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CIRCLES PART - Il

Theorem: The equation of the tangent to the circle S =B(&, y;) is S = 0.

Theorem: The equation of the normal to the circleS* + y* + 2gx + 2fy + ¢ = 0 at P{xy,) is

(1 + H(X=x) — (¢ + 9)(y — ) = 0.

Corollary: The equation of the normal to the circfay¢ = & at P(x, y1) is yix— Xy = O.

Theorem: The condition that the straight line Ix + my +=® may touch the circle’% y* = & is

2 _ 22 : -a’l —a’m
n’ = &(1? + nf) and the point of contact s, .
n n
Proof:

The givenlineisIx+my+n=0 ...(1)
The given circle isk+ y* = P...(2)
Centre C = (0,0), radius =r

Line (1) is a tangent to the circle (2)

= The perpendicular distance from the centre Ceditte (1) is equal to the radius r.

‘ 0-n
=r

- VIZ +m?

- (M =r(%+m?) b

Let P(x y1) be the point of contact.

Equation of the tangent is<D, => xx+y,y —r=0. ---- (3)

2

_ A2 _ A2
Equations (1) and (3) are representing the sametlirerefore,lﬁ =h-"4 X = al Y, = am
m n n n
A2l _A2
Therefore, point of contactﬁsa—l, a mj
n n
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Theorem: The condition for the straight line Ix + my + rDamay be a tangent to the circle

X2+ Y+ 2gx + 2fy + c = 0'is (g+ * — c)(F + mf) = (Ig + mf — n}.

Proof:
The givenlineisIx+ my+n=0 .. ()
The given circle isk+ y? + 2gx + 2fy +c=0 ... (2) p

Centre C = (—g, —f), radius=4/g* +f?-c

Line (1) is a tangent to the circle (2)
= The perpendicular distance from the centre Ceditie (1) is equal to the radiusr.

— /gz+f2—c

- ‘—Ig—mf +C

VIZ +m?

= (Ig+mf -n)* = (g*+ f2-c)(1*+ m?)

Corollary: The condition for the straight line y = mx + ¢ twmth the circle
X*+y =ris @ =r(1+n).

The given line is y=mx+c  i.e., mx-y+c=0 .. (1)

The given circle is S&x+ y? = P

Centre C = (0,0), radius =r.

If (1) is a tangent to the circle, then

Radius of the circle = perpendicular distance faantre of the circle to the line.

B’ S :>r2(m2+1):c2
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Corollary: If the straight line y = mx + ¢ touches the cirgfet y* = P, then their point of contact is

_r’m r?
c ¢

Proof:
The given line is y=mx+c  i.e., mx-y+c=0 .. (1)
The given circle is S&x+ y? = P ...(2)

Centre C = (0,0), radius =r
Let P(x Y1) be the point of contact.

Equation of the tangent is=®, => xx+y;y —r=0.----(3) b

: : . X _Y, _-r? -r’m 2

Equations (1) and (3) are representing the sarraethm:refore,E =_—11 :T =X = . Yy :?
Point of contact i§x, y,) = _r'm r®
1Y1 c ' C

Theorem: If P(x, y) is a point on the circle with centreo(§) and radius r, then x & + r co®,
y = + r sin@ where (<6< 21t

Note 1: The equations x & + r co®, y =3 + r sinf, 0<6< 2 are called parametric equations of

the circle with centreq(, 3) and radius r.

Note 2: A point on the circle %+ y* = ¥ is taken in the form (r c@sr sin®). The point

(r co9, r sinB) is simply denoted as poift

Theorem: The equation of the chord joining two poiBtsand6, on the circle
X2 + Y2 + 2gx + 2fy + ¢ = 0 igx +g)00591;—92+ (y+ f)sin(%: rcog%e2 where r is the radius
of the circle.

Notel: The equation of the chord joining the poirfis and 6, on the circle X + y* = s

XCOST+ ySlnT— rCOST.
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Note2: The equation of the tangent aBPOn the circle(x +g)coB+ (y+ f)si=4/ g+ £- ¢

Note 3: The equation of the tangent abPén the circle X+ y* = P is x co® + y sin® =r.

Note 4: The equation of the normal atdPpn the circle &+ y* = P is x sin@ —y co® =r.

Very Short Answer Questions

1. Find the equation of the tangent at P of the cired S = 0 where P and S are given by
P=(7,5),% X*+y~6x + 4y -12
Sol. Equation of the circle is
S X+ y-6x+4y—12=0
Equation of the tangent at P (7,5) is®
= X.7 + y(-5) -3 (x +7) +2(y-5) — 12 =0
= 7Xx-5y-3x—-21+2y-10-12=0
=4x-3y—-43=0

2) Find the equation of the normal at P of the cirle S = 0 where P and S are given by
) P=(3,-4),8 X*+y+x+y—24

Sol. Equation of the normal passing throughyy is (x —%) (y1+f) = (y-y) (X, +g) =0

1 1
= (x=3)(-4+2)-(y+4) (3+2)=0

7 7
=3 (x=3)-2 (y+4)=0

=>xX-3)+(y+4)=0
= X-3+y+4=0

e, x+y+1=0

i) P=(35),3 x*+y°—10x — 2y +6

Sol. Equation of the normal passing throughy® is(X - x1) (y1 +f) = (y - y) (X1 + Q)
x-3)(5-1)-(y-5@-5)=0
=4x-12+2y-10=0
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=4x + 2y —22 =0
=2x+y—-11=0

Short Answer Questions

1) Find the length of the chord intercepted by the cicle X2 +y* — x + 3y — 22 = 0 on the line

y=x-3
1 3
Sol. Equation of the circle isSx* + Y —x + 3y — 22 = 0. Center &( -2)and

I1 9 Il—‘}—SB E
R T N S e w7
Radius r = =~ = 4 =%

Equation of the lineisy=x-3x-y-3=0

P = distance from the centre to the line

I

i

-

I

[y

I

’I-

t\.=1|"l
E

— 2‘,' 2 =%96 = 4\E units.

2) Find the length of the chord intercepted by the cicle X + y* — 8x — 2y — 8 = 0 the line
Xx+y+1=0

Sol. Equation of the circle is% y*- 8x — 2y — 8=0
Centreis C(4,1) and radius vE6 ~+1 +8 =5
Equation of the lineisx+y+1=0

P = distance from the centre to the line
|4 —1—=1 i
VIt l=vz =32

Length of the chord = 2r* - »?
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= 2J25 — 18= 247 units.

3) Find the length of the chord formed by %+ y*= & on the line x cog + y sine = p.

Sol. Equation of the circle is® y* = &
Centre C (0, 0), radius = a
Equation of the lineis X c8s+ysind -p=0

10 +0-pl
P = distance from the centre to the lin&e==a + sinfa=p

Length of the chord =v&* — p*

4) Find the equation of circle with centre (2, 3) andouching the line 3x - 4y + 1= 0.
Sol.

Centre C=(2,3).

|3{2}— 4(3)+1
Radius r =Perpendicular distance from C to 3x-4y0= V32 447

Equation of circle (x-H)+ (y-k)* = P
(x-27 + (y-3f =1
X2+ VP — AX — By + 12 =

P 3Xx—4y+1=0
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5) Find the equation of the circle with Centre (-3,4jand touching y-axis.

A

y

/

r Yo

(-3,4)

Sol. Centre of the circle is C(-3,4).
Since the circle touches y — axis’,
Radius r = distance of ¢ from y-axid# = 3
Equation of the circle is (x+3) (y-4F =9
XX +6X+9+y-8y+16—9=0
e, X+y+6x—8y+16=0

6) Find the equation of tangents of the Circle X+ y* + 8x — 2y + 12 = 0 at the points whose
ordinates are 1.
Sol. Equation of the circle is
S X*+y—-8x—-2y+12=0
Let the point Pbig. 1}
Since P is a point on the circle ,
a*+1—8a-2+12=0
a*—8a+11=20

S4+464— 44 3 L 245
a= 2 =" 3 = 4+¥5

a=4+5 g=4-5
Co — ordinates of P are (43, 1) and Q (4v5, 1)
Equation of the tangent at P(451) is S= 0
X(A+V5)+y. 1-4(x+445)— (y+1)+12=0
= 4X+V5X+y—4x—-16-45 -y-1+12=0
=V5x —5-4/5 = 0=V5 (x-¥5 -4) = 0

—x-V5-4=0> x=4+5
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Equation of the tangent at Q45 1) is $=0
=X (4 -V5) +y.1 — 4(x + 4 ¥5) — (y+1)+12=0
—4x -ViX +y—4x—16+45-y—1+12=0
— -Vix+4¥5 -5=0=>-V5 (x-4+V5) =0

—=Xx—-4+¥5=0= x=4-V5

7) Find the equation of tangents the circle %+ y*— 10 = 0 at the points whose abscissa are 1.
Sol.Equation of the circleis S Zx y*=10
Let the point be (1, y)
1+y=10=y*=9
Y=% 3.
Co — ordinates of P are (1,3) and (1, -3)
Equation of the tangent at P (1, 3) is&
=x.1+y.3=10
=>x+3y-10=0
Equation of the tangent of P(1, -3) is=8
=>X1+y(-3)=10=>x-3y-10=0
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Long Answer Questions

x ¥
1)1f x?+y*=c*anda + h = 1 intersect at A and B, then find AB. Hence dedte the condition,

that the line touches the circle.

x ¥
Sol.Equation of the line ia +h =1

Equation of the circle’x y*= .
Centre C = (0,0) and radius r=c

Perpendicular from c to the line is

0.1 1

o 1

[+
1 1
2+1 -
Hna

a=l &z

1 1
a2 p?

Length of chord AB 2yr?-d?

- LI 3 Jc:—(t}%?ﬂ)
=24 @ iz py  \at4ss
Line touches circle wheri = for r = d
Length of the chord = 0

2_!;.2
+ b=

[ 3]

J¢

— c =N¢

2)If y = mx + ¢ and ¥ + y*= &%i) intersect at A and B. ii) AB = 24 , then show that
C’= (1 +nf) (&°-4?)
Equation of circle X+ y*= &
Sol. C=(0,0)r=a
Length of chord = ¢r? — d=?
—24r* +d*=24
S B S— (1)

Equation of the liney =mx+ mx—-y+c=0
0—0+¢
Perpendicular distance from c to line sld/m* + 1
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oL

e

=d
Therefore, from (1)

C:

S —miti=42

» = (@ -*? (1+ nf) whichis the required condition

3) Find the equation of the circle with centre (-2, 3xutting a chord length 2 units on

X+4y+4=0

Sol.Equation of the lineis3x +4y +4 =0
d = Length of the perpendicular form (-2, 3) to 8y+4 =0

13(-2)+ 43+ 4 1o
= V9 + 16 =5 =2

e

AB

If r is the radius of the circle then Length bétchord =2vr?-d?* = 2 (given)
r2-d?=1then?-22=1 = r’=5.
[1Equation of the circle i§x+2)* +(y-3)* =r?

X°+4X+4+Y—6y+9=5
e, X+yY+4x—6y+8=0

4) Find the equation of tangent and normal at (3,2) of the circle ¥ + y* — x — 3y — 4 =0

Sol.
Equation of the circle issSx? + Y-x—3y —4= 0
Equation of the tangent at P(3,2) is S1 =0

1 3
=>X3+y.2-2(Xx+3)-2(y+2)-4=0

6X+4y—-x-3-3y-6-8=0
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=>5x+y-17=0

Let the normal be x-5y +c=0.-(normal is perpendicular to the tangent)
Since normal passes through P (3, 2)

=3-10+c=&c=7

Hence Equation of the normal is x-5y+7 = 0

5) Find the equation of the tangent and normal atX,1) to the circle 2%+ 2y*- 2x — 5y + 3 =0
Sol. Equation of the circle is
2+ 2 —2x—-5y+3=0

3 3
Sx2+y?.x2y-2=0

Equation of the tangent at P(1,1) iss®

1 5 3
X1+yl-2(x+1)-4(y+1)2=0

Ix +4y -2 (x+1)-5(y+1)+6=0

A+ 4y —2x—-2-5y-5+6=0
2x-y—-1=0

Equation of the normal can be taken as
X+2y+k=0

The normal passes through Center P(1,1)
= 1+2+k=0=k=-3

Equation of the normalisx+ 2y -3 =0

6) Prove that the tangent at (3, -2) of the circle>+ y*= 13 touches the circle
X% + y?+ 2x — 10y — 26 = 0 and find its point of contact.
Sol.
Equation of the circle iss5x? + =13
Equation of the tangent at P(3, -2) is©®
X.3 +y(-2) = 13
= 3x—2y—-13=0 - (1)
Equation of the second circle is
X2 + y+2x — 10y — 26 = 0
Centre is c(-1, 5) and
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Radius r =1 < 25 + 26 =452 = V13

d = length of the perpendicular from c(-1, 5) 19 (
I-3— 10 —13] 26
d= V82 =VI3 = 2V13 =radius

~ The tangent to the first circle also touches #woad circle.
Equation of the circle
X2 + Y +2x — 10y — 26 = 0
Center ¢ = (-1,5)
Equation of normal is2x+3y+k = 0 . This normal &sping through (-1,5)
= 2(-1) +3(5) +k = 3=K=-13
= Normalis 2x + 3y — 13 = 0 -------------- (2)
Solving (1) & (2)
Point of intersection is (5,1)

= Point of contact is (5,1)

7) Show that the tangent at (-1,2) the Circle %+ y*4x-8y+7=0 touches the Circle %+ y*+4x+6y=0
and also Find its point of contact.
Sol.S= x*+y —4x -8y +7 =0 equation of the tangent at, 21to S =0 is $0
=X(-1) +y(2)-2(x-1) -4(y+2) + 7=0
= -3X -2y +1=0= 3x+2y -1 =0.
Equation of the second circle i$ & y* + 4x +6y = 0

Centre C =(-2,-3) radius r v~ Hi-c T Te-Vi3
[3(-2)+ 2(-3) - 1
Perpendicular distance from C to the lineisld = v3=+ 22 |=

d=r

Hence 3x + 2y — 1 =0 is also tangent to

x> + yP+4x +6y = 0

Point of contact (foot of perpendicular)

Let (h, k) be foot of perpendicular from (-2,-3)the line 3x+2y-1 =0

hR+2 kL3 13-20+ 2(-3)—-1] h+2 kL3
3 = 2 = 9 L4 = 3 =land 2 =1

—-13
Vi3

=V13

h =1, k =-1 therefore (1, -1) is point of contact
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8) Find the equation of the tangents to the circle+ y*-4x + 6y — 12 = 0 which are parallel to
Xx+y—-8=0
Sol. Equation of the circle is
S=X+y —4x+6y—12=0
Centre is C(2, -3); r = radius¥* + 9 + 12=5
Equation of the given line is x +y-8=0
Equation of the line parallel to above line is xky0
If x+y+k=0 is a tangent to the circle then

Radius = perpendicular distance from the centre.

12 -3+ k|
5= V1 +1

=lk—1 =5/2= k-1 =+ 5V2—= k=1+ 5v2
Equation of the tangent is

X+y+l+ 5/2 =0

9) Find the equations of the tangents to the circle®ty® + 2x — 2y — 3 = 0 which are perpendicular
to 3x —y+4=0

Sol. S =x*+y? +2x-2y-3=0, centreC(-1, 1)
And radiusr =1+1+3=+/5

Equation of the line perpendicular to 3x-y+4 =0 is
x+3y+k=0

N -1+ 3+k

J1+9
=50 = K+4k+4 = k*+4k-46 =0

_ —4+/16+ 184
2

(k+2)
10

=k

k:_élhiT]L.\/_zz _215\/_2

Equation of the required tangent is

X+ 3y —2+ 5V2 =0
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10) Find the equation of the tangents to the circlg’+y? — 4x — 6y +3 = 0 which makes an angle %5
with X — axis.
Sol. Equation of the circle is S =?ky*-4x-6y+3=0
Centrec (3, 3), radius r=/4 +9 -3 =10
Slope of the tangent m = tarf 451

Equation of the tangent can be taken ag+y i.e., x-y+c =0
12 -3+
Length of the perpendicular from centre cto&mg = +2

lc—1]
aVio = vz =(c-1¥=20

c-1 :iﬁ.ﬁ =+ 21.3
c=1+ 2V

Equation of the tangents x —y £12v5 =0

11)Find the equation of the circle passing through (-10) and touching x + y — 7=0 at (3,4)
Sol
Let C(a,b) be the centre of the circle A(-1,0) &{d,4)
Equation of the tangent is x+y-7 =0 --------1 B (

A(-1.0)

Now CA = CP
= CA*=CP
=(a+1)*+b*=(a-93)"+(b- 4)°
— 8a +8b -24 =@»at+b -3 =0 ---------- (2)
Line CP is perpendicular to tangent (1)

O Product of their slopes = -1

(%)(—1) S T L J—— (3)

Solving (2) and (3), a=1 and b=2.
Centre C =(1, 2)
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radius r = CA 5/(1+1)° + 2 =8

Equation of the circle i§x-1)"+(y-2)°=8
i.e., X+y*- 2x — 4y — 3 =0

12) Find the equations of the circles passing througfi, -1)and touching the lines
Ax+3y+5=0and3x-4y-10=0
Sol. Suppose equation of the circle i&+y¢+ 2gx + 2fy +c = 0

[0 From (-g, -f) to the line is equal to the radidighe circle

|39 — 4f — 10
=1 5 I
- 79+f-5=0(or)-g—-7f+15=0
F=7g9+5

2
NOW_4g_—53f+j (_g _1)2 + (-f+1)2

(—4g— 21g — 15 + 5)?

- 5

= (-g -1 + (-7g -5+1}

((59 +2f °+1 + 2g + 16 + 49
£ ¢ 569

Solving, we get
25¢ +38g +13=0

~26
g=-1, 50

fg=-1;f=-2
Circle is passing through (1, -1)

X2+ —2Xx—4y—4=0
Required equation of circle is ?#” — 2x — 4y —4 =0

www.sakshieducation.com



www.sakshieducation.com

13. Show that x +y +1 = 0 touches the circlé¥y*3x + 7y + 14 = 0 and find its point of contact.

Sol.
S=*+y?-3x + 7Ty +14=0
Centre (3/2,-7/2)

. 1
Radius =—
J2
3_7 4
) ) i .12 2 1 )
Perpendicular distance from centre to the k +1 = Q----mmmmm- 1) is’=——1=—=radius of the
p ney (1) L i
circle.

[0 Given line touches the given circle.

Let (x,y:1 ) be the point of contact. Then equation of dregent is &0.

= XX +Y1Y—g(x + X1)+—;(Y +Y,)+14=0

:>(Xl_ngJr(YlJr_gy+(__gxl+_;Y1+l4j:0 --------- (2)

Equations (1) and (2) representing same line, tbeye

3 7 3 7
(s3] [wrg) [FPnrgenny

1 1 1

5 7 31
=>x-y,=5 and Exl—zyl:—zz ¥- 9,= 3

solving these equations , ¥ — 3 and=

Therefore the point of contact is (2,-3)
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