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ELLIPSE

A conic is said to be an ellipse if it's eccentiyae is less than 1.

Equation of an Ellipse in Standard Form:

2 2

The equation of an ellipse in the standard fon)q(%is% =1.(a<b)
a
Proof:
P
/" M
A‘! s N A |Z
L=0

Let S be the focus, e be the eccentricity and Lbe @he directrix of the ellipse. Let P
be a point on the ellipse. Let M, Z be the proacsi (foot of the perpendiculars) of P,
S on the directrix L =0 respectively. Let N be fivejection of P on SZ. Since e < 1,
we can divide SZ both internally and externallytie ratio e: 1. Let A, Abe the
points of division of SZ in the ratio e: 1 interlyand externally respectively. Let AA
= 2a. Let C be the midpoint of AAThe points A, A lie on the ellipse and

SA__SA
- U
AZ AZ

[0 SA=eAZ, SA=eAZ
Now SA + SA = eAZ + eAZ
= AA' = e(AZ + A2Z)

= 2a=¢e(CZ CA+ AC+ CZ
= 2a=€R2CZ{ CA= AC)
=CZ=ale

Also SA'-SA=eAZ- eAZ
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— A'C+CS- (CA- CSE e(AZ AZ)

— 2CS= eAA (- CA= AC)

= 2CS=e2a> CS ae

Take CS, the principal axis of the ellipse as »saxnd Cy perpendicular to CS as

y-axis. Then S(ae,0) and the ellipse is in thedsdeshform. Let P(xy1).

Now PM = NZ = CZ — CN =2—x1

P lies on the ellipse:

= %:e: PS= ePM=> P5= % PR

2
= (s -aef + (g~ 0F = ¢ 2- ]
= (-aef + ¥ = (@ % ef

= xZ+a’e’- 2xae¢r ¥y= 4+ % & 2x¢
= (1-E)+ 2= (1I- é)d

2 2
X1 Y1

et dwe) 4

Where B=d (1 -€) >0

The locus of P |s—+y— —

b?

2 2
00 The equation of the eIIipsefsg+% =1.
a

y?

Nature of the Curve —+F 1
a’

2 y2
Let C be the curve representedﬁ;,ﬁF =1. Then
a
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I) The curve is symmetric about the coordinate axes

i)

ii)

V)

The curve is symmetric about the origin O dmehce O is the midpoint of every

chord of the ellipse through O. Therefore the origithe centre of the ellipse.

Put y = 0 in the equation of the ellipse x* = & = x = *a.

Thus the curve meets x-axis (Principal axis) at pemts A(a, 0), A—a, 0). Hence the
ellipse has two vertices. The axis A& called major axis. The length of the major
axis is AA = 2a

Put x = 0= y* = b = y = + b. Thus, the curve meets y-axis (another axisjvat
points B(0, b), BO, —b). The axis BBis called minor axis and the length of the minor
axis is BB = 2b.

The focus of the ellipse is S(ae, 0). The ima§& with respect to the minor axis is

S(—ae,0). The point'Ss called second focus of the ellipse.

Vi) The directrix of the ellipse is x = a/e. Theage of x.= a/e with respect to the minor

axis is x = —ale. The line x = —ale is called séainectrix of the ellipse.

L x? o y?
Vi) —+—=-=1
) a® b

2
= y? :bz[l—x J: y:E\/ - X

a? a
Thus y has real values only when<x < a. Similarly x has real values only when

—b < y < b. Thus the curve lies completely with in the aecfle x =ta, y =tb.

Therefore the ellipse is a closed curve.
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2 2 2
Theorem: The length of the latus rectum of the elllps§+— =1(a>b>0) |s£.

x2 oy re
The length of the latus rectum of the eII||caséa+F =1(0<a<bh) IST.
a

il
A! T/A

Proof:

y?

Let LL' be the length of the latus rectum of the ellrpzr,eg

Focus S =(ae, 0)
If SL =1, then L = (ae, I)

L lies on the ellipse> (ai)z +—|22 =1
a b
|2 |2 b? b*
2

e +5=1= ——1—ez=—:> F==
b? b? a &
2 2

:>I=b—:SL Ll OLL’ ZSL—Z—bz
a a a

2 2

Note: The coordinates of the four ends of the latusare€the eIIipseX—2+% =1
a

2 2 2 2
(a>b>0)are :[ae,b—] L :( ae,—b—J Jﬁ(— aeP—], Ly =(—ae,—b—]-
a a a a
y?

Note: The coordinates of the four ends of the latusare€the elllpse—+F 1

(O<ac<b) are_:(a—:,beJ,L':(—i;,be] ,Ii:(ié - b%, L'l:(—a—;,—be)
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2 2
Theorem: If P is a point on the eIIipséE+% =1 with foci S and Sthen
a

PS + PS= 2a.
Proof: Let e be the eccentricity and L = 0,40 be the directrices of the ellipse.
Let C be the centre and A; Be the vertices of the ellipse.
0 AA' = 2a.
Foci of the ellipse are S(ae, 0)(-&e, 0).
Let P(x, y1) be a point on the ellipse.

Let Z, Z be the points of intersection of major axis wittedtrices.
0 MM' =2Z =CZ + CZ = 2ale.
PS + PS=ePM + ePM

=e(PM + PN) = e(MM) = e(2ale) = 2a.
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X2

Theorem: Let P(x, y,) be a point and=— +-=--1= 0 be an ellipse. Then

y?
a? b
(i) P lies on the ellipse: S;; =0,
(i) P lies inside the ellipse- S;1 <0,
(i) P lies outside the ellipse S;; > 0.

Theorem: The equation of the tangent to the ellipse S =P(&at y;) is S = 0.

N

2
Theorem: The equation of the normal to the eIIips),(%ﬂé?:l at P(x, y1) Is
a
2
ﬂ—ﬂ/: a2 b2
X1 Y1
Proof:

The equation of the tangentto S = 0 at P,is 8
XXy, W1 4
=1+ 1=-0
a> b
The equation of the normalto'S=0at P is

X
SHX=x1) =3y -y) =0

XY1 _¥X1 _XY1_ XY

b> a> B &
N ﬁ(ﬁ_ yxlj:aztf( X% _ wj
Xy, \b?> a2 ) xy,\ ¥ &
L @x_By_ o
X1 Y

www.sakshieducation.com



www.sakshieducation.com

Theorem: The condition that the line y = mx + ¢ may be agemt to the ellipse

2 2
X—2+%:1 is ¢ =dm’+ 1.
a
Proof:

2 2
Suppose y =mx + ¢ ... (1) is a tangent to the edﬁ(gsr% =1.
a

Let P(x, Y1) be the point of contact.

The equation of the tangent at P is

X Wi 920 ... (2
2 (2)

Now (1) and (2) represent the same line.

Pliesontheliney=mx+ey,=mx, +c

:b_zzm(‘azm}c: P =-@ni+

C C

sc’=am+ .

2 2
Note: The equation of a tangent to the eIIipX%e+% =1 may be taken
a

-a’°m E

asy =mx++/a’nf + b . The point of contact iE , ] where

C C

c? = dm’ + .

Theorem: Two tangents can be drawn to an ellipse from aereat point.
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Director Circle:

The points of intersection of perpendicular tangdntan ellipse S=0Iliesona
circle, concentric with the ellipse.

Proof:

Equation of the ellipse

2
X

Q
SO

Let P(x, y1) be the point of intersection of perpendiculamgemts drawn to the ellipse.
Lety= mxi\/m be a tangent to the ellipse S = 0 passing thréugh
Theny, =mx, + Jant+ 1

=y, —Mmx; = &P+ 1

= (y,—mx,)? = a?nmf + bf

= yZ+m?x2-2x,y,m= anf+ bf

= (x2-a?)m?- 2x yym+ (Y- )= (... (1)

If m,, m, are the slopes of the tangents through P themgare the roots of (1).

The tangents through P are perpendicular.

yi—b°__,

= mm,=-1= 4
Xl_a

= yi-b?=-x{+a’= x’+ yf= a’+ b’
O P lies on X+ y* = & + b’ which is a circle with centre as origin, the cenif the

ellipse.
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Auxiliary Circle:
Theorem: The feet of the perpendiculars drawn from eithetheffoci to any tangent
to the ellipse S = 0 lies on a circle, concentrithvihe ellipse.( called auxiliary circle)

Proof:

2 2

Equation of the ellipse s=X +Y _1-9

a? b
Let P(x, y1) be the foot of the perpendicular drawn from eitbé the foci to a
tangent.

The equation of the tangent to the ellipse S =PHsnx+va’nf+ ¥ ... (1)

The equation to the perpendicular from either fgeae,0) on this tangent is
:—i(xiae) .. (2)
m
Now P is the point of intersection of (1) and (2).

N

N | ¥

O y=mxxvainf+ iF ,x:—% (x% ae

>y, —mx, =@ P+ P My + x=t a

= (y,—mx,)* + (my, + x,)? = &P+ P+ & &

= Y7 +M2X{ = 2% y,m+ MP Y2+ X2+ 2xym= & nf+ & (& é4 4
= xZ(M?+ 1)+ y2(1+ m?)= & nf+ &

= (g +yD(m*+D)=a’ (m'+ D= K+ = &

0 P lies on X+ y* = & which is a circle with centre as origin, the certf the ellipse.
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Theorem: The equation to the chord of contact of f{x) with respect to the ellipse
S=0is3=0.

Eccentric Angle Definition:

Let P(x, y) be a point on the ellipse with centre I&t N be the foot of the
perpendicular of P on the major axis. Let NP méa¢sauxiliary circle at P Then
[ONCP is called eccentric angle of P. The poihid_called the corresponding point of
P.

.
N7

Parametric Equations. If P(X, y) is a point on the ellipse then x =@s6, y = b sinB

whereB is the eccentric angle of P. These equations xesf, y = b sinf are called

parametric equations Of the ellipse. The point P(acBsb sinB) is simply denoted b§.

Theorem: The equation of the chord joining the points wititentric anglest andf3

atB_ S P
2 2

on the ellipse S=0 i%cos# +Xb sin

Proof:
Given points on the ellipse are P(acod sina), Q(acoss, b sinf).

bsina - bsif3 _ b(sim - sif§
acox — acop a(ces— cPs

Slope of PQ is

Equation ofPQ is:

b(sina — sinB) (x—260%

y-—sina =
a(cosx — cof )

3(x—acoszot) y- bsim

(sina —sinB)= (cosx — coB
:(i—cosaj 2008 1B sig;z(x— siuj ~« 2)s'+%+—[3 sth—_r
a 2 2 b 2 2
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(x j a+p _ (y : j a+pB
=|~=-cost | coOS—— =-| = — sim | siR—-
a 2 b 2

:icosa—JrB+X sinOLB
a 2 b 2

B a+p

=cosa coso%+ Siim SiHT
2 2

Theorem: The equation of the tangent aBP6n the ellipse

S=0 isicose+x sim= ..
a b

Theorem: The Equation Of The Normal At @&(On The Ellipse

S=01s X - B _ 2 2
cosO sirB

Theorem: Four normals can be drawn from any point to thipsd and the sum of the

eccentric angles of their feet is an odd multigieto
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Very Short Answer Questions

1. Find the equation of the ellipse with focus at (1-1) e = 2/3 and directrix is
X+y+2=0.
Sol. Let P(x, y1) be any point on the ellipse. Equation of the athig is
L=x+y+2=0

M P

L=0

By definition of ellipse SP =e PM
SP = é0PM

2 2
(X, _1)2 +(y + 1)2 = (%j {—)&H 2}

4%ty t 2y
9 2
o (4~ + (i + 17 | = 204+ yi+ 2F

(X -1)* + (yp + 1y =

9[xf—2x1+1+ Ve + 2y1+:q: 2{>§+ Yo+ 4 2%yt Axt 4Mj|

Ox? +9y? - 18x + 18y + 18 2%+ 2y+ 4x y+ 8yt 8y
7XZ - 4x, Y+ Tye— 26x+ 10y+ 1G= 0

Locus of P(X, y1) is 7¢ — 4xy + 7y — 26x + 10y + 10 = 0
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2. Find the equation of the ellipse in the standardorm whose distance between foci
is 2 and length of latus rectum is 15/2.

Sol. Latus rectum = 15/2

2 15

a 2
Distance between fociis 2ae =2

—ae=1
b’ = & — &€’
S b’=d-1

:>1745a:a2—1:> 43— 15a 4

a=4or a=—1
4

2 2

Equation of the ellipse 5+ =1,
16 15

3. Find the equation of the ellipse in the standardorm such that the distance
between the foci is 8 and the distance between diteces is 32.
Sol.Distance between foci &ae= 8= ae -

Distance between directrices = 32

28 35,316
e e
(ae{gj =64
e
a’ =64

b’=a’-& €= 64 16 4

2 2

Equation of the ellipse g +Y =1,
64 48
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4. Find the eccentricity of the ellipse, in standardform, if its length of the latus

rectum is equal to half of its major axis.
Sol.

Given, latus rectum is equal to half of its maais

20
= —= a

a

2 = &
Butt’ =& (1 - €)

28 (1-6) =&

1 1 1
1—92—§:>ez—zz> ezﬁ

5. The distance of a point on the ellipse®+ 3y = 6 fro

Find the eccentric angles.
Sol.Equation of the ellipse ix 3y = 6

2 2

XLy

6 2
a=+/6,b=+/2

Any point on the ellipse is
PA/6cod 4/ 2si

Given CP = 2= CP =4

6cosO+2sifO=4

6(1 - siff B) + 2sif B =4

6—6sif0 + 2sifB =4

4sif0=2=sifo=2=1
4 2

sinezii
2
sing=L—g="1 3
2 4" 4
sing=—< g=0 M
2 474

m its centre is equal to 2.
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3m Sm
4 4’

Eccentric angles ar

2P
4>_| 3

6. Find the equation of the ellipse in the standardorm, if it passes through the
points (-2, 2) and (3, —1).

Sol.Equation of the ellipse is

x* y?_
P
It is passing through (-2, 2), (3, -1)
4 4 .
-2,2 —+—==1 ... (I
(-2,2) = 2tz (i)
9 1 ..
3,-1) = ¥+F:1 ... (i)

Solving (i) and (ii), we get

1_3 1_5
a2 32 2 32
3x*>  5y?
32 32
3x? +5y* = 32

7. If the ends of major axis of an ellipse are (5,)&nd (-5, 0). Find the equation of
the ellipse in the standard form if its focus lie®n the line 3x — 5y -9 =0.
Sol.Vertices (xa, 0)= (5, 0 a =5,
Focus S = (ae,0)
Focus lies onthe line 3x -5y -9=0
3(ae) -5(0)-9=0

Be= = =
5
b2 = &(1 - &)

Equation of the ellipse is
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X2 y2
Z_+2_=1=16x% + 25y = 40(
25 16

8. Find the equation of the tangent and normal to th ellipse X + 8y* = 33 at (-1, 2).
Sol.Given ellipse S =%+ 8y = 33
Equation of the tangent ig SO

ﬁ.;& =1
a> b
x(-1)+8y(2)= 33
= —-X+16y= 33

= Xx-16y+33= C

=

Equation of the normal is
16x+y+k=0

It passes through P(-1, 2)

-16+2+k=0 k=14

Equation of the normal is

16x+y+ 14 =0.

9. Find the equation of the tangent and normal to tk ellipse
X?+2y°— 4x+12y + 14 = 0 at (2, —1).
Sol.  Given ellipse
S =X+2y*— 4x+12y + 14 =0
Equation of the tangent is SO
XX1+2yy1 —2(x + %) +6(y+y) +14=0
= 2X—2y—-2(x+2)+6(y—1)+14=0
—4y+4=0
y = —1 required equation of tangent.

Slope of tangent is O
Equation of normal bg +1:%1(x— 2)

X = 2 equation of normal.
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10. Find the equation of the tangents to 9+ 16y = 144 which makes equal
intercepts on coordinate axes.
Sol.Equation of the ellipse is

9% + 16y = 144

2 2

Shpaus Ap

16 9

Equation of the tangent %cos@+% sirb=

Slope of the tangent = bC(,)SG =-1
asind
cotg=2 _4
b 3

cosﬂ=iﬂ ,sirﬂ=i§
5 5

Equation of the tangent is:

i(iﬂj+z(i_3j =1
4 5) 3L 5

Xxty+5=0
X2 y2
11. If PN is the ordinate of a.point P on the eIIipse—2+F =1 and the tangent at P
a

meets the X-axis at T then show that (CN)(CT) =%awhere C is the centre of the

ellipse.

2

y

2
Sol: Let P@) = (a cosB, b sinB) be a point on the eIIipsé(5+F:1. Then the
a

equation of the tangent atdy(s

xcosf  ysirB =1 (or)
a b
X _+ Y _-1meets X-axis at T.

(co) ()
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X'

o

0 X - Intercept (CT) —C:Se and the ordinate of P is PN = b $irthen its abscissa

CN = a co9d

0 (CN).(CT)= (aco® }2—= 3

co

12. Find the value of k if 4x + y + k = 0 is a tangdrto the ellipse X + 3y* = 3.
Sol.Equation of the ellipse i€x 3y = 3

2 2
X_+y_=

3 1
&=3,0=1

Equation of the lineis4x+y+ k =0
=y =-4x-k
>m=-4,c=-k
Above line is a tangent to the ellipse
= =&+
(kY = 3(-4f + 1
k*=48+1=49
k=+7.
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13. Find the condition for the line xcost + ysina

2 2
. X
eII|pse—2+y—2 =1.
a

Sol.Equation of the ellipse |s—+% 1 ...()
Equation of the line is xcas+ ysim = p

ysino = —xco®t + p

cosa p
=—X—t—
Sina SINa

cosa
U m=-——,c= .p
Sina SIina

Above line is a tangent to the ellipse
= C=dm’+ 1P

2
P c052a+b2

sin’a sirfa

Or pP=dcosa + I sirf a.

p to be a tangent to the

14. If the length of the major axis of an ellipse ighree times the length of its minor

axis then find the eccentricity of the ellipse.

Sol:  Let the ellipse in the standard form be
X2 y2

Length of major axis is ‘a’ and length of minor sus ‘b’. Given that a = 3b

sa’=9F= =98 (+ &)
1-¢=loe- o 22

[0 Eccentricity of the elllpseE\/—E
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A man running on a race course notices that the su of the distances of the two
flag posts from him is always 10 m. and the distamcbetween the flag posts is

8 m. Find the equation of the race course traced e man.

Sol:

z| AN g

N
>
N

Given AA =2a=10=>a=5
(Taking flag posts located at A and)A
Also given the distance between two fixed poinen8 S= 8 m.

0 2ae =8> ae=4

Ob=d1-6)
S -g=25-16=9
Ob*=9

© |<N
H

Hence the equation of ellips e)—z(lg

16. The orbit of the Earth is an ellipse with eccentrigdy 1/60 with the Sun at one of its

Sol:

foci, the major-axis being approximately 186x 10° miles in length. Find the

shortest and longest distance of the Earth from th&un.

2

Let the earth’s orbit be an ellipse given Ey y_2 =1;(a> b)
a

Since the major axis is 18610 miles
We have 2a = 188 10°

= a = 93x 1P miles
If e is the eccentricity of ellipse thee'FG—lo.

The longest and shortest distances of the Easth the Sun are respectively

a+ ae and a — ae.
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Here, the longest distance of earth from the sarae= 9% 16><( }6_10j

=9445x 1¢ mile:

And the shortest distance of earth from the san—=ae=93x 1(?( 1- 6—10j

= 9145 10" miles.

17. Find the equation of the ellipse referred to itsmajor and minor axes as the
coordinate axes X, Y — respectively with latus ream of length 4 and distance
between foci igh/2.

Sol:  Let the equation of ellipse be
X2 y2
—+==1,(a>b
2z 7 (a>Db)

Length of the latus rectum

2
2 _4mp=2a
a

Distance between foci, S = (ae, 0) and$-ae, 0) iRae= 4/ 2= aes ¢
Also b’=a’(1- € )= 2& &- (aéF &

—a’-2a-8 0

= (a-4)(at 2F (
=a=4(- a> 0)
Ob*=2a= 8

[0 Equation of ellipse is

X—2+y—2—1(or) X2+ 2y =16
16 8 '
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2 2
18. C is the centre, AA and BB' are major and minor axes of the eIIipseX—2+# =1.
a

2 2
If PN is the ordinate of a point P on the ellipsetten show that (PN, (BC)2 .
(A'N)(AN) (CA)

2

2
Sol:  Let P@) = (a cod, b sinB) be any point on the eIIips)éz,— +% =1.
a

N A'(JA )

BI

v

The PN = b si® and CN = a co8
CA=CA =a,CB=CB=b
(PNY
(A'N)(AN)
_ (PNY
(A'C+CN)(CA-CN)
(bsind Y
(atacod )(a acds )

_b’si’® _ ¥ _ BC _
“Zsio @ (CAp e

ULHS=

19. S and T are the foci of an ellipse and B is on@@ of the minor axis. If STB is an

equilateral triangle, then find the eccentricity ofthe ellipse.

2 2

Sol: Let X—2+%:1;(a> b) be an ellipse whose foci are S and T. B is an anithe
a

minor axis such that STB is equilateral triangle.

Then SB = ST = TB.
Also S = (ae, 0), T = (—ae, 0) and B(0, b)
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Consider SB = S (SBY = (STY
— (aef + b = 44 €

= e+ d(1-€) = 4de?

= e’ + & — &€’ = 4de?

= 1=4¢€

:>e2:1:>e:—1.
4 2

2 2
20. If a tangent to the eIIipseX—2+y—2 =1, (a > b) meets its major axis and minor axis

a® b?
+

5 >=1 where C is the centre
(CM)“  (CN)

at M and N respectively then prove that

of the ellipse.
Sol:

X'

/: \P(G)
N

YV
2

2
Let P@) = P(a co®, b sinB) be a point on the eIIips)éz— +% =1.
a

X cosf N ysirD _
b

Then the equation of tangent adpisc 1

y _
a bt
cosO sid

+

=

This meets major axis at M and minor axis at Nnsd t
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CM -2 and CN=_—b
cosB sird

:>i =cosO and—b = si®
CM CN

a b?

~+ ~=cos 0+ sirfo= ..
(CM)* (CN)

Short Answer Questions

1).Find the length of major axis, minor axis, latusectum, eccentricity, coordinates of
the centre, foci and equations of directrices of # following ellipse.
) 9%+ 16y = 144
i) 4x°+y"—8x+2y+1=0
ii) x2+ 2y —4x + 12y +14=0
Sol.l) Given equation is 9x+ 16y = 144

2 2

SHEAITS A

16 9
O a=4,b=3where a>b
Length of major axis = 2a =24 =8
Length of minoraxis=2b=23=6

2
Length of latus rectum _23 =2_[9:_9

2
Eccentricity =, f 16_ = £

Centre is C(0, 0)
Foci are fae, 0) =(+J/7,0)

Equations of the directrices are

a 4 16
X=t—=X=HEF==+—
e NTOTT

= J7x=+16

www.sakshieducation.com



www.sakshieducation.com

i) Given equation is £x+ y* — 8x + 2y + 1=0
4(x? - 2x)+ (Y +2y)=-1
a((x-17 -1 +( (y+ 17 -)=-

Ax-1F + (y+1f =4+ - 1= 4

(x-1° , (y+1 _,
1 4

a =1, b=2where a <b y-axis is major axis
Length of major axis=2b =4
Length of minor axis = 2a =2

Length of latus rectum —21 -2- 1

2
Eccentricity = ,/ —a ,/4_

Centre is c(-1, 1)

Be = 2@/—5’\/5

Foci are(-1,1++/3)
Equations of the directrices are

y+1: iE:+i

e 43

x/§y+\/§=i4

J3y++/3£4=0
i) Given equation is:

X2+ 2y —4x+ 12y +14=0

X2 — 4x + 2(y + 6y) = —14
= (X* — 4x + 4) + 2(§ + 6y + 9) = 4+18-14
= (x-2f+2(y+3f=8

L (x=2°  (y+3°

8 4
(x=27 , (y+3f _
(2\/5)2 + 22 =1
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a=22/2,b= 2,k 2,k—
Length of major axis = 2a 2(2v/2)= 4/ 2
Length of minor axis=2b=22=4

Length of latus rectum =

. b? 4 1
Eccentricity =,[1-— =,/1-— =—
Y2V T

Centre = (h, k) = (2, -3)
Foci = (h+ ae, k) = (2 2, -3)
= (4,-3), (0, =3)
Equations of the directrices are:

a 2\/_2

X—-h=t—=x-2=%

e T @2)

(x-h) , (y-k)?
2

2. Find the equation of the ellipse in the form-—; .
a

=1 given the

following data.
i) Centre (2, —1), one end of major axis (2,-5),=1/3.
Sol.Centre C=(h,k)=(2,-2»>h=2,k=-1
End of major axis A =(2, -5).
The x coordinates of centre and end of the majm @e same, therefore major axis is

parallel to y axis.
b=CA=/(2- 2P+ 5+ 1f =/ C 4f = ¢

2= &) 1{ }lj:@
o) o

Equation of the ellipse is

www.sakshieducation.com



www.sakshieducation.com

(=27, (y+1? _,

28 16
9
o2 2
o(x-2f , (y+ 17 _,
128 16

9(x — 2)% + 8(y+ 1F = 12¢
i.e. 8(x — 2§ + 9(y + 1f = 128.

i) Centre (4, —1), one end of major axis is (—1,>&and passing through (8, 0).
Sol.Centre C (4,-1)
ONE end of major axis is A =(-1,-1).

Y coordinates of above points are same, majorisyparallel to x axis

a= CA=(4+1f+ 1+ 1= ¢
Ellipse is passing through (8, 0)

LY
:3(8 4)+(o+1f:1:>_;:1_16: 9

25 b? b? 25 2E

Equation of ellipse is

2
(x—4) +£

25 25
= (x—4)?> +9(y+1¥ = 28

(y+1)°=1

iii) Centre (0, —3), e = 2/3, semi-minor axis = 5.
Sol.
Centre C (0, -3) , e =2/3
Semi minor axis b =5
S>bf=d-&¢
— 5= -2 az(gj
9 9

= 45=4&
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Equation of ellipse is

(x=0)° , (y+3f _,

45 25
2 2
XL 3

45 25

iv) Centre (2, -1), e = 1/2, latus rectum = 4.
Sol.
Centre (2,-1),e =1/2

_ 20° 2
Latus rectum=4—= —=4—= b= 2a

a
=d-&¢

T I L
4 4

:>2a:§a2:>§: aor 5234
4 3 9

_16
3

= b?

Equation of the ellipse is

_ 9\
9(x-2)" , 3(y+1f _,
64 16

9(x — 2f + 12(y + 1§ = 64

3. Find the equations of tangent and normal to the &pse 2¥X + 3y’ = 11 at the point
whose ordinate is 1.
Sol.Equation of the ellipse is S =2x 3y = 11
Giveny=1
2 +3=11=2¢=8=x=#2
Points on the ellipse are P(2, 1) and Q(-2, 1)
Casel: P(2,1)
Equation of the tangentis S0
— 2x[2+3yll= 11> 4% 3y 1

The normal is perpendicular to the tangent.
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Equation of the normal at P can be taken as
3x -4y = k.
The normal passes through P(2, 1)
6-4=k=>k=2
Equation of the normal at P is 3x — 4y = 2.
Case ll: Q(-2, 1)
Equation of the tangent at Q isS0
=2x(-2) +3y.1=11
=>-4x+3y =11
4x-3y+11=0
Equation of the normal can be taken as
3x+4y =k
The normal passes through Q(-2, 1)
—6+4=k=>k=-2
Equation of the normal at Q is 3x + 4y = -2
Or 3x+4y+2=0.

4. Find the equations to the tangents to the ellipse’ + 2y*= 3 drawn from the point
(1, 2) and also find the angle between these tangen

Sol.Equations of the ellipse i€ x 2y = 3

Q
2 2
LN
3 3/2
—a=3,10=3/2 R

P, 2)

Let m be the slope of the tangent which is passhmgugh P(1, 2)
Equation of the tangent is

y—2=m(x—-1)=mx—-m

y=mx+(2-m)
Above line is a tangent to the ellipse

= C=dm’+
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(2-mf =3 )+
4+m? - 4m= 3nf +g

2m? + 4m—g =0

4m? +8m-5= 0
(2m-1)(2m+ 5= (

1 5
m=—-or—-—

2 2
Casel:m=1/2

Equation of the tangent is

1 1 x 3
y=—X+2-—=—+—

2 2 2 2
2y =X+ 3
Xx—2y+3=0

Case ll: m =-5/2

Equation of the tangent is

5 ) 5x¢ 9
=——X+(2+2)=—+—
Y ZX( 2) 2 2
2y =-5x+9
5x+2y-9=0

Angle between the tangents is given by

m;, —m,
1+mm,

tand =

0 =tan’12.
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5. Find the equation of tangents to the ellipse 2x+ y* = 8 which are parallel to
X—2y+4=0.
Sol. Equation of the ellipse is 2x y* = 8

2 2
:>X_+ y_:
4 8

Equation of the tangent parallel to x — 2y + 4.=0

Isx—-2y+k=0.
:>y:§ +5
2 2

Above line is a tangent to the ellipse
= =dm’ +If

k? 1 5
=>—=4-+8=>k“=36=>k==*¢€
4 4

Equation of tangents are

X—2y+6=0

6. Show that the tangents to the elllpse—+%:1 at points whose eccentric
X2 y2

angles differ by 172 intersect on the eIIipse—2+F =2.
a

SOI. P(XJ.! yl)
R(172 +6) Q®)
Equation of the ellipse |s—+% =1

Equation of the tangent at €)(is

icose+z sim=:
a b

Equation of the tangent at( 5 + ej
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éco{Le}z si{zuej: :
a 2 b 2

—isin9+¥ coH=1
a b

Suppose P@x y1) is the point of intersection of the tangents ar@ R

B ﬁcose.ph sil=1 ..... (1)
a b
__Xlsine+h coH=1 ..... (2)
a b

Squaring and adding (1) and (2)

2 2
(ﬁcose+hsirej (_ sirg+ Y1 coej -
a b a b

2 2
X—%co§ 9+y—§ sir?@+2x—1y1 [co® sif
a b ab

2 2
+X—§sin2 9+y—§ co§9—2x—lyl cof sif=
a b ab

X2 !
X1 (cod 0+ sirf© )F% (sif0+ cosO ¥
a

Lol \V}
Ll V]

+===2

SJJN| X
KPS

w e A
Locus of P(x, yi1) is —2+F a2,
a

A man running on a race course notices that theusn of the distances of the two

flag posts from him is always 10 m and the distandeetween the flag posts is 8 m.

find the equation of the race course traced by thean.

Sol.S and Sare the flags and P is the position of the man.
P

S S

Given SP + ¥ =10 and SS-8
The path traced by the man is an ellipse whosesaliech and'S
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2a=10=a=5
SS=8=2ae=8>ae=4
4
= e=—
5

2 _ 20 £ \— 1_6=1
b _aa.&)-zfsz (

X2 y2
Equation of the ellipse i57+F =1
a

2 2
X
_+y_=

8. If Sand T are the foci of an ellipse and B is anend of the minor axis. If STB is
an equilateral triangle, then find the eccentricityof the ellipse.

Sol. B(0, b)

4 Nl

X2 y2
Equation of the ellipse i57+F =1
a

Foci are S(ae, 0), T(-ae, 0)

B(0, b) is the end of the minor axis
STB is an equilateral triangle

SB = ST= SB° = ST

ae” + If = 4d¢e’

b® = 3&¢°

(1 — &) = 3g¢e

1-€=3¢

4f=1= €=

N

Eccentricity of the ellipsee :% .
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9. Find the equation of the tangent and normal to th ellipse 9% + 16y’ = 144 at the
end of the latus rectum in the first quadrant.

Sol.Given eIIipse is O+ 16y = 144

|x

WY
16 9

End of the latus rectum in first Quadrant

P(ae—] (\/_ 7+ j

Equation of the tangent at P4sz—+

GOV
2

_+_:

16 4
J7x+4y:16

Equation of the normal at P is

=

(o]

YY1 _

16x- 4/7y= &/ 7
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10. Find the condition for the line

i) Ix+ my+n=0to be atangent to the elllpse—+% 1.

i) IXx + my + n =0 to be a normal to the elllpse—+y—2 1.
b

X2 y2
Sol. i) Equation of the ellipse is—2+F:1
a

Equation of the tangent at®(s

X cos9+Y siB= ..(1)
a b

Equation of the given line is

IX + my = —n ...(2)
(1) and (2) are representing the same line. éibes,

cosP _ _ sird _ 1

“al bm -n
cosB_sib_ 1

al bm -n
cosO = _a Sirg = _bm

n

cos 0+ sirf@ =1
a’l?>  b*m?
- 4 :1

n®> n?

— &%+ b'm? = rf is the required condition.

ii) LetIx+ my+n=0benormal at P(a)
Equation of the normal at P(a) is :

XY 2 )
cosO sid

LX + my =—n ... (2)
Comparing (1) and (2)
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I __m _ n
(ws) (o) 77
cosb Sind

Icosez—msirﬁz -n
a b a’- 1

_—an . bn
@) M T @ B)

cos B+ sirff= !
a’n® b _
|2(a2 _ b2)2 m2(a2_ b2 )2

&, 0 _(@- B

12 m? n?

is the required condition.

2 2
10. If the normal at one end of a latus rectum of thcellipsex—2+y—2:1 passes through
a

one end of the minor axis, then show that'e+ € = 1.

X2 y2
Sol.Equation of the ellipse is7+F =1
a

One end of the latusrectum is L(a&ab
Equation of the normal at L(a€’/4) is

2 2 2 2
X__BY g 2 [ AX PV 2y
ae (b“/a) X, Y

Y

a_ex —-ay= £é L(ae,l3/a)
NG/
B'(0, —b)

This normal passes through(® —b)
ab = &¢°

= b=aé
b = g€’
&(1 - &) = &€
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11. Show that the points of intersection of the perpatticular tangents to an ellipse

lies on a circle.

2 2
Sol:  Let the equation of ellipse b)éz—+% =1 (a>Dh).
a
Any tangent to the above ellipse is of the foymmx + /&’ nf + b
Let the perpendicular tangents intersect at

P, Y1)-

Oy, =mx, + /& nf+ IF

= (y,— mxy)* = anf+ 1P

= yZ -2my;x, + NP X = & nf+

= m?(x{ —a®)- 2mx y+ (f— b )= C

This being a quadratic is m has two rootsand m which corresponds to the slopes

of tangents drawn from P to ellipse then

2 2 2 2
_lyi-b _Iwn-b
M mz_(xlz—azJ:_l_ (xlz—azJ
1 1

(*+ Product of slopes = —1 for perpendicular tangents)

= xZ +yZ=a’+ b?

O Locus of (%, y1) is X + Y = & + ¥ which is a circle.
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12. If 84, 6, are the eccentric angles of the extremities of a¢al chord (other than the

2 2

vertices) of the eIIipseX—2+% =1 (a>b) and e its eccentricity. Then show that
a

i) eco{—elmzj = co%—ﬁl'ezj
2 2
i) e+l :cot(ﬂj cot(&j
e-1 2 2

Sol:

2 2
Let P@,), Q(O,) be the two extremities of a focal chord of thesk %+% =1(a> b)

OP=(aco$®, ,bsif, )A %
Q:(aC0£2 ,bSi'ez )!QZiT[

And focus S = (ae, 0). Now PQ is a focal chord lagce P, S, Q are collinear.
0 Slope ofPS = slope 0ofSQ

N bsinG, _  bsirg,
a(co®;— e) a(cos,- ¢

= absing, (co®,- ey absi, (cOs-

= (sinB, coB, — co, si, F e(sby— s,
= (sinB, -06,)=e(sid,— sirb, )

:Zsin(el_ezj co{el_ezj =e2 co%eﬁezj S(HLGZJ
2 2 2 2
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y’

13. If the normal at one end of a latus rectum of theellipse _+F_1 passes
a

through one end of the minor axis, then show that'e+ € = 1. [e is the eccentricity
of the ellipse]
Sol:

A

Normal

N
ey, O
\7‘747 haen

-

<

y?

Let ‘L" be the one end of the latus rectumg F

2
Then the co-ordinates of L(:ae,b—].
a

[0 Equation of the normal at L is

ax Szy —a2— B2
ae b°/a
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:%—ayzaz—lf

If this passes through the one erié(B,—b) of the minor axis then ab %-alf.

—ab=&-& (+ &)
—ab=dé= =a—§=—b
a- a

b? _a?(1- €&
:>e4:¥:%):1—é

S e'+e-1= 0> é+ é=

14. If a circle is concentric with the ellipse, findthe inclination of their common

tangent to the major axis of the ellipse.
2 2
Sol:  Let the circle K+ y* = r* and the ellipse bc)e% +% =1 with a > b.
a

0 The major axis of ellipse is X-axis.
If r < b < a, then the circle lies completely iretéllipse making no common tangents.
If b <a <r (ellipse lies completely in circle) sommon tangent is passive.

Case (i):Ifb<r<a

x’: \&Eoﬁy ’X

v

YV

Let one of the common tangent make arglith positive X-axis and suppose the

equation of tangent to the circle beosa + ysim = r wherea is the angle made by

the radius of circle with positive X-axis.

06="+q (or)6=a—E
2 2
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Since x cox + y sina = 4 touches the ellipse also, we have

a’cofa + B sifa= £

0a? co§(9—Ej+ 53 sir’r(e—E)= P
2 2

(or) & co§(1[+6j+ B siﬁ(]—1+6j: f
2 2

0 a? sirf+ b cog0= f

:az(l_ c;sZBj+ bz( H ZOSQ): 2

:{a2+ b2]+cos$(ﬂj= F
2 2

= (a®+ b*)+ (¥ - & )cos@= 2
a’+ b’ - 27
a-b
a2+ - 2P
a’ - b
1 _1[a2+ - 2?}

= 0==cos
2 a-p

cosd=

—20= cos‘l[

Case (ii): When r = a the circle touches the ellipse at thldseri major axis of the

Ellipse so that the common tangentsxareca and 6 :1_21_

Case (iii): When r = b, the circle touches the ellipse atethés of minor axis of

Ellipse so that common tangents stb=makingb = O..
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15. Find the coordinates of the points on the ellipsg® + 3y* = 37 at which the normal
is parallel to the line 6x — 5y = 2.

Sol.Equation of the ellipse is %% 3y = 37

2 2
X
SN

=1
37 (37
3

j a2=37,l:?=3—7
3

Slope of the normal asind _ /37 sird =/3tand

3
bcosH \/fcose

The normal is parallel to 6x — 5y = 2

«/§tan9:g
O
tane:i :2_\/7'3
5/3 5
& 23
)
5
Case I:
The coordinates of P are (a &9 sinb)
378 ’J3_7D2\/_3 5 2
( NN T
Case I:
The coordinates of P are (a dh9 sinB)
\/3—7(—5) ’\/3_7D—2\/_3 - _5,_2
( AN
V31 -2)/3
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Long Answer Questions

1. Aline of fixed length (a + b) moves so that itsnds are always on two
perpendicular straight lines prove that a marked pant on the line, which divides
this line into portions of lengths ‘a’ and ‘b’ descibes an ellipse and also find the
eccentricity of the ellipse whena =8, b =12.

Sol.

P(x,y)
a

(@] A >X
Let the perpendicular lines as coordinate axes.
Let OA =a and OB =3 so that equation of AB i§+%: :
Given length of the line AB =(a + b)

= a?+p%=(a+ by .. (i)

Let P(x, y) be the point which divides AB in théioaa : b
~P= ( ba_ & j (x.y)

a+b at+ b
ba . O(=a+b5(
a+b b
a3 _ _atb
245 ) F=—"<a

Substituting the values of, B in (i), we get,

(a:;zb)z D(Z (a bf — (a+ b)
a

0r—+y—2 1
b’ &

P describes an ellipse.
Givena=8,b =12, sothatb > a.
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— 1
Eccentricity = ,/ a \/ 141‘:464 122:%‘

2. Prove that the equation of the chord joining thepoints a and B on the ellipse
2 2
X—+y—:1ls 5cos—[3+ sm—B: COE Bj
a~ b a 2 2

Sol. The given points on the ellipse are
P(a coxn, b sina) and Q(a co$, b sinp)

Slope of PQ 217 Y2 - b(sina - sind )
X; =X, a(cox:— cof

b(Zcos% Dsino%j bos™ TP
2

a(—Zsir' BElsm Bj _aE‘BinO(—ﬂ3
2 2 2

Equation of the chord PQ is

bcosO(—JrB
y—bsina =- - 2 (x— acost
a+p
asin——
%sina—;B—sina [Bin%z—ia cogLZB+ cos [ ceoéjL—[3

+ + +
—cos—28+zbsinﬂ: coaDcog—B+ sim[] a+p

SHh——
a 2
_ Co{a _G_+Bj B
2 2
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3. Show that the feet of the perpendicular drawn fran the centre on any tangent to
the ellipse lies on the curve &+ y?) = &x? + by~

2 2

Sol.Equation of the ellipse isx—2+% =1

a

Equation of the tangent at®(s

icose+z sim=:
a b

N(X1, ¥1)
P

Slope of the t

_(cosﬂj
PN = a )__bcosh

B (sinej "~ asind
b

Let N (x, y1 ) be the foot of the perpendicular from C(0, Oakhy tangent.

Y1
X1

slope of CN

[ Slope of PTx slope of CN = -1

B bcgse EL]
asin® x

cos@z sirﬂz 1 —k

ax by a?x?+ bPy?

ﬁcos,6+h sib =
a b

Cos@:ﬁ . Sirﬁ:%
k k

X1 Y1 _
—[ax, +==[by, = k
et Y1

X3 +yr =k

N(X1, Y1) is a point on” cosh +—3k/) sif=:
a

ﬁcose+L siml= ]
a b
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X7 +y7 =a’x{+ b2y? (or)

2
(x¢ +y7) =atx+ b7y}

Locus of N(x, y1) is (¢ + V)% = &x® + by*

4. Show that the locus of the feet of the perpenditars drawn from foci on any
tangent of the ellipse is the auxiliary circle.

L
L

2 2
Sol.Equation of the ellipse isx—2+% =1
a

Equation of the tangent to the ellipse is

y=mx*+a’nt + b
= y-mx=#Jant+F .. (1)

Equation to the perpendicular from either foctaeg, 0) on this tangent is

y= —%(xiae)

my =—(X+ ae)

my+ X = tae .. (2)
Squaring and adding (1) and (2)
(y = mxf + (my + xf = &m® + b* + &€
y2 + mé = 2mxy + my® + X2 + 2mxy
=&m’ + & — &€ + &€
(x* + Y)(L + nf) = &(1 + nf)
Sty d

The locus is the auxiliary circle concentric wikietellipse.
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5. The tangent and normal to the ellipse %+ 4y? = 4 at a point P@) meets the major
axis at Q and R respectively. If 0 <8 < W2 and QR = 2, then show
that = cos'(2/3).

Sol. M
N

Q

Equation of the ellipse is % 4y = 4

2 2
X
_+y_=

4 1
Equation of the tangent at®(s

X oo+ siB=
2 1
Equation of x-axis (i.e., major axis) isy =0

il]I:ose =1 x=i
co

Coordinates of Q aréi,oj
cosB

Equation of the normal at &(is

ax _ by :az_bz

cosO sird
Xy
cosb < sir

Substituting’y = 0 we getZi =3
cosf
=§cose
2

Coordinates of R arg cosf ,(ﬂ

- Y,
QR:(—gcose+ 2 j_ 3cod 6+

co ) 2co$
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Given QR =2
-3co< 0+ A_ )
2co

-3c0s 0+ 4= 4co8
3co$B+4coBH-4=0
(3cosb—2)(co®+2)=0
3cod-2=0=codh=2/3
co9+2=0=coHh=-2
coH=2/3or-2

:>cos6=Z
3

i.e. 0= cos’l(gj
3
2 2

6. Show that the points of intersection of the tang#s to the ellipse X—2+%:1
a

(a > b) which one inclined at an anglé®, and 6, with its major axis such that
cotf, + cotd, = k? lies on the curve K (y* — ) = 2xy.

P(x, Y1)

Sol.

Equation of any tangent to the ellipse

y=mx++anf+ b

This line passes through R(¥1)
y, =mx, £y @ n? + b

(y, ~mx,)* = amf +
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m?xZ + y2 - 2mx,y,— & nf— = 0
m?(x; —a°%)= 2mx y+ (% - B = (
This is a quadratic equation in m.

m, and m are roots of this equation.

2%y, y: - b’
m,+m, = 7 o MMy ="

1,1 _m+m_ 2%y

coto, + cotd, = R
m m, mm, y;-b

Given cot8, + cotd, = K

2X1y1 - k2
2 2
yi —b

Locus of P(x, y1) is K (y* — bf) = 2xy.

= kz()’lz_ bz) =2XY,

7. Show that the point of intersection of perpendiclar tangents to an ellipse lie on a

circle.

: X2 yP
Sol.Equation of the ellipse |55+F =i
a

Let P(x, y1) be the point of intersection of the tangents.

Equation of thetangent.is

y=mx+yaint+ if

This tangent is passing through R(%)
y1= mxli\/m
y,~mx, = +/@n? +
(y—mx,)? =+ i
m?xZ + yZ - 2mx, y;— & nf— b x

m?(x{ —a®)- 2mx y+ (- b = (
This is a quadratic equation in m giving two valdiesm say m and m. These are

the slopes of the tangents passing througly{x
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The tangents are perpendicutarmm, = -1

yr —b* _

-1
xZ —a?

yi =b*=-x;+a®
Gyt
Locus of P(x, y1) is X + y* = & + b¥ which is a circle.

Q

P (%, y1)

This circle is called Director circle of the Elligs

Problems for Practice

1. Find the eccentricity, coordinates of foci. Lendt of latus rectum and equations of
directrices of the following ellipses.
) 9x%+ 16y’ —36x + 32y —92=0
i) 3x*+y’—6x—2y—-5=0

2. Find the equation of the ellipse referred to itsmajor and minor axes as the
coordinate axes X, y respectively with latus rectunof length 4 and the distance
between foci/2.

Ans. X% + 2y = 16

3. If the length of the latus rectum is equal to hdlof its minor axis of an ellipse in

the standard form, then find the eccentricity of the ellipse.

Ans. e =J/3/2

www.sakshieducation.com



