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DEFINITE INTEGRATION

Let f(x) be a function defined on [a, b].J'If(x)dx:F(x), then F(b) — F(a) is called the definite

b
integral of f(x) over [a, b]. It is denoted f)ﬁ/(x)dx. The real number ‘a’ is callethe lower limit

a

and the real number ‘b’ is callede upper limit.

This is known as fundamental theorem of integrédudas.
b
Geometrical Interpretation of Definite Integral: If f(x)>0 for all x in [a, b] thenJ' f(x)dx is

numerically equal to the area bounded by the cyre#(x), the x-axis and the lines x=a and x=b

ie., j f(x)dx .

a

Properties of Definite Integrals:

b b
1. jf(x)dx =If(t)dt i.e., definite integral is independent of itsighle.
b a
2). jf(x)dx = —jf(x)dx.
a b
b C b
3.lfa<c<b therjf(x)dx =jf(x)dx+jf(x)dx .
3. jf(x)dx = jf(a— x)dx
0 0
b b
4. [f(x)dx = [f(a+Db~x)dx

a a
5. jf(x)dx = ij(x)dx, if f(x) is an even function
0

= 0, if f(x) is an odd function.

2a a
6. [ f(x)dx = 2[ f(x)dx if f(2a - x) = f(X)
0 0

=0 if f(2a — x) = —f(x).
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Theorem:

If f(x) is an integrable function on [a, b] and y{g derivable on [a, b] then

b g(b) b g(b)

j (fog)(x)d (X)dx= j f(x)dx j (fog)(x)d (x)dx= j f(x)dx.

a g(a) a g(a)
PROBLEMS

Evaluate the Following as Limit of Sum

5
1. Evaluate|(x+1)dx.
0

Sol:  We use the following formula for p = 5 and f(x) £« 1, X [0, 5] and f is continuous over
[0, 5].

Dj(x+1)dx jf(x)dx lim — Zf(nj

hon S
=lim 1%( j

n - oo n

= Iiml E+1+ 2+1+ 3+1+ 4+1+(£“+:|J
n-on|n n n n n

11 2 3, 5n
=lim=|| =+—+—.. +5n
n~onNi\n N _n n

= lim —[1+2+ 3+...+ 5n termp+

n-o n?
( sh= n(n+1)j
2

150G+ 1)

= lim
n-oo n2 2
L n? [5(5+1j
= lim = N +5
n-on 2
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4
2. Eval uatej' x2dx .
0

Sol: J'xzdx lim = Zf(nj

naoonl_l

Here p = 4 and f(x) =%

Dj'xzdx— lim = Z( | jz

nﬂoonl_l

EORGRHEEE]

n—roon n2

1] 2+ 22+ F+ .+ (4nf}

1 [4n(4n+ 1)(8r+ 1}
6

(_ sp? = n(n+ 1)(2n+ 1))
T 6

= lim %{n{{m%(&im
n-o @GN n n
_—4(4)(8)_21 ( lim = ]

n-o N

4
3. Evaluate|(x +&)dx.

0
Sol:  Here p = 4, and f(x) = x +&

2X
Dj'(x+e ydx= lim= Zf(nj

n - oo

]
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= lim 1 (_1+e2/nj+(_2+e4/n)+(_3+ eﬁlnj_'_ m_'_(ﬂ]_'_ e%n/nj
n—»°°n_ n n n n

— 2 4 8n

. 111, 2, 3 4n| . — - —

=lim=| =+—+—+..+—|+lim—=[e"+e"+ .+ e
n-enlN N n nj n-en

2
= lim iz[l+2+3+...+ 4n termp+ lim 7&[ 1+ i 4&’”]

n-o N n-o N

) + . /n 4n _
= lim %(—4“4“ 1)j+llm Lo @ - / )

n-on 2 n-e N -1

1
4l 4+=
. n? ( nj [e"E@-1 1
=lim —| ———— | +lm | ————- —
n-on 2 n- oo eZ/n_l 2
2/n
e-1) 16+ &-:
=8+ =
2 2
In _
( Lt (lj:Oand Lt (ez 1J= J
n-w N 2/n~0o 2/n
15+ &
2

( Lt g:0 and Lt[ex_ljzlj
n-o N X-0 X

1
4. [(x=x*)dx
0
Sol:  Here p =1 and f(x) = x -*x

0 }(x—xz)dx— lim iif (lj
0 - n

n%ooni:,]-

-in 2811
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m 2o i A o(F o)
=lim = S+ S+ == lim =] | ]+ S| | —
n-en| N n n| n-on{n n

n-oc N

im iz[l+2+3+...+ - Iimis[f+ Z+ 3+ .+ rﬂ
~o

. + .
— i izn(n D}—Ilm _% n(n- D2 1
n-o|n 2 n—en 6
21+ 1 el 1+ L 20 2
_ 1 n . 1 n n
=lim | ————=|-lim =
n-o| N 2 n-o N 6

Very Short Answer Questions

|. Evaluatethefollowing definite integrals.

a
1. j(azx— x3)dx
0

a 2,2 ~ 418 4 4 a4
Sol.j(azx— x3)dx:{a X —X—} a_2a_32d
0 2 4

3

2xdx
2. jl+x2
2
32xdx 2 3
Sol. = In|1+ =In10- In5= In(10/ In
£ v Ll (10/5F
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Tt

3. J'\/2+ 2cod @

0

Sol.Im GZI[EF@%Z 2085( /B
:[4sing}:: {sing— singz ‘

4, .T[[sin3 x[EoS xd»
0

Sol.fsin3 x[(toS xdx=f siff fi— x)codT— X)d
0 0

TT
:—Isin3xco§ X dx=-
0

=2[=0=1=0=-1=21=0=1=0

2
5. [11-x]dx
0

2 1 2
Sal. j |1- x| dx= j — (x- 1)dx+ j (x= Db
0 0 1

1 2
= [(=x+1)dx+ [ (x=1)dx
0 1

1 2
2 52
=| ——+x| +|—-x
2 2
0 1
ST e S T ) R T
2 T2 2 ) 22
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Sol.

Sol.
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/2

COS X
J' dx
—Tr/21+ex
T2 cosxX
Let | = I dx ... (i)
1t e
2 b b
= COS('T/12 T2 )X [ x)dx = [f(a+ b= x)dx
+e
o a a Adding (1) and (2),
B T2 X cos xdx
= .[ —ex____(Z)
w2 LF
/2 /2
2] = .[ w)dx: .[ COS xdx
—1/2 1+ex -1t/ 2
2

21=2 I cosxdx:: cos x is even functip
0

=1 =[sinx])? = I=1

} dx

0 3-2x

1 1

| 43d_X2x=[ = ZXJ - (E21-VF =2 3=(V 3 )

j’l(\/a_\/;)zdx
0

T(@—&)zdx:f(w x+ Z/_a/_x)d>
0 0

a

2
X /22
=|ax+>—-2/an¢/?Z

0

_ 6 + 38 - 85= Ly

2
2 3 6 6
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4

9. jseé‘ecﬁ

/4

Tseé‘e =nf setd .sé® 6 j st {1 & 6)d
0 0

w4 T[/4 /4
Sol.Let = [ (se89+ seko ta?le) = | séeod | tha dece
0 0
3
LY LI IR P P
an0) ( i Yrg=
10. I—.[ dx
X2 +16

Sol. x>+ 16 =t 9+16=1
2xdx =2tdt 0+ 16 =t
X dx =t dt

| _jtdt det:[t]2:5—4:1

1
11. I x & dx

1 1
Sol..[x@_xzdxzé.[2xe‘x2 dx, put X=

= —2xdx = dt= 2xdx= - di
X=1l=t=1, x=0=t=0

%'([—e dt_—[— T

Sfe-e1-ed
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I_I\/zx 1

Sol.Let2x—-1=% UL:t=3

Sol.

Sol.

2dx =2tdt LL:t=1
dx =t dt

Short Answer Questions

4 .2

——dx

1+ X

0

4 2 4.2 4 4
[Zax=[~ 1+1dx:>|:j(x—1)dx+ s
1+ X 1+ X 1+ X

0

X2 ‘
= {7—40 +[log(+ x)]3

42
:?—4+I095— logl= 4+ logt

2 2
[
X +2

2
jLZld =I(1_ 22 jdx
X +2 o) X +2

—Idx 2[ 2+(\/_)
=[X] l—ZEI\/l—_{tan (\/E]_Z

:[2—(—1)]—x/§{tan_1(% - taﬁl(_%ﬂ
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Sol.

Sol.
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=3—x/§{tan_l 6/_2)— taﬁl(—%ﬂ

= 3+\/§{tan'l(—%j - tant (/_2}

w2
j x2 sin xdx
0

T2 /2
J'xzsinxdx [x - cosxj —j (2x)t cosx)d=(0- O)+2J' X cos xd»
0

/2
=2[xsin x]g/2 - I (2X)E cos x)ds
0

= Z[Exq +2[ cos )}"/2

=m+2(0-1)=m— 2
4

J'|2—x|dx

0

2 4
[l2=x|dx+ 2= x|
0 2

fz X)dx + j (x— 2)dx
0

s[4
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(o3 oo (o]

=2-0+2=4
W2 sind x
0. — dx
J(; sin® x+ coS X
T2 sin x
Sol. Leti= [ — "X _ax .. ()
o SiN° X+ CoS X

2 sin° (rt/ 2— x)dx

| =
'([ sin° (11/ 2— x)+ coS 1 / 2 X

( Tf (a—x)dx= Jélf (X)]
0 0

_ njz co xdx

0 sin® x+ cos x

. @)

Adding (1) and (2) ,

m2 . 5 /2
1= [ SICX*008 Xy, T
5 Sin° X+ coS X 5
21=N_ =T
2 4
w2 _. 2
7 J-5|.n3x cog X ix
5 Sin® x+cos x
Y T
Sol. Leti= [ SMX=€0S Xy )
sin® x+ co$ x

0

s

2 .
| = sin’ (t/2- x)- cos tt/2 th

o sin’ @/ 2— x)+ cos {t /2 x)

Tf (a—x)dx= J?f (x)dx
0 0
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. @)

CO§ X+ SII’? X

|=ICO§X_S'F?XX
0

Adding (1) and (2),
T/ 2

0dx
2= | ——————dx=>1=0
{ cos x+ sirt x

8. Evaluate lim */”_J’“\/TZj .+ n
n-oo nJn

Sol: For determining the limit we use the result thatfifis continuous on [0, 1] and

P:{O,1 ,g n—_l } is a partition ther]’f(x)dx- lim = Zf( j
nn n n~oniz N

nvn

e L

n-oo n

.13 i
=lim=> [1+—
n-eNijg n

1 > 1
= £\/1+ x dx = 5[ 1+ x)a’z]0

n-oo

Gnen o FTT 2

-1 a2

Sol: Iim[ 1 + 1 +...+ 1 }
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5
1
:Imdx:[mg(ﬂ x)]g = log€
0

2 . ]
e ,% IS a partltlon (0]

3'?!—‘

Here P={
n

2 1 (i
[0,5] and] f(x)dx= lm=" f(ﬁj
L 0

I’laooni:l

10. lim 1[tan£+tan2—n+ . taan}

n-e N 4n 4n 4n
Sal: Iiml tan£+tan—2n+ .+ tan
n-on 4n 4n 4n
.1 It
=lim =) tan—
n- oo nZ 4n

1
= j tan2* dx
0 4

o]

s
log secz - log sec}]

log+/2]-0

= =

n i3
11. rlllmoéi T
n i3
Sol: l'ﬂrléi wr
3
n IZElF 1 (:J X3
:|rrgoz n~ n =lim =) :£X4+1dx
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Sol:
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x*+1 =5 then ?(dx:%rdt.

Upper limit when x=1ist = 2.

Lower limitwhen x=0ist=1.

1 .3 2
O :( dx=£jit
o X +1 47t

1 2 1
=Z[Iog t]; :Z(Iog 2)

n 1
lim
n-o iz n2 + i2

11
lim
n-eig n? +i?

Dividing numerator and denominator b3we get

1
N
= lim = n >
naoon-_
|—11+ 1
n
:} X dx
o1+ X2

Let1+>3:tthenxdx=%dt

Upper limit whenx=1ist = 2.

Lower limitwhen x=0ist=1.

:%IogZ: Iogx/_2.
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Sol:

14.

Sol:
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. (1+24+ e+ 4+ n“j
lim

n5

n-oo

lim

n-oo

n5

(1+ A A n4j

n—oo n

1 n2+i2 1/n
Dlogy:Iim—Iog( 5 J

2 .2 1/n
Dy=|im(n J;']

n—>°°n n

. \2
=lim 1Iog {1+(—Ij }
n-o N n
1
= [log(d+ x*)dx
0

(Using integration by parts)

www.sakshieducation.com
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2X
1+ x?

1002 q_
:IogZ—ZJ‘LX +1 1jdx

dx

= [x log(1+ X )]z —i X

ol xZ+1
=log2- 2| x]t + 2[ tan™ )ﬂz
=log2- 2+ 2(tan* 1)

T
=log2-2+ 2—
J 4

Ulog, y=log 2- 2+g

log 2—-2+11/2

y=¢

= lim|—==

Let y=lim

n - oo

n

[@—lln

oa = oo ()25

www.sakshieducation.com
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n
= lim 3 log

n-o N r=1

= lim izmg(—rj

n-on n

1 1
:jlogex:[xlogx](l)—jdx
0 0

:[xlogx—x]t
=[x(logx-DJ; =-1

Dy:e’lzl.
e

Long Answer QuestionS
T?Z dx

0 4+5cosx

T2
Sol. dx

Tj-z dx _
o A+5cosx g 1-tart >
4+85 2

1+tarf =
2

2

dx
0 4[tan2)2(+ 1}+ E{l— taﬁﬂ

[tan2 % + 1}

put tan> = t = LsetX dx de> dx
2 2 2

2dt
1+ t2

X=0=> t=0 andx%: =1

1 (1+ t2) odt

_J(;4t2+4+5—512 1+ 2

1 1
=[2 > dt= 2 Inpg+ tq
19-22 2B ||3-1],
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b
j J(x-a)(b- x)dx
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b b
Sol. [ J(x=a)(b= x)dx= [~ ¥ + (a+ b)x- abd

Sol.

SSSREETE

5

2

2 a+b 2
X2+ (a+ b)x-ab=-( 2~ (ar b)w a)3=—(( x ] —(

b

(2]

sint

={1(_ (a+b ———— (b~ af
Z(X ( 5 D,/(x a)(b- x)+ a0

(b-afr . _ _
O+T[sm l(1)— sin € 1}

_(b—a)2 T T _T,
S e RO

1/2 —
J-XSIn X

o V1- NG

put sinlx= t=

dx

dx= di

1- %2
and x=sint

x=0= t=0 and x=% = 1:1—T
2 6

T
szm_l X dx =th sintdt=( f sintd)g
0 V1-x2 0
T T
=t(—cost)60+(sin§eo=g(—\/f]— (}E— 0
_1_3
2 12

&

—Jj 1(~ cost ¢

0

2

www.sakshieducation.com
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4 .
Ti/[ SIn X+ COS X

4. _
0 9+165sin 2X
w4 . /4 .

Sol. .[ smx+<.:osx « = J- smx.lr COS X dx
o 9+16sin2x 1 9+16[1- (sinx- cos)j |
put sinx— cosx t (cosx sinx)dx
x=0=>t=-1 andx=g:> =0

-(f I dt
7,25- 1612 167,25 _2
16
0
5
1 1 Z+t
“%6°..5 M5 .
16 -, O
4 -1
:—i [ﬂ- :_1@|n|:3:_1|n3
40 | 9/4] 40 20
/2 .
5 J- as_lnx+ bcosxdx
5 Sinx+cosx
w2 _ .
Sol Jet | = J» aS.II‘l X+ bcosxdx____ (1)
sin X+ cos X

= | (-.-jf(x)dx:jf(a—x)dx 1= | S

in X+ X
> s.n( j+co{ j sinx+ cos
0

a(smx+ cosx)} b(sinx cosx(}

(1)+@2) = 21 =
COS X+ Sin X

/2

= [ (a+b)dx= (ar by, = kE (ar b}
) > /1
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a
6. J'x(a— x)" dx
0

n+1 n+20

~

a
aXn+1 Xn+2 _an+2_ a‘r’r2
nt+1 nt oz

an+2

T D+ 2)

7. fx\/Z—x dx

0

a
Sol. | :Ix\/Z—xdx
0

Tf (x)dx = ff (a - x)dx
0 0

2 2
= [ 2= x)Wxdx= [ (@/x= x/x)dx
0 0

5/2

2 3/2 2
_ I[Z(x)l’z _x 32 = 2x7° X
b 3/2 5/2 0

_4 ,312_2,m12_ 5 8_8 :LG/_Z
=375 J—Z[s 5} 15
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Tt
8. jxsin3 xdx
0

a

Sal. | :]'Exsing xdx :f(n—x)sin3 (Tt— x)dx j f(x)dx:f1 f(a x)d%
0 0 0 0

TU Tt Tt
I =.[(T[—X)Sin3 xdx:J-nsin3 xdx—j xsirt xdx
0 0 0

Tt

=Insin3xdle
0
Tt T . .
=2l :.[nsin3 xdx= njwdx
0 0 4
Tt
=]—T(—Bcosx+ COS?’XJ :E(— 3- 1——1+ 3——1j
4 3 )y 4 3 3
=T(6-2/9="16/3
4 4
__m16_2m
243 3
X
0. I —dx
O1+S|nx
Tox
Sal. | = d (i
~([1+sinxx ®
I_]-[ (11— X)dx _]-T TiX _.T[[ xdx
olt sin(t= X) o 1t sin x ot sin x
Tt
=[S0 o - (i)
01+s1nx
Tt Tt
2= [T =T
1+sinx 20 I+ sinx

0

Tt . Tt
_n @ smx)dxznj»

nf® 1 Tsinx_ 1
=— j —j B dx
2 ocoszx 7 COSX COSX

www.sakshieducation.com
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Sol.
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T[T[ TT
=— J' sec xdx—j sec X] tan xd
2 0 0

= g([tan X, —[ sec )}g)

—T[ - - (—1- :L[ =
_E[(O 0)- (-1~ 1) Sl

X Sin® x

dx
1+ cog x

o—3

T xsin® x
=I—dx
o1+ cod x

zf(n—x)sin?’ (m=x) 4, :f(n—x)sin3 X
0

dx
1+ co< ft— x) o 1+ cos X

T sin® x XSin® x
dx—J' dx

01+co§ X 0 H cod x

(1
_ ]5 sin® x @

dx—1
01+co§ X

T sin® xdx

2l=|——
J(;1+co§ X

Put t = cos x= dt = —sin x dx

-1 1

_p_a-t?) o
2|-{ o dt Jl

1
B 2

- _jl(_“ 1+ 2
:[—1+ 2tan ]}—[— B 2tant ]})

=120 +1-4-2|=04+ 8o
4 4) 2 2

TR

dt
1+ t2

jdt=[—t+ 2tant t]l_l
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11, Ilog(1+ x)d

o 1+ x?

Iog(1+ X)
Solj L X

Put x = tard
dx = seé 0 do
ll1:x=0=>0=0
ul:x=1=0=T14

= J»Iog(1+ X) g "j/4log(1+ tard )seto @

o 1+X° 5 (1+ tarf0)

4
= j log(1+ tan )®
0

w4
let |= j log(1+ tard )@
0

4 TzT tan—— tard
= J' Iog{1+ tar( ﬂ jog 1+— (03]
0 1+ tanZ tard

w4 4

w4 /4
_ .[ Iog[1+1_tane}da: .[ Iog[ 1+ tarb+ - taﬁ} ® = .[ log o = .[[|ng_ log(t+ tarﬁ)]) g
0 1+ tan@ 0 1+ tarB 0

1+ tane
4 /4 /4

=log2| - [ log(1+ tar® )@= logd @- 2I=log2(@ 6"4=(I092)%[
0 0

0

T
Ol=—log2
3 g

X sin x

12, | ————
1+cog X

dx

oOt—

t xsinx (Tt— x) sint— x)dx
=ol.1 ~([1+co§ X J-  cod - X)

(Tt— x)smx _f sin xdx _T X sin xdx
1+co§x o B coé x ¢ 1 cds

‘—:.:I

0

T

= T[{ tan™ - cos x})0 — |
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21 :T[{tan’1 1- tan! ¢ ]}): (

th ]‘T X sin X T[2
4 " l1+cog x 4
/2 .2
sin® x
13. j—_dx
4 COSX+ SinX
/2 .2
sin x
Sol,. 1= | ———————dx---1.
COS X+ sin X

0

2 sin? (g— xj
= j dx

B T (T
0 cos —— X|+ sif —— X
{355
:T cog xdx D
4 SiNX+ CoSX '

Adding 1. and 2.

w2 . 2
sin® x+ co x
21 = j ————dX
Sin X+ Cos X

1
=== ————dx
2 Y sinX+ cosXx

2
Consider j g

5 Sin X+ Ccos X
Put tan(x/2) =t

2dt 1- £

dx= COS X= , Sinx=

1+t%] 1+t

T dx _i 2tdt
4 SiNX+Cosx ¢ 2t+(1- )

n+nj ﬁ

4 4

www.sakshieducation.com

4

1+ 1

i dt
=2
{(ﬁ)z—(t—l)z

1
=20 lo
zfz{ °

1
J2+t-1
J2- 1),
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Sol.
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=—(Iogl—log\/E 1}
V2 J2+1
1 og\/§+1 J2+1

J2-1 J2+1

Supposethat f: R - R isacontinuous periodic function and T isthe period of it. L et

a+nT a T
aOR. Then provethat for any positiveinteger n, [ f(xdx=n [ f(x)dx.
0

a+nT aT a 2T at(r+1)T a+XT
[ fo0dx= [ f)dx+ [ fedx ..+ [ fO)dxwa+ [ F)dx ... (1)
0 0 atT a+rT at ()T

Consider ( r+1)th integral of RHS

a+(r+1)T
f(x)dx

a+rT
Letx =y +rT= dx =dy
XxX=a+ri=>y=a

x=a+(r+1l)T=y=a+T

at+(r+1)T a+T
[ fegdx = [ f(y+rT)dy
a+rT a
a+T a+T

= [ f(y)dy (fis periodick [ f(x)dx

a+T
Similarly we can show that each integral of (1¢gsial toj f(x)dx.

a

a+nT

0O j f(x)dx =
0
a+tT

=n i f(x)dx

T aT
f(x)dx + j f(x)dx ...n terms
0

O'—o?’
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T
£3+ Zcosx

Let tang =t then

dx =

2

2dt And cos x= L 5
1+t? 1+t

Upper limit when X =Itis t =oo

Lower limitwhen x=0ist=0.

2dt
< 1+t2 _oo Zdt
+2005 !) 2[1—'[2]_!)5“2
1+t2

dt

_op dt 2t
2 e JB[Tan ﬁs}o

0

%[tan o — tar q
2
E2

1
16. jsin'l( zxzjdx
0 1+x

Sol:

Let x = tan® then dx = seth d
O Upper limit whenx =118 = 17:

And lower limit when x =0 i® = 0.

1
0 jsin'l( 2x2j dx
0 1+x

/4
2tand jsecf'e o

= sin'l(—
£ 1+ tarf ©
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/4

= [ sin™(sin® )seto @
0

/4

= [ 20(3eCO @
0

/4

=[26 tang) o

/4
- J' 2tar® @
0

=[26 tane]g/4 - 4 log(se® ]XM

oot

—2Iogx/_2

1
-2| = |log2
(zj J

—log 2

ks

NI NI NI

1
. j xTan x dx
0

Let x = tan@ then dx = setd do

[0 Upper limitwhen x = 1 i =

NG |

And lower limit when x=0i® = 0.
1 m/4

Dijan‘lxdx: J' 0 tard setd @
0 0

Using integration by parts by taking wB=and v = tar® seé 8 we get

X 4
[ Otand sedo e:[ed#}
0

111/4
-- [ taho @
0 2%
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N

(%j —;T(seée— )@

4 1 _n 1 w4 | 1 a4
{ ec?eda+—2j &= —2[ tad) +—Je]

4]+ ("]:LE_}:E_}_
) 8 8 2 4 2

oo|:| ooI:l

_t
2
L
2

3/2
18. J' | x sinTtx | dx

-1

So

.We know that |sin x| = X(Bin Tx
Where -1< x<1

And |XSinTx| = —x sintTx where 1 < x 3/2

3/2 1 3/2

O [ Ixsinmx|dx= [|xsinmx | dx+ [ [ xsimx|d;
-1 -1 1
1 3/2
=Ixsinnx dx—j X sinrtx dx
-1 1
X [EosTTX sinnx1 CO$T X Sim 32
(2] (i
T ™ )4 T ™ )
:L&(‘D_[__l__}
Tt Tt ™ T
11 1 1 3 1
=+ o+ =
mTmnmwTnTnTimw
TT
19..[ X sin x
01+co§x

Sol =  (t=x) Bin(m— x)dx/ _fea
! 002 = %) J(;f(x)dx J(;f(a x)dx

T . T .
=nj(n x)sin xdx _ .[ sin xdx )

1+cog x B co8 X

T - T .
2|:nj» sin xdx N ZEI sin xdx

o1+ cos x 29 B co§ »
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t=cosxdt=- sinxd>

Tsinxdx _ ¢ -dt ¢ dt .7 dt
ove vl i il e S e

f(x) is even

=2(tan t) = 2(tan* t tant (

(
A2

a

20. IL
oX+

Sol.

Put x =a sir® = dx = a co$9 do

Xx=0=06=0
X=a=0=1/2
I :T acod @

0 asinf++ &£ - & sind
:HJ/'Z acod @

5 a(sing+.cod

co ’J—e

:"jz 2 :"f sindd

0 sin(n—9j+ cos(]T 9) p COSO+ sirb

2 2
l:"’z sinfdd
sinB+ coP

0
(T
2 sm(z—ejtﬂ

- j Tt Tt
0 sin(2—9j+ co{z—ej
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:"jz cosBd _1“F (si®+ co8 X
0

cosB+ simf 20
/2
_1 j de:_l(e)g/Z__ld_[:E
2 5 2 2 2 4

/4

21, j log(1+ tan x)dx
0

/4
Sol. | = j log {1+ tan(T—T— xﬂ dx
0 4

Tt
4 tan— — tan x

= j log 1+4—n dx
0 1+ tanZ tan x

/4
= J' log| 1+
0

1-tan xj
dx
1+ tan x

0 1+ tan x

/4

= J' [log 2-log(1+ tan x)d%
0

/4 /4

= j log 2dx— j log(1+ tan x)d:
0

0
=log 2(x)f'* - |

T T
2l=—log2= |l=—log 2
4 g 3 g

i 1+ tanx+ 1- tan X
log dx

sib—- coB8
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Reduction For mulae:

Theorem-1:

/2 n-1
If 1, = j sin” xdx thenl, =—1,_,.
n
0

Proof:
2 /2

I, = j sin” xdx = j si™ x.sin x d»
0 0

2
:[—sin”‘lxcosx]:z+j (- 1sifi 2 x.cos xd
0

Ly
=(n=1) [ si"™ x(&- sirf x)dx
0

/2 /2
=(n-1) j sin"™2 x dx- j siff xd%
0 0

==l = (=D,

l,A+n-1)=(n-Dl_,= I,n=(n-1D)l,,

n-1
Oly=—l, ,—==—~ -
n
Note:
n-1 n-
In (1), replace n by n-2,n-3,------------- thep=——7-1,_,=1  ,=——
n n-

Sl Unk Ui 511....!0 Or |, according as n is even or odd.

Ol
n n-2 n-4

/2 /2
w2 _ T

But I, = jsinoxdx: j dx=[¥; "=+
0 0 2

/2

l, = I sinxdx=[-cos " 2
0

0

=—cosg+ cosG-06 %

/2
0 Isin”xdx=n 13 0.8 If nis even.
5 n n-2n-4 22
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/2
0 jsin”xo|x=n L =3 5 it nis odd.
5 n n-2 n-4 3

Theorem- 2:

/2

If 1,= [ cos’ xdx theni =11
0

o2

w2 2 70 /2
I, = jcoé‘ xdx:I co§(—— )3 dx:j sil xd
0 0 2 0

Theorem- 3:
T4 1

If 1, = jtan“ x dx thenln+ln_2:—_1.
5 n

Pr oof:

T4 /4
I, = jtann x dx= j tad™? xtaf xd:
0 0

/4 /4

/4
= jtan”‘2 x(seé x 1)dx j tah 2 xséc xd-xj tArF X
0 0 0

/4
[tartx]" _ @
- _ln—Z___l_In—Z

n-1 0 n
1
0 In +|n—2=m
Theor em-4:
4 n-2 -
If 1, = J‘secf1 xdx thenl :(\/E) + 1 2In_2.
4 n-1 n-1
Pr oof:
/4 /4

I, = Ised‘ X dx= I seb? xset xc
0 0

/4 /4
=[se(f‘_2 xtanﬁz —j (- 2)sét? xsecxtan x
0
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/4

:(\/E)”'Z—(n—Z)I sed ? x(set x 1)dx
0

/4 /4
=(2)"2-(n-2) I sel xdx—J. set? xd}
0

0
=(2)" 2= (n-2)l, + (n- 2)I_,

I1+n-2)= (/272 + (n- 2)}_,
= 1,(n-1) = 2)" 2+ (n- 2)l,,

n-2
D (\/_) In—2
n-1 n—1
/2 /2
Theorem55: If 1, , = I sin™ xcos' xdxthenl,, = I sin™ x cos' x dx.
0 0
Pr oof:
2 /2

= jsinmxco§ X dx= '[ sif™* (sinxco% x)o
0 0

)(<m 1)sid™2 x cos x d»

e L
_| =sin™* xcod™! x +I co§!
n+1l n+1

1

0

n+1 I sin™ 2 xcod xcoé xdx

T[/2
Ism 2 xcos x(t sirt x)d:

n+1

n/2
sin™ % xcos' x- sif" xco8 x)d
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_sin™txcodt x. mr 1
O Im,n - + m-2,n
m+n m+n "o (1)

Note: replacing m by m-2,m-4,----
m1l m3 mb>5

_m-1 ~m-1 m 3 _
A menm A 2m oA 4 0"

| = | =
M men ™A menmE e 2

Or l, naccording as n is even or odd.

/2 /2
But Iy, = J'sinoxcoé1 X dx= I co8 xd
0 0

m/
/2 . CO§+1X
Iy = Ismxcoé‘ xdx=| -

" n+1

2
-1

n+1

0

op, =M=l M3 1 s odd
Tom+nm+n-2

T2
_m-1 m-3 ..Icoé1 x dx if m is eve

m+nm+n- 2 .

/2
. . n-1
Corollary 2: If 1,,,= [ sin™ xcos' xdxthenl,, = ooz

0
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Very Short Answer Questions

I. Find the values of the following integrals.

/2

1. jsinloxdx
0
Sol.n=10 even
2 n-1 n-3 n-5
0 [ sin" xdx="—G 1 0.
n n-2 n-4 2 2
2 9 7531 63t
.[sinloxdxz—E-l—EEE-l—El—[-E:
10 8 6 4 2 2 51:
/2
2. jco§1xdx
0
Sol.n=11 is odd
2 n-1n-3 n5
0 jsin”xdx: Dn B! D...—ZDJ
n n-2 n-4 3

T

/2
j cos' xdx——[—ln—3 2

5 3

_11- 1EJ.1 SDll— 5._32=

69:<

/2
3. j cos x[Birf xdx

0

T2
Sal. |I= I cos’ x[Birt xdx,
m=2, n=7

/2
j sin™ x(tod xd> Here m even,
0

n odd
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_ n—lD n-3 2 E 1
m+n m+n-2 m 3 m- .
7-1 7-3 7-5 1
= X X X
9 7 5 2+ 1

/2
J' sin* x[tod xdx
0

/2
J' sin™ x[tos' xd» .m=n=4
0

Here m, n even

_ (n=1)(n- 3)... —1EE: (& 1)(4 3)(3): 3
(m+n)(m+n-2)...2 2 ge64dp2 28

T
jsin?’ xco$ xdx
0

ot | (%) =sin®xcos’ x=> f(m= %) = sir(m~ } co§(r— ¥

=sin® xco$ x= f( X

sin xcos xdx

ohhno

s
0 Isin3 xcoS xdx=
0

:z(n—l) (-9 __m-1m-3 __2 5312 K
‘m+n m+n-2

I\Jw
w.' N
© o1
- W
[$:
w N
[e2 >N

21
J‘sin2 xcos xdx
0

f (x)=sin® xcos' x

= f (2m-x) =sin’ ( 2r- X) co$ ( - ¥

sin” xcos x= f( ¥
and f(r- ¥ = sif xcos x { X
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| =4(sin® xco$ xdx

oO—nNIg

_4(4-1)(4- 3)2 4an m

642  6MIZ2 €
/2
7. j sin0tod0 @
-1t/ 2

Sol.sirf 6 co< 0 is even function

f(0) = sirf 8 cos 6 do
f(—8) = sirf (-6) cos (-B) = f(8)
/2

= 2j Sif8oso @
0

/2
j sin™ x[tos' xdx
0

nisodd,n=7

n—lD n-3 2 B 1

=2
m+n m+n-2 m 3 m- .

/2
8. j sin@cos @

2
.f(6) = sir’ 6 cos'0

f(—6) = sir? (-0) cos (-0)
= —sir’0 cos 6 = —f(0)
f(0) is odd

/2
O j sin0cosO @ = (

-1/ 2

So
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cdo  sBil&

}j_é
9) 9

9. jx(az—xz)”zdx
0
Sol.x = a sinb a=asimb
dx=acodbdd 6 =172
/2
= [ asing (£ - & siR6 J'* acds &
0
/2 /2
= j a’codo sid 8= 3]
0 0
2
:ag(_cosqej :ag(_o-l_
9 0
10.

2
Ix3’2\/2—xdx
0

Sol.x =2 coé 6, dx = 4 coP sinb do

0
1= [ (2*?cos’®

/2

V2-2c0¢0 € 4cod sif Wi

/2

=4 j 2?2 Y2 cod90sirfo @
0

T2
{16Dj cod 0 sirf e 6}
0

n = even, m = even
R LS PR LY LY
6 5-22 2] 2
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Short Answer Questions

1
L [x°@-x)°"2dx
0

1
Sol.given integral ist = [x°(1-x)*dx
0
Put x = sif 0
dx = 2sinB coP db

ULX =1= H=7—2T
LL X=0= 6=0

/2
|= [ sin°8(1-sin"0)*'*2co® sin
0

w2
=2j sin'e coso @
0

m=11 odd and n=6 even

_ n—lD n-3 1 m1 -
m+n m+n-2 m+2 m &
PEREERIEETENC:

17 15 13 11 9 7 5 3 1531°F

4
2. j 16— x?)*'2dx
0

4
Sol. | = [(16~x*)*?dx
0

Put x = 4 sif
dx = 4 co$® do
UL. x=4=0=172
L.L X=0 =6=0.

/2
| = j (16-16sirf 6 §/204co9 0@
0
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/2 /2

= j (4)° koS 0 0@ = (4?[ cofer@
0 0

_ap S 3.6 5T
6 6-26-4 2

= (4 22 G EL = (4 E20= 640
6422 2

3
3. [ (9-x%)*%dx
-3

Sol:  Letx =3 sind then dx =3 cdsdo

Upper limit when x = 3 i§ = g

And lower limit when x = -3 i =

ol

3
0 [ (9-x%)*"2dx
-3
/2
= [ (9-9sirf6)'?3sird 3co8 @
-1t/ 2
/2
=3> | cos'6 sib @

-1/ 2
f(8) = co$ 6 sin 6 and f(-0)
= co$ (-9) sin(-0)
=—co0$0 sin8
=—f(©)
Hence f is an odd function 6t

/2
O [ f(6)de=o0.

-1t/ 2
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5
4. [x3(25-x?)""?dx
0
Sol: Let x = 5 sinB then
. . ]
Upper limit when x =5 @:E
And lower limit when x=0i® = 0.
5
0 [x3(25-x*)""?dx
0

/2
= [ 5°sin®0(25- 25sifi6 J'2 5coB &
0

w2 2
:511j sin°6 codB cod @= %j sitd cd® oc
0 0

:511(8—1D 8-3 . 85 . 8 79( 3 Jd}l
3

8+3 8+3-2 8348 3

1
—5t ! PP s sttt s §xm

119 7 5 3 2 11 9 99
. M2 : (n-1_ n-3 1
[Using the formula jsm’“xcoé1 xd» if m, n are even B
0 (m+n m+n-2" mt

(=2 23)

Tt
5. fsin8 xcod xdx

“n
Sol: Take f(x) = siff x cos x
Then f(=x) = sifi (~x) cog (—x)
= sirf x co€ x
= f(x)
fis an even function of x.

s T
0 J'sin8 x cod xd>:2J'sin8 xcog xd»
0

-T
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Now f(x) = sin® xcos x
And f(11-x) =sin® (- x) cos (1- x)

=-sin® xcod x=- f(x)

s
Hencejsingxcos7 xdx= (
0

T
0 J'sinsxcos7 xdx= (

-Tt

[By the result that f = [0, 2a}, R is integrable on [0, a] and if f(2a — x) = —f(X)x O [a, 23]

2a

then [ f(x)dx =0].
0

Sol: Letx=3co80+7sif0
Then dx = -6 co8 sinB + 14 sinB cosB
=8 coP sind
Upper limit when x =7 is
7=3c0%0+ 7sirf0
= 7(1—sifi6) =3 cod 9

= cosO = 0:6212[

Lower limit when x = 3 is
3=3co$ 0+ 7siRB

= 3sif 0= 7sirf0
= 4sinf0= 0= siMM= 0=0= (

7-x _ |[7-3coé6- 7sih® _ [4cogO _
Also = _ =,|———5=~ =cotb
x-3 \3cos0+ 7sifO- ¢ 4sin’ @
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7 7_X /2
Of,|—=dx= | cotb(8co® si) )@
3V X—3 0

/2

=8| coso @
0

:8&2:8_11[22'[
2 )2 2) 2

/2 _ _
j cod’ xdx:n—lgn—?’...l[
! 2 n-2"72

1. ?‘/(6— X)(X = 2)dx
2

Sol: Putx=2co%0+6sirf0
Then dx = (—4 cd¥sind + 12 sinB coDH)do
= 8 sinB coH do
Upper limit when x =6 is

6=2co<0+ 6siNO

— 6c0<L 0= 2co80

—4co€0= 0= cof= e:e:g

Lower limitwhen x =2 is

2=2co<0+ 6sif0
— 2sinf 0= 6sirfo
= 4sif 0= 0= siMM= 0=0= (

B ? (6= x)(x—2)dx
2

(6-2cog6- 6si0 )
TL
= (2co$ 0+ 6sifO- 2
0 8sinb cod @
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/2

= [ (2cos)(2si® )(8si® cdd R
0

/2 32TI/4
=32 co$ 9 sire e=7j sif @ @
0 0

T2/ _
:_SI (1 coscﬁjde
0 2

/2
8. j tan® xcoé xd»
0

T2
Sol: J' tan® xcod xd
0

T/2 ;A0
sin® x
= f co$ xdx
o COS X

/2
= f sin® xcoS X dx
0

/2
= j sin® x co$ x cos x dx
0

/2
= [ sin® x(1- sirf x)cosxd:
0

Let sin x = t then cos x dx = dt
- TT .
Upper limit whenx :E ist=1.

Lower limitwhen x=0ist=0.
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Long Answer Questions

1
J'X7/2(1_ X)5/2dX
0

Let x = sirf 6 then dx = 2 si® cos6 do
Upper limitwhenx = 1is s =1 = G:T—ZT.
Lower limit when x = 0 is sfh@ = 0= 0 = 0.

1
0 IX7/2(1_ X)5/2dx
0

/2
= [ (sin®8)""?(1~ sin’® Y'? 2sir® cod @
0

/2

=2j sin” 0 coSO siM® co8 &
0
T2
=2J' sif8cofo @
0
Whenm,nareeven, m=8,n=6

-l n=3 m LB N
m+n m+n-2 m m 2

m,n

_6—1D 6—-3 T 6-5
8+6 8+6-2 8 6~ 4

8—lE§— 3D8— 5D8- 7d'_[
8 8-2848 6 ¢
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T
2. [@+cosxj dx
0
T
Sol:  [(1+cosxj dx
0

3
(1+ 2co§§— 9 d

oO—

- 3
j(z cog %) dx
0

n X
:8jcosﬁ— dx
O 2
Let% =tthen dx = 2 dt

Upper limit is t :7—21

Lower limitist=0

/2

:16J' co$ td
0

“16 6_1D6_ 3D6_ SET_[
6 6-26-4 2

o3 23

2
~1,= [ cos’ xdx when n is ever
0

SYRUREP Uk U
n n-2n-4 2/ |
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2 dx
£\/ (9-x)(x-4)

Sol: Take x = 4 co® + 9 sirfd

Then dx = (-8 cdkssin® +18 sirb coD)do

= 10 co8 sin
Upper limit when x =9 is

9=4co$0+ 9sifd
— 9(1-sirf 8)= 4coé6
—5c0€0=0

= cosP = O:>9=%[

Lower limit when x =4 is

4=4cos0+ 9siA0
— 4(1- co6 = 9sih0
= 5si0= 0= si= 0=0= (

Also /(9-x)(x-4)
:\/[9—(4co§9+ 9sik0 )

(4cos 6+ 9sifO- 4

=+/5c0<0 sif6 = 5co8 sif

/2 .
D I 10co® snﬁ)de

t dx
D£4/(9—x)(x—4) o 5cos sirb

=2[g]7% = z(’—;j =T
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5
4. [x*(5-x)"dx
0

Sol: Let x =5 sifn0 then dx = 10 si® coP do

Upper limit when x =5is s = 1= e:g

Lower limit when x = 0 is s = 0= 6 = 0.
5

0 [x*(v/5-x)"dx
0

/2

= 25sirf' 6§/ 5~ 5sif 0 )10siA cds &
0

i/

2
=250.5" [ sirr6 coe @
0

Then value of }, ywhen mis even and n is odd is

Im,n=(n_lD n-3 a n—5 a m?Q(m—le—Sj

m+n m+n-2 m-n-4 mr m m-2

0 Js'xz(\/S— x)" dx
0

=2508"?| L2 P rEie?
13119 7 5

W

_250.5"2B_ 250.(5'2
99x 13 1287
_5°(2)®)5)"?
1287

p 51326
1287
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2n
5. [ (@@+cosx} (& cosx) d
0

Sol:

2jn(1+ cosx¥ (& cosx) d.
0

2n 5 X 3
j(2c0§ j(ZSiﬁ—j d
> 2

:28j coé05 sif2 dx
1

Let %zt: dx = 2dt then

Upper limit when x = Zist =Tt

And lower limitwhenx=0ist=0.
TT

:28><2><J'co§° tsif td
0

T2
=28 x 2x 2x J' co? tsiff td
0
T2

=2 [ cos® tsirf tdt

0

2a a
( [ f(x)dx = 2[ f(x)dxif f(2a - x) = f(x)j Use the form},,when m and n are even.
0 0

mn:(”-lm g j( m- 4 3...1[2)
’ m+n m+n-2 m m 2

21
0 [ @+cosxf (& cosx) d
0

~29[ 2 g3 gl ¥ TP 1
16 14 12 10 8 6 4 2
0y 451
32x 32x 64
_32x32x 451_ 4%
32x32x 64 64
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6. Show that

/2

X
dx = lo \/_2"'1
i Sin X+ cos X Z\f o

/2 X
Sol.Let | = I —dx
0 SIN X+ COS X

1
.2
N

2
2|=J-( . X + (Tt/ 2-X) ldx
0

sinx+ cosx sinx cos

w2
Sy L
2 ° sin X+ cos x

Putt= tang = dx= 2dt

1+ t?
dt

|:’_Tf ‘e :Ef dt
4 2t 1-f (2p2t+40- ¢

1+ t? 1+t2

1

:_I :E 1 |Og\/_2+ t-1
202y +(t-27 2\ /2 TV 2- 1

st )
‘4&( N J 22y

4\/_Zlog(x/_Z )=—¢+ \/_ loge/ 2+ 1
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7 FEind IXBmX
1+sinx
Sol | _Imex ‘j (- x)sm(r[ )
o 1tsinX 1+ sinft-
a a
[ j f(x)dx = j f(a- x)dx}
0 0
T .
:j(n x).sm X dx
o ltsinx
J» nsmx f X Sin X
01+S|nx oy 1+ sinx
. T .
=[S 1= 21 =S e
o 1t+sinx o I+ sinx

A 1
= T[I(l- - jdx
1+ sin x

—njdx nj +S|nx . (D)
T2
ConS|derj dx = 2J' _dx
1+sinXx o 1+ sinx
/2 /2
=2 [ ————~dx=2] iy
> 14 Sm(z Xj + 1+cosx

/2
= j se@> d
2

0

/
_ X
_Zi 2c0€ (x/2)

/2
:(2tan5j = Xta- 7& 2 @
2), 2

2i=m(x); —2m= (M)~ 2=1C - 21

l=—-Tt
2
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