is
(3x — 4y)(3x + 4y) = 144
9x* — 16Y = 144
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2 2 2 2
X_—y_:]_:)X_—y_:]_
144 1447716 9
9 16
a’=16,f = ¢

2 2
Eccentricity e :,/a +2b
a
_[16+9_[25_5
16 16 4

3. Find the equations of the hyperbola whose foci ar@5, 0), the transverse axis is of length 8.

Sol.Foci are £5, 0),
[1 SS'=2ae =10.—ae =5.
Length of transverse axis is 2a =8a =4

Oe =5/4
b? = £(& — 1) :16(2—95—1j= 9

2 2

Equation of the hyperbola i)léé—y— S

0

9 — 16y = 144.

4. Find the equation. of the hyperbola, whose asymptes are the straight lines x + 2y +3 = 0,

3x + 4y + 5 = 0 and which passes through the poift, —1).
Sol.Combined equation of the asymptotes is

(x+2y+3)(3x+4y+5)=0

[J Equation of the hyperbola can be taken as
(x+2y+3)(3x+4y+5)+k=0

Given the hyperbola is passing through p(1, -1)
= (1-2+3)(3-4+5)+k=0
—-8+k=0=>k=-8
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Equation of the hyperbola is
(x+2y+3)(3x+4y+5)—-8=0

3 + 6xy + 9X + 4xy + 8§+ 12y + 5x + 10y + 15—-8=0
3¢ + 10xy + 8y + 14x + 22y + 7= 0.

5. 1f 3x — 4y + k = 0 is a tangent to X— 4y* = 5, find value of k.

Sol.Equation of the hyperbold x 4y = 5

2 2
X_ Y g @=58=>
5 (5/4) 4

Equation of the lineis 3x -4y +k =0

3_.k
4y =3Xx + k= y==x+—---(1
y y=gx+5— D

3 k
m==,c=—
4 4

If (1) is a tangent to the hyperbola then
¢ =dm’ -

— k?=45-20= 25 k==*¢

6. Find the product of lengths of the perpendicularsfrom any point on the hyperbola

2 y2
4 | =1 to its asymptotes.

5

=1

oS,

2
Sol.Equation of the hyperbola i)léé—
£=16,6=9
Product of the perpendiculars from any point onhiygerbola to its asymptotes

_a’k? _ 16x 9 14«
a2+ 16+9 25

www.sakshieducation.com



www.sakshieducation.com

7. If the eccentricity of a hyperbola is 5/4, then iid the eccentricity of its conjugate hyperbola.

Sol. Eccentricity e = 5/4

If e and g are the eccentricity of a hyperbola and its coaiadyperbola, then

1 1
_+_=1
e &
E+_1:1
5 ¢
1,169 25 ¢
& ~ 25 25 N

8. Find the equation of the hyperbola whose asymptotesre 3x =+5y and the vertices and
(&5, 0).

Sol: The equation of asymptotes are given by
3x -5y =0and 3x + 5y =0.

0 The equation of hyperbola is of the ferm (3x —(8y)+ 5y) = k
= 9x’ — 25y = k
If the hyperbola passes through the verte Q) then

9(25) = k= k = 225

Hence the equation of asymptotes of hyperbolais-®6y = 225.

9. Find the equation of normal at@ = 1—; to the hyperbola 3% — 4y’ = 12.

Sol:  The given equation of hyperbola is

3¢ — 4y = 12
2 2
:X_—y_:l
4 3
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[0 Equation of normal at

e=g When d=4, 1§ =3

L3y

U
sect  tan
3

3
2X \/é
:—2 +

=4+3

Y_7

J3

=>X+y=7.

10.1f the angle between asymptotes is 30° then findsileccentricity.

Sol: Angle between asymptotes of hyperbola
x? y* . _

2 -2 -1is2secte.

a® b

O2sec’ & 30= sét = 1

1 1
cosl3 cos(45- 30

= e=seclB8=

_ 1
" cos4B cos30+ sin45 sin3

1

1J§
5% 5%

_ 22 _ 2/2¢/3-1)
V3+1  (/3+ )3 1)

_2J2(/3-1)
2

=2(/3-1)
=J6-2.
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Short Answer Questions

1). Find the centre, foci, eccentricity, equation ofhe directrices, length of the lacus rectum of
the following hyperbola.

) 16y°—9X = 144

Sol.
Equation of the hyperbola is 18y 9X = 144

2
=1=>a’ =16, = ¢

v
9

H|><
o

Centre ¢(0, 0)

2 2 [=
Eccentricity b /16+ 9=
b? 9 3

Foci are (O;tbe) = (0,15)

Equation of the directrices are
y:ig:y:i3gg’5:> Sy=+9

Length of the latus rectum =

2
orf =96 3
b 3 3

i) x®—4y' =4
) x2 y?
Sol.Equation of the hyperbola 454——T =

aZ=4,=1

Centre c(0, 0)

2 2
Eccentricity :,/a +2b = /4+ 1:£5
a 4 2

Foci are fae, 0) = £+/5, 0)

Equations of directrices are

X:iEZiZEIE:\/EX:i4:\/_5Xi 4= C
e J5
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2
Length of the latus rectum 2 Z_ZBL:
a

iii) 5x2— 4y + 20x + 8y = 4

Sol. Given equation is
5 — 4y + 20x + 8y = 4
50¢ + 4x) — 4(Y — 2y) = 4
5((x +2F -4)-4((y - 1}-1) = 4
5 (x + 2f— 4(y — 1¥= 20

(x+2)° _(y-1°_,
4 5

&=4,=5=a<b

Centre C(-2, +1)=(h, k).

2 2
Eccentricity :,/a +2b :‘/ 4r5_3
a 4 2

ae=3

Foci are (ht ae, k)
= (-3, 1) =(-5,1) and (1, 1)

Equations of directrices are

x—h=i§:> x+2=12E—!?
e 3

3X+6=24= 3x+ 10= Oor 3¢ Z |

2
Length of the latus rectum %2— = %5: 5

iv) 9x°— 16y + 72x — 32y — 16 =0
Sol.Equation of the hyperbola is:
¢ — 16y + 72x — 32y —16 = 0
= 9(x¢ + 8x) — 16(y + 2y) = 16
= 9(¢ + 8x + 16) — 16(+ 2y + 1)

=16+ 144 - 16
www.sakshieducation.com
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= 9(x + 4f— 16(y + 1§ = 144

2 2
L 4P (Y
16 9

=1

) Va0l

Comparing with =1
p g 2 7

&=16,6=9, h=-4 k=-1
Centre (h, k) = (-4, -1)

Foci = (h+ ae, k) :(—41 4[—13 ,1}

=(-4+5-1)= (1~ 1) and{ & 1
Equation of the directrices are:

x+4=i4GL}:i£3
5 5

5x +20 =% 16
Equation of the directrices are:

5x+4=0and5x+36=0

Length of the latus rectum Z— ZBZ —2
a

2. Find the equation to the hyperbola whose foci aré4, 2) and (8, 2) and eccentricity is 2.
Sol. Fociare S(4, 2) and'@®, 2) and eccentricity e =2.
Centre C = the midpoint of the foci.

4+8 2+ 2
( 2’ 2) 6.2)

SS=2ae=8-4=4
=ae=2

e =2— a2 =2=a=1.
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b’=d(e®-1)=1(4-1)=3

Equation of the hyperbola is

(x=h)> (y—k)2_1
2 0

(x=6)° _(y=2° _,
1 3

3. Find the equation of the hyperbola of given lengtlof transverse axis is 6 whose vertex bisects

the distance between the centre and the focus.

Sol. y4 M 5
S A ClzA NS X
L=0
X2 y2
Let the hyperbola be—--=- =1
a> b
Given CA=AS

a-ae—a>2a-ae>e=2
Length of transverse axis is 2a =6a = 3

b?=&(e” - 1) = 9(4 — 1) = 27

2 2

Equation of the hyperbola isx—z—y— =1
a

b?

2 2
XY o1 3¢-y?=27
9 27
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4. Find the equations of the tangents to the hyperbal X* — 4y =4 which are

() Parallel and (i) Perpendicular to theline x + 2y = 0.

Sol Equation of the hyperbola i€ x 4y = 4

i) Givenlineisx +2y =0

Since tangent is parallel to x + 2y = 0, slopehef tangent is m :—%

C=dm’ - = 4@2‘1—1=1—1= C

c=0

Equation of the parallel tangent is:
1
=mx+c=—=
y 2X
=>2y=-X=>x+2y=0
i) The tangent is perpendicularto x + 2y =0

Slope of the tangent m= < 9
(-1/2)

C=adm -F=43-1=15
c=+/15
Equation of the perpendicular tangent is

y:2xi\/1_5.

5. Find the equations of tangents drawn to the hypertla 2¢ — 3y = 6 through (=2, 1).

Sol.Equation of the hyperbola is 2x 3y = 6

Let m be the slope of the tangent.
The tangent id passing through p(-2, 1).

Equation of the tangent is
www.sakshieducation.com
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y—1=m(x+2)=mx+2m

y=mx+(@2m+1) .. (1)

Since (1) is a tangent to the hyperbola,

¢ =dm’ - Iif
= 2m+ 1f=3nf -2
=4nT +4m +1=3mM-2
Sm’+4m+3=0=>(M+1)(m+3)=0
=m=-1or-3

Casel: m=-1
Equation of the tangent is

y==x-1l=x+y+1=0

Case 22m = -3
Equation of the tangent is

y=-3Xx-5=23x+y+5=0

6. Prove that the product of the perpendicular distames from any point on a hyperbola to its
asymptotes is constant.

2 2

Sol: Let SE%—%—lz 0 be the given hyperbola.

Let P = (a se, b tar®) be any point on
S=0.

The equations of asymptotes of hyperbola

S=0arel+Y=0and-Y=
a b a b

= bx+ay=0 ...(1) and

bx—ay=0 ...(2)
Let PM be the length of the perpendicular drawmfi®(a se®, b tanB) on the line (2).
_|base®+ abtab

OPM=
Va2 + b
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Let PN be the length of the perpendicular drawmfi(a se®, b tanf) on the line (2).

T I:)N:|base®— ab ta
Val + b
O (PM){PN)

_|base®@+ abtah ||badke abfa

N Ja+ 1

_ b’a® seéb- & B tafd
a+ 1P

_a’b? (seéb- taRod
- a?+ b’

a’p’

e (-sec¢0- tafb= 1

= constant.

[0 The product of the perpendicular distances fropn@int on a hyperbola to its asymptotes is a

constant.

7. If e, @ be the eccentricity of a hyperbola and its conjuga hyperbola theniz+é =1.
e

Sol.Equation of the hyperbola is

2 2
S:%—%:l
24 1P a+ If
R R i
1 S
N - I (1)

Equation of the conjugate hyperbola is

X2 y2 y2 X2

e & Ay |

a> ¥ &

_|a?+ P , a&+hF 1 P 5
- 55 S T 2)

Adding (1) and (2)
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i+i: az + t? = 6?(+ I3::1
e & d&+8 &+ 8 &+ B

Long Answer Questions

X

2
1. Tangents to the hyperbola— =1 makes anglesB;, 6, with transverse axis of a

Y
a> b
hyperbola. Show that the point of intersection of hhese tangents lies on the curve

2xy = k(¢ — &) when tar@; + tan@, = k.

X2 y2
Sol.Given hyperbola iS_z_F =1
a

Inclinations of the tangents &g 06..
= Slopes of the tangents are
my=tarB; and m =tarp,

Equation of the tangent to the hyperbola is

y=mxx+a’nt -

Let p(x, Y1) be the point of intersection of the tangentsnthe

y, =mx, £\ n? -
yi-mx, = /et -
Squiring on both side
(y, =mx,)?= a®n? - b
Yo+ m’xi=2mxy,— anf+ = 0
m?(xg —a%)- 2mx y+ (i + B )= ¢
Which is a quadratic equation in m. Thereforeas bwo roots from m , say pm,

2X1Yp

2

m, +m, = A

2X1Y,

2

tan@, + tarp, = 5
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=k :_22x1y12 or 2xy, = k(x§ - &)

Therefore locus of pgxyy) is 2xy = k(X — &)

2. Show that the feet of the perpendiculars drawn frm foci to any tangent of the hyperbola

x* yr . .
— —= =1 lie on the auxiliary circle of the hyperbola.

a? P

2 2
Sol.Equation of the hyperbola l)éz——% =1
a

K
A

Equation of the tangent to the hyperbola is

y=mx+Vaint- iF
S y-mx=#/&nm-F ... (1)

Slope of the perpendicular line = -1/m

Equation of the line perpendicular to (1) and pags$hrough focifae, 0) is
1
y= _E(X tae)= my=-(xx ae

X+my=tae = ..... (2)
Squaring and adding (1) and (2)
(y* = mxf + (x + myf = &m’ - If + &€’
= y* + X = 2mxy + X + nfy? + 2mxy

= dm’ — &(e — 1) + &¢°
= (¢ + V) (1 + nf) = dm® — &e® + & + &€’

= &(1 + nf)

—x? + Y = & which is the auxiliary circle.
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2 2
3. Prove that the poles of normal chords of the hypéola X—z—ygzl lie on the curve
a
a® r°
?_F:(az‘FbZ)Z.
X2 y2
Sol.Equation of the hyperbola isz——F =1
a

Let P(x, y1) be the pole.

Equation of the polar is;S0

XX1 YY1 _
= —=-2Z=2=1...(1
2 1 (1)

Equation of the normal to the hyperbola is

XY e (2)
sed tar®

(1) And (2) are representing the

().
a’ b? 1
L] = =
(ses) (o) "
sed® tard
x;sed _ y tar® _ 1
a’ - &+

3

(a2+b2)se(9:a_ (|)
X1
b3
(@ + 1P ) tarB = -— ... (ii)
Y1
(i)? =(ii)*=
2 2 a6 b6
@+ b )’ (seé¢6- taro ;:F__Z
1 Y1
a®
Locus of P(x, y1) is _Z_F = (@2 + )2
X
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2 2

4. Show that the equationgx—+5y— =1 represents
-c 5-c

1) An ellipse if ‘c’ is a real constant less than 5
i) A hyperbola if ‘c’ is any real constant betweers and 9.
iii) Show that each ellipse in (i) and each hyperla (ii) has foci at the two points £2, 0),

independent of the value of ‘c’.

X2 y2
Sol: Given equation—+—="—= .. (1)
9-c 5-c
Represents an ellipseif 9—c>0and 5-c>0
=9>cand5>c
=c<9andc<5c<5

[J cis a real constant and less than 5 if (1) regprssan ellipse.

X2

i) The equation of hyperbola is of the forrg —=— =1 and the given equation (1) represents

y?
b?
hyperbolaif9—-c>0and5-c<0.
=9>cand5<c

=5<c¢c<9

[0 (1) Represents hyperbola if C is a real constach shat 5 < c < 9.

2 2
i) If —+%::1 represents ellipse theAa9 —candb=5—c.

X
9-c
Eccentricity = & (1 — €)

—5-c=(9-c)(- é

:)1—92 :S;C
9-c¢
:>e2:1—5_C: 9-c-5tc_ 4
9-c¢ 9-c 9 c
2
=e=
9-c

O Foci of ellipse =f£ae, 0)
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o

= (+2,0)

o)

2 2

If &ﬁi:l represents an hyperbola thérea9 — ¢ and b= —(5 — ¢) = ¢ — 5 and eccentricity

in this case is

_ @+ _ [9-c 5t ¢
e= =
a’ 9-c
_ 2
9-c +9-c
[0 Foci of hyperbola =#ae, 0)

oo

= (£2,0)

=

Hence the each ellipse in (i) and each hyperboldiijnhas foci at the two points£2, 0)

independent of value of C.

2 2

Show that the angle between the two asymptotes afhyperbola X—Z—%:l IS 2Tan‘1(§j or
a
2 Sec'(e).
Let the equation of hyperbola Ie)f% y_2
a

The asymptotes of hyperbola aye J_rgx where m = g and m = —g. If 8 is the angle between

asymptotes of the hyperbola then

b b
— 4=
a a

_|m1 m2|

tan®
1+ IanZ‘

a2

=(Zabj g __ 2ab
a )\ -1 &-8

Now seéf®=1+talf0=1+

42 1t
(a2 _ b2 )2 ’
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(@B 4L _ (d+ B
@-5F @ 5F
2+ 1F T

2o 0Ty

=sed=

S @ a1
a’+a (-1 ae e

0
=>sec-= e
2

0 1
—=Sec (e
> (e)

—e=2Sec" (e

0 Angle between asymptotes of hyperbol@ is 2 Sec'(e).

Also we havetan(gj =, /1_ co0
2 1+ co9P

_ |@+b)-(@-F)_ &
@+ By (- 5) a

Hence angle between asymptoteQTsm‘l(bj or 2 Sec'(e).

a
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6. Find the equations of the tangents to the hyperbolax® — 4y* = 12 which are

(i) Parallel and (i) Perpendicular tahe liney = x - 7.

2 2

Sol: Equation of given hyperbola i§4——y€ =1.

So that 4= 4, i = 3 and equation to the given line y = x — 7 aops is 1.
1) Slope of the tangents which are parallel toghwen line is ‘1’

0 Equation of tangents are
y=mxx+a’nt -

= y=Xx*+4-3 anc

=>y=x*1
i) Slope of the tangent which is perpendiculatite given line is —1.

[0 Equations of tangents which are perpendiculanéagiven line are

y=(-)x+./4(-1F -3

= X+y=%1.

7. A circle on the rectangular hyperbola xy =1 in thepoints (X, y;), (r =1, 2, 3, 4). Prove that
X1 X2 X3 X4 = Y1Y2Y3Ya= 1.

Sol: Letthe circle R+ Yy = &.
Since (t%} (t#0) lies on xy = 1, the points of intersection of ttiecle and the hyperbola are
- P 1_ o
Given byt +t—2—a.

=t'-a%t?+1=0

=>t*+0d-a?t?+ 00+ 1= C ... (1)

If t1, b, t and § are the roots of above biquadratic then tz t, = 1 .. (2)
1
If (xr,yr):(tr,t—j, (r=1,2,3,4)

Then x Xo X3 X4 =t Ltz 4, = 1 from (2).
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. 1111
Similarly y,y,yy,=————
tt,tat,
:#:}:1_
tittt, 1
. . : x? y?
8. (i) If the line Ix + my + n = 0 is a tangent to the hyperbola—z—le then show that
a
a%? - b*m?= n?.
y . x? y?
@) If the Ix + my = 1 is a normal to the hyperbola —2—?:1 then show
a
a> P ) 2
thatl—z_F:(a +b2) .
Sol: (i) Let the linelx+ my +n=0 ... (1)
_ x2 y2
is a tangent to the hyperboke —- - ™~ =1lat P@).
a

Then the equation of tangent aB)is gseoe—xb tab- £ (...(2)

Since (1) and (2) represent the same.line,

(secﬂ) _( tarej -1
a b
O secﬂzﬂ and taﬂ=En
n n
2712
Oseé - taﬁez% - bZanZ
n n
_ail?  pnf
TR
= &2~ PP = if
i) Letlx+my=1 ... (1)
2 y2
Be a normal to the hyperbofaf Tz =1 at P@).
a
, x2 y? .
The equation of normal at®(to — -~ =11is
a
XY ey )
sed tar®
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From (1) and (2) eliminatirly we get

l . m _ 1
a b (% +b%)
sed tard

Ised® mta® 1
= = =
a b a’+ P

___ b
m@+ i)

a
=sed =—————— ,ta
I(a® + b*)

a b?

Oseé¢B- tarf 0= -
12 (a2+b2)2 mZ(a2+ b2)2

9. Prove that the point of intersection of two perpedicular tangents to the hyperbola

x? y? : 2 2
=--Z-=1lies on the circle x+y* = &—b°.

a® B

Sol: Let P(x, y1) be a point of intersection of two perpendicukargents to the hyperbola

The equation of any tangent to S = 0 is of the fpenmx++/a’n? - 7. If this passes through
(X1, Y1) then

y, —mx; =& & nf - i

=VE -2mx Y, + m*xi = & nf- i
= (xZ=a®)m’- 2mx y+ (Y + P )= C

This is a quadratic equation in m which has twdson, m, (say) which corresponds to slopes of
tangents.

Y12 +b?

2

5 and

Thenmym, =
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The two tangents are perpendicular
=>mm,=-1

y12 + b2

0-1=

= x,° —a’ = —(y,°+ b?)

2 2 _,.2_ 2
=X,"-y,”=a’-b

O Locus of (x, y;) is X + Y = & — I

10. If four points be taken on a rectangular hyperbolasuch that the chords joining any two
points is perpendicular to the chord joining the oher two, and if a, B, y and d be the inclinations
to either asymptote of the straight lines joining hese points to the center, prove that

tana tap tary tan= .
Sol: Let the equation of rectangular hyperbola be ¥ = &.

By rotating the X-axis and Y-axis about the origwnough an angle/4 in the clockwise direction

the equation %— y* = & will be transformed to xy =*c

Let (ctr t£

r

j, r=1, 2, 3, 4 (t# 0) be four points on the curve. Let the chordijmgn

A :(ctl,tﬁj,B:(ct2 tﬁj be perpendicular to the chord joinil(ig:(ct3 tﬁj and Dz( cl iﬁj
4

1 2 3

W C
, t, 1

Then slope o0fAB =

Similarly slope ofCD = -
tat,

Since AB is perpendicular t€D we have

i

We have the coordinate axis as the asymptotesdftitves.
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If OA,OB,OC and OL makes angles,B,y, d with positive direction of X-axis then

tana tar tary and tah are the slopes.

c

—-0
Thentana = tl = 12
—0 t;
Similarly
tan[3:iz,tan,/:—l2 and taﬁzé
t2 3 t4
1
(tana tarp tary taﬁ— 7,2
e

(From (1))

If OA,OB,OC and OL make anglesx, B, y and & with the other asymptote the Y-axis then

cota,cof3,coyy and cadl are the respectively slopes.

So thatcota, cof3 ,coly cod =tana tarf3 tary tad=

11. Prove that the product of the perpendicular distawe from any point on a hyperbola to its
asymptotes is constant.

2

Sol.Equation of the hyperbola 5——% =

Any point on the hyperbola is P(a 8eb tarb)

Equation of the asymptotes a)ge: +Y

b

ie. 2-Y=0andX+¥=
b b

a

® | x

PM = Perpendicular distance from P on

X_Y _n_|sed- ta®
a b 1.1
7+?

Y
N
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PN = Perpendicular distance from P on

§+X:O:|se<ﬂ+ tar®
a b 1,1
a2 b
PM[PNleeCB_ ta® ||sd+ t&h
1
By B
_|se¢b-tafi6 | 1
(1 1) a’+b
S S
a® b a2
a’t®
——— = constant
a“+b

12. Find the centre eccentricity, foci directrices andength of the latus rectum of the following
hyperbola (i) 4% — 9y" — 8x — 32 = 0,
(i) 4(y + 3)—9(x — 2§ = 1.
Sol.i) 4¥ -9y —8x—32=0
A(x% — 2x) — 9y = 32
A(X% —2x + 1) — 99 =36

(x-1° y*
9 4

=1

Centre of the hyperbola is (1, 0)

@=9 F=4=a=3,b=2

- a’+p>  [9+4 41z
& 9 3

Foci are(1+ 3[-1\/E Oj = (/13,0

Equations of directrices are:

X _

\/_:>x 1_\/_3
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2
Length of the latus rectum 2 %4:—2
a

i) The equation of the hyperbola is:

Ay +3f-9(x—2f=1

y=(3 _(x=2f" _,
1/4 1/9

Centre =(2, —3) =(h, k)
Semi transverse axis=b =1/2

Semi conjugate axis = a = 1/3

oc /a2+b2 _ [argy (1/4)=\/j3=£:
b? (1/4) 9 3

Foci are (h, kbe) =

(2 _3+1g@]:(2_&@j
23 ’ 6

Equations of the directrices are:

b 1_3
—kt2=-3+>32
y e 23
3
=-3+
SRGPVT
2a° 2% 4

Length of latus rectum=—=—2=—,
b 1/2 9
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13. Prove that the point of intersection of two perpedicular tangents to the hyperbola

X2
22

2
—% = -1 lies on the circle x+a = & —b’.
a

Q
P

Sol.Equation of the hyperbola is

NG,
s=X Y o
a

Let P(x, Y1) be the point of intersection of two perpendicuéargents to the hyperbola.

Equation of the tangent is
y= mxim

This tangent passes through £{x)
=y, =mx £Jan? - i
= (y,—mx,)* = a*n? - b
= yZ+m?x{ - 2myy, = & nf- If
= m?xZ—a’m?- 2mx y+ W+ b= (
= m?(x2-a%)-2mx y+ (Y+ P )= C

Which is a quadratic in m.. Therefore it has twotsdrom m, say mm, which are the slopes of
the tangents passing through P.

The tangents are perpendicutarmm, = -1

yi +b?
X7 -a®

=-1= y? +b*=-x’+a°
xZ +y2=a’- b?
Locus of P(x, y1) is X + YV =& — I

This circle is called director circle of the hypeldn

www.sakshieducation.com



