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AREAS UNDER CURVES

1. Let f be a continuous curve over [a, b]. If f (x)=0 in [a, b], then the area of

the region bounded by y = f(x), x-axis and the lirex=a and x=b is given by

2. Let f be a continuous curve over [a,b]. If f(x)<o in[ab], then the area of

the region bounded by y = f(x), x-axis and the lire x=a and x=b is given by

—j: f (x)ox

A = —_if(x}d‘r

3. Let f be a continuous curve over [a,b]. Iff (x)zo in[a, c]and f(x)<o in

[c, b] where a<c<b. Then the area of the regiomounded by the curve y = f(x),

c b
the x-axis and the lines x=a and x=b is given byf f (x)ax~ [ f (x)dx.

A= e | £ axec
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4. Let f(x) and g(x) be two continuous functions ovea, b]. Then the area of the

region bounded by the curvesy = f (x),y=g(x) and the lines x = a, x=b is given

z.f(x)dx—ig(x)dx

by

r=g(4

- Ef(xw—jg(xw

r=f(x).

T T
o] ‘ x=a =b

5. Let f(x) and g(x) be two continuous functions owve[a, b] and cO(a,b). If
f (x)>g(x)in (a, ¢) and f (x)<g(x) in (c, b) then the area of the region bounded

by the curves y= f(x) and y= g(x) and the lines xsax=b is given by

E(f(x)‘g(x))dx jj(g(x)—f (x))ex

+

f(x)<2(x)

+

(f(x)-glx )

[(g0x)-£(x )

area=

6. let f(x).and g(x) be two continuous functions ovefa, b] and these two curves

are intersecting at X =x and x= % where x;, X, D(a,b) then the area of the region

bounded by the curves y=f(x) and y= g(x) and thiines x=x, X=X is given by

i'(f(x)—s(x»ﬁ{

A=
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Note: The area of the region bounded by x =g(y) whegerpn negative continuous

d
function in [c,d], the y axis and the lines y =adayd is given bng(y)dy.

Very Short Answer Questions

1. Find the area of the region enclosed by the givaarea

i)y:cosx,yzl—%.
Tt

Sol: Equations of the given curves are

y=cosx .. Q)
2
y=1-= e 2)

Solving (1) and (2)

2X
COSX= 1-—
T

\ v = cosx

= X= O,E JT
2
The curves are intersecting-atx = O,g JT

in (o%’j (1) > (2) and |r(gnj 2) > (1)
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T

Therefore required area Hy of (1)-y of (2)dx+ j y of (2)-y of (Jdx=
2
2 .
J'(cosx— 1+2j dx+J'( 1—2— cos% d
O T A
2

T
— T
. x2) 2 X2 .
=|sinx— x+— | +| Xx-=—-sinx
Tt 0 Tt T

2

2. y:COSX,y=sin2x,x:0;:g

Sol: Given curves y = cos X ---- (1)

y = sin 2x ---- (2)

Solving (1) and (2) , cosx = sin2x

COSX-2sinx cosx=0 (whesia(2x) = 2 sin x cos X.)
cosx=0 and 1-2sinx =0

. 1 Tt
X=E,SInX=—:> X=—

6
: - , TLTT
Given curve re intersecting at 95:,—6

V=COSK

y=sinlx

e

s W —
de] 24
k2| M —
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Required area =

(cosx-sin2¥ dx| (sin2x cosx)c

Ol
o=z

NI

—SInX

_(. costjﬁ ( COS2X . j
= | sinx+ +| -

3. y=x*+3,y=0,x=-1,x= 2

n

Sol: y=x*+3,y=0,x=-1,x= 2

Given curve is continuous in [-1.2] and y>0.

2
Area bounded by = x* +3, x—axis,x=—-1,x= Zis Iydx
-1

2 4 2
= [(x®+3)dx =| 2 +3x
J(x*+3) (4 ]
-1 1

:(27:+3.2j—(@+ - ])J

3 .
=12— sq. unit:
) q

www.sakshieducation.com



www.sakshieducation.com

4., y=€',y=x,x=0,x=1
Sol: Given curve isy =¢

Lines are y =x, x=0 and x=1.

x=0 x=1

Required area =

i(e—x)dx( 2]
{e-3)-

S. )’:Sil’lx,y:cosx;xzox:E

Sol. Given curves y = sin x---- (1)

Yy = COS X ------- (2)
From (1) and (2), cosx = sinx
Tt
=X= —
4

ﬂi’

ha|E

Between 0 aneg Cos x> sin x
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Betweeng andg, Cos x < sin x

Required area

O'—.b\:l

(cosx-sin¥ dx+ |( sinx cosk d

INEL YN

= (sinx+ cos >§OV4 —( sinx cos);2

4

(\/5—1)+(\/_2—]): 2(\/_2— i Sg.unit.

6. x=4—-¥,x=0.
Sol:  Given curve isx = 4 — - (1)
Put y=0 then x=4.
The parabola x = 4 *yneets the x — axis at A(4,0).
Require area = region AQPA

Since the parabola is symmetrical about X —,axis

Required area = 2 Area of OAP

2 y? 2
2[(4-y)dy= 2(4y—§j

0 0
8)_,16_32

2(8——) =2.— =— sq.units
3 3 3
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7. Find the area enclosed within the curvegx| + |y| = 1.

Sol: The given equation of the curve is |x|+]y]= 1 whiebresentstx ty = 1

representing four different lines forming a square.
Considerthelinex+y=Hy=1-k

If the line touches the X-axis then y = 0 and of#he points of intersection with
X-axis is (1, 0).

Since the curve is symmetric with respect to cowmtsi axes, area bounded by

IX|+yl = 1is

= 4} (- x)dx
0

2\1
2 0

4 .
=4—-—=2sdg.units
5 q

'S

f(x) = sin x,

We know that if0,m] ,sinx= € and|[m 2m],sinx< O
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s 2n
Required areafsinxdx+ [ (- sinx) dx
1

T
(—cosX[ cos X"
= —COST+ cosSG cosi2— Cot

~(-)+1+1-(-)=b ¥ ¥ E -

9. Find the area under the curve f(x) = cos x in [®].

We know that cosx =0 in (O,EJD(B—;[,T[) and<0 in (1—;3—9

Sol:

v 1

!

Required area

n
.2[
0

2mn

cos xdx+ [ (= cos} dx [ cosxc
31

Nige—n|g

2

= (sin x)o% +(~sin x);z% +(sinX."

sinE—sinO— sin?ﬂ+ sin’I+ sinz— s'ng
2 2 2

=1-0-(-9+ 1+ 0-(-}

=1+1+1+1=4.
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10. Find the area bounded by the parabolay = x*,the X—axis and the lines x =-1,
X =2

Sol:
2 X2 2
Required area -{xzdx—(—j
] 3 ).
A 3 _(_1\3 } ~
3)(2 (-1) )— S(B+) ==

11. Find the area cut off between the line y and thparabolay = x* —4x+ 3.
Sol:

Equation of the parabola is=x*-4x+3

Equation of the lineisy =0

x?-4x+3=0,(x-1)(x-3)=0,x=1,3

The curve takes negative values for the valuesbatween 1 and 3.

Required area f—(x2 —4x+3) dx
1

zr( X*+4x— 3)

x° ’
= (——+ 2X% - 3Xj
3 1
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Short Answer Questions

1. x=2-5y-3¢,x=0.
Sol:
Givencurve x =2 -5y -3y andx =0
Solving the equations
2-5y — 3y =0,
3y’ +5y-2=0

— (y+2) (3y -1) =0=> y = -2 or%

=0

|
N

5
=|2y—— 2,
Vg WL
(291 1)\ (4 548
3 29 27
P Z_E__lj%
3 8 27
_ 36-15- 2+ 324 343 .
= = SQ. units
54 4
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2. X*=4y,x=2,y=0
Sol. Given curvex?® =4y,

X=2 and y=0 i.e., x- axis

4
x =4y

=2

2 2,2
Required curve  ydx :j% dx =
0 0

Y 8 2 .
~— | =—==sq. units
12) 12”3

0

3. y*=3x,x=3.

Given curve isy® =3x ~and the line is x

0

=3

The parabola is symmetrical about X — axis Reguinea = 2 (area of the region

bounded by the curve, x-axis, x=0 and x=3)

= 2J3‘ ydx:2ix/§.\/7< dx
0 0
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3
X—; 3 (3\/5— O) = 12sg.unit
2

Ve

o

=0 x=2

Eliminating y, we ge® = 2x

x*-2x=0, X(x-2) =0
x=0orx=2,y=0ory=4

Points of intersection are O(0,0), A(2,4)

Required area :f2(2x— x*) dx
0

3 2
!Exz—%J :4—§3:g Sq. units

0

5. y=sin2x,y =3 sin x, x :O,x:T—g.
Sol; y = sin 2x-------- (1)
y=+3sinx____ (2)
Solving Sin2x =/3sin x
= 25iNX.COSX =/3sin x

3

= Sinx =0 or 2 cos x:7
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3

T
= X=0,cosX=—= x=—
2 6

(2
(1

x=0

=]

Required area (sm 2x— \/_35|n>§ d>

0

181

+g —; J3= —J§sq.units

:%
:E cos2x +\/_C08Xjn

Nl

6). y=x>y=x°.
Sol: Given equations are y £ x (1)
s S ¢)

From equation (1) and (&f =x®
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Required area %(x2 -x°)dx
0

3 a\!

(x> x*) 1 1 1 .

=| —-—| ==-==-=s0.units
3 4 o 3 4 12

7). y=4x-x*, y=5-2x.

Sol:
Given curvesy =4x-x* 0}
y=5-2x )
y= —([x - 2]2) +4, y-4=(x-2¥
Solving (i) and ( ii) we get
4x-C = 5-2X, x> =6x+5= 0
x-5x-1)=0,X=1,5
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5 5
Required area= I(yof (1) - yof (2)) dx =j(4x— x* -5+ 2x) dx
1

1

5

5 ) 5 5 X3
:";(GX_X —5) dx= Jl-(?m _Z_SXJ

2 {1

50-1224 242
3 3

1

150-125 6+ 1 32 .
3 :Esq.unlts

8. Find the area in sq.units bounded by the

X-axis, part of the curvey :1+£2 and the ordinates x = 2 and x = 4.
X

Sol: In[2, 4] we have the equation of the curve givgly b1+%.
X

[0 Area bounded by the curv_;e:1+%.
X

X-axis and the ordinates x =2 and x =4 is

4 4 8
=[ydx= j(l+—2) dx
5 X

2

et

=2+ 2= 4sqg.units
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9. Find the area of the region bounded by the parabak y = 4x and X = 4y.
Sol: Given equations of curves are
y? = 4x .. (1)

And ¥ = 4y ..(2)

Solving (1) and (2) the points of inter-section t@nobtained.

Y2=4x=y' =168 = y* = 64dy=y =4

0 4x=y = 4x=16=>x=4

Points of intersection are (0, 0) and (4, 4).

X2 = 4y

[0 Area bounded between‘the parabolas

2

X
4

A
3/2|, 4 3],

N 2 N\
—3(4 ) 12(64)

4 4
=J\/&dx—j dx
0 0

32 16_ 16 .
=——"——=-"-sq.uUnits
3 3 3
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10. Find the area bounded by the curve y = log X, th¥-axis and the straight line
X =e.

Sol: Area bounded by the curve y = lgg

X-axis and the straight line x = e is

[ X 0]

log, x dx

=[xlog x]f—jedx
1

(- Whenx=e,y=log=1)

=(e—-0)-(e—1)=1sqg.units.

y = logx

11. Find the area bounded by y = sin x and y = cos xbetween any two
consecutive points of intersection .

4

Sol:

. . . : Tt oM
Two consecutive points of intersection are— andx =—

sin x> cos x for all x D(]—T,S—nj

T
Required area = (sinx~cos¥ d»

%
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—COS X— sm>§ g/

m, .T
cos— sin— |+| cos-+ sin
( j ( 4 4)

12. Find the area of one of the curvilinear trianglesbounded by y =

y = cos x and X — axis.

A

<t

Sol:

- T T ;
In [0 |cosx= siny @aNd| —,— |,cosx< sin .
4 4 2

% 7
Required area 5 sinxdx+ [ cosxd
s

=(—cosx)074+(sin @%
T LTI T
=C0S—+ COS3 sip-— sin
4 2 4

:-%+1+1—% = (1—%} 2-2
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13. Find the area of the right angled triangle with bag b and altitude h, using the
fundamental theorem of integral calculus.

Ay

OAB is a right angled triangle andB =90° take ‘O’ as the origin and OB as
positive X — axis
If OB = b and AB = h, then co — ordinates of A éveh)

Equation of OA isy = %x

b
Area of the triangle OAB :J'% xdx
0

v

Sol:

The parabolay? -1= 2x meets
X —axis at A(—% O) and Y—axisaty=1
y =-1. The curve is symmetrical about X — axisuiegd area

=j(-x)dy=j [%*de

-1 1
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wlin

1 , y3 L 1
—J;—(y —1)dy— [_?ﬂ/j —1——3—

0

15. Find the area enclosed by the curves y = 3 andey6x- X.

Sol:
The straight line y = 3x meets the parabola

y = 6x-X. 3x=6x- X, x2-3x=0
X(x-=3)=0,x=00r3

Required area ZF(GX - x* - 3x) dx
0
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Long Answer Questions

1. y=x*+1y=2x-2,x=-1x= Z

Sol: Equation of the curves are
y=x*+1 (1)
y=2Xx-2 (2)

Area between the given curves

]
Le—n
1
—_—
X

N
|
=
|
—
N
X
|
D
1
o
x

JZ-(XZ -2x+ 3) dx
1

(i

§+2+ 4+_1: 3+ 6= 9sq.unit.
3 3
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2. y?=4x,y* = 4(4- X
Sol: Equation of the curves are
y'=ax__ (1)
y=4@4x)___ (2
Solving, we get
Ax=4 (4-X)= 2Xx=4= x =2
y=0 = x=0 and x=4
Given curves intersects at x=2 and those curves arsect the x axis at x=0 and
X=4.

=) x=2

Required area is symmetrical about X — axis Ara&€8

2 4
= 2[[2&dx+j 2/ 4 xdx}
0 2
2 4
1| (a-x)e
4 X2 -
=2 2§ + 2 _§
2 0 2 2

SQ. units

16V2)_ 32/2
3 | 3
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3. y=2-x°,y=x°

(1)

(2)

Sol:
y=2-x IR ¢ §
y=x I ')

FROM above equations,

2-x*=x%,2=2x% or ¥ =1
Xx=%x1

Area bounded by two curves is

1

2x j (y of ()-y of (2)dx

-1
= 2} (2— XZ — xz)dx
-1

1 2X3 1
= 2j(2— 2x2)dx: z( &—?J
-1 -1

2[2—2} :§ Sg. units.
3] 3
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4. Show that the area enclosed between the curve?=12(x+3) and

y> =20(5-x) is 64\/2 .
Sol: Equation of the curves are
y’=12(x+3 __ (1)
y?=20(5-%x ___ (2
Eliminating y
12(x+3) = 20(5 — x)
X+9=25-5%,8x=16,x=2
Given curves are intersecting on x=2.
The points of intersection of the curves and tlaig are x=5 and x=-3.

y?=12(2+ 3 = 6C

y=+/60=+ /15
¥ =

The required area is symmetrical about X — axis
Required area =2x(AREA ABCOA)
= 2.(AREA ABEA + AREA ERIB)

= fzf&/w 3dx+f 2/5/ 5 x d%

2 3
3 3
o3| B3| g (529
3 _3
2 3 2 )
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[
_40.;/?5_'_ 2T~ - 6_;'\/1_5 sq.units

:64\/%5 Sg. units :64\/§ Sg. units.

5. Find the area of the region {(x,y)/x*-x-1< y< -3

Sol. Letthe curves bgy =x*-x-1------ (1)

And y=-1 = ememee- (2)
1\ 5
=x2Z- -1= - ==
y=X“—X (x j 4
y =§—(x ——1j2 is a parabola with
4 2

Vertex (E , —§)
2 4

From(1) and (2),
x> —x=-1=-1= x*- x= 0= x=0,x= 1

Given curves are intersecting at x=0 and x=1.
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1
Required area :j(y of (1)-y of (2))dx
0

Jfct x-gox- (-3 d{
2

-Esqunitc
g Saunits

6. The circle X — y* = 8 is divided into two parts by the parabola 2y =°. Find
the area of both the parts.

Sol:
x*+y’=8 (1)
2y=x I )

Eliminating Y between equations (1) and (2)

Let X =t, 4t +f = 32,12 +4t-32= 0
(t+8)(t-4)=0
t = -8 (not possiblex* =4= x=+2
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Given curves are intersecting at x=2 and x=-2.
2 2X2
AREA OBCO= [ & ¥ dx—jE d>
0 0

2 2
1 e 8 . ., X } X3
=X, \8=-X+=sin"—=| —-|—
2 27 2], | 6],

m 8 2
-

6 3

L 204 sl
4 6
As curve is symmetric about Y — axis, total are&2CAOA= 2. OBCO

i

2

=2(2 + nj =—g+ 211sQ. units.

AREA of the circle =mr? =87
Remain part :8n—(g+ 2nj
4 .
6TT—— [SQ. units.
{ 3) q
X2
Y5+
a

7. Show that the area of the region bounded b

=1(ellipse) istab . Also

/<

deduce the area of the circlex” +y* =a’.

v
Sol: .
The ellipse is symmetrical about X and Y axis Ac#ahe ellipse = 4 Area of

cAB=41 ap
4
y2

i

2
Equation of ellipse isx—2+
a

yzg /az_xz
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CAB = gj\/az—xz dn
0

(From prob. 8inex 10(a) ) mab
Substituting b = a, we get the circle
x*+y*=a’
Area of the circle = (a) =& sq. units.
8. Find the area of the region enclosed by the curvegs= sinTi, y = ¥ — x, X = 2.
Sol: The graphs of the given equations
y=sintx ... (1)

and y = X — x, x = 2 are shown below.

X 2| -1, 0 1 2 3

y=xX-| 6 | +2| 0| O| 2| 6

X

o, 242,00 *

y = sim

y=-7

Required area bounded by

y =sinT y =X — X, x = 2 is given by
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=jsmnxdx j(x2 x)d%
el 2-4
-G

= —1[1+1]—P—2——1+ 1”
) 3

3 2
2 [2 1}
= |- =] —+=
m |3 6
2 5‘ 2 5
=|-———| =—+—=sq.units.
m 6] T

9. Prove that the curves ¥ = 4x and X = 4y divide the area of square bounded

by the lines x =0, x =4,y =4 and y = 0'into tke equal parts.

Sol:
X% = 4y
2 = 4x
B P(4,4)
X! : X

The given curves aré ¥ 4x ...(1)
andX=4y ...(2)
Solving ¥ = 16X = 64y

= y(y*-64)=0
=y=0o0ry=4

When y =4 we have 4x = 16 x = 4.

[0 Points of intersection of parabola is P(4, 4).
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[0 Area bounded by the parabolas

4X2
Xl o

e
oo
o 3Joei- 5]

0
_4 g _1( 64
=3® 4( 3)

32 16_ 16
=— ———35q .units.

Area of the square formed = (OA) # =16

Since the area bounded by the parabolas
x? = 4y and § = 4x is%s sg.units. which is one third of the area of squeee

conclude that the curve$ y 4x and X = 4y divide the area of the square bounded
by x =0,
x =4,y =0,y =4into three equal parts.

10. Let AOB be the positive quadrant of the¥+yF

Then.show that the area bounded between the chordBAand the arc AB of

the ellipse isw.

lwith OA = a, OB =h.

Sol: LetOA=a,0OB=b

Equation of AB is> +Xb:

a

v=bfa-)

=1-

o<
ml><
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2<%

2
Equation of the ellipse i%(;+
a

2 2

y? _,. x*_a’-x’

b2 a a

yz :z_z(az_ Xz)

y:g /az_xz

Required area

I( ﬁjdx Jf{ J

|
QJ
|—|
?‘
|

I

v,

3
/—\
olx

I

11.Find the area enclosed betweeg =x*-5x and y = 4-2x.

Sol: Equations of the curves are

X% =5x = 4-2x,x? -5x = 4- 2X
x?-3x-4=0
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(x+1)(x-4)=0x=-1,4

Required areejt [ (4-2x)~(x ~5x) ] dx

-1

-1

= (16+§16—E‘j—(— 4+—3+—1j
2 3

_ 2\ Ay— 3., X )
= I(4+3x—x )dx— [4x+§x —Ej_l

2 3
=16+24-924 4 3 1
3 2 3
—gg-84 38 1
3 2 3
_ 264-128- 9- 2_ 12!
6 6

12.Find the area bounded between the curvgs=x?, y=+/x .

Sol:

Y=IX e, (1)

O Jx =x2= x*=x

x(x3—1)=0, x=0or x =1
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[0 The curves intersect at O(0,0) A(1,1)

Required area = Jl'(\/; —xz)dx
0

13. Find the area bounded between the curves = 4ax, X = 4by & 0,k D.

Sol Equations of the given curves are

. X2
From equation (2) y =—
q @y e

2 2
Substituting in (1{X—j = 4ax
4b

x* = (16b2) | 4ax
AY X2

]

v
x[x3—64b2a]= C
X = 0, %= 4(b%)

Area bounded will be

> Vs
473} 2
= dax—— | dx
[ |V

_ (" (4a)" X2 E_X_g}
3 12b
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| (40" o 5 33-22_—43(b2a)31

3 12b

= %3 ab sqg.unit:
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