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CHAPTER 11 PARTIAL DIFFERENTIATION

TOPICS:

1. DEFINITION, FIRST AND SECOND ORDER PARTIAL DERIVATIVES
2HOMOGENEOUS FUNCTIONSAND EULARS THEOREM.
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PARTIAL DIFFERENTIATION

Let u= f(x,y) beafunction of two independent varaibles x and y.

I Lt f(x+h, y)=f(x,y)

Lt h exists then the limit is called the partial derivatie of u with

(i)

respect to x. It is denoted by g—:: or u, or g—; or f,

iy 1f Lt Sy HK=T60Y)

Lt ” exists then the limit is called the partial derivative of u with

respecttoy. Itisdenoted bya—u or uyora—f or f,.
oy oy

J0u | fOEhiy)=foey) g 0u L fO0y+R) - f(xY)
ox h-o h ay k-0 k
Note: (i) The partial derivative of u w.r.t. x isthe ordinary derivative of uw.r.t. x treating the
other variable y (and its functions) as constant

(ii) The partial derivative of uw.r.t. y isthe ordinary derivative of u w.r.t. y treating the other
variable x (and its functions) as constant.

DIFFERENTIATION OF COMPOSITE FUNCTIONS

oV _ov au v _dv au
1. 1fV =g(U)and U = f(x, y) then (i) Z-=2¥ v _dv 9oy
g(V) (x, y) then (i) % dU o ()ay du " dy

2.1f Z=f(x, y) and x = g(t); y = h(t) then 32 =92 X L 0Z & o ied thetotd differentia

dt axdtad

coefficient of Z w.r.t. t.
dy _ _of /of

3. If f(x, y) = cwherecisconstant, then—
dx  ax ay

PARTIAL DERIVATIVESOF SECOND ORDER
Definition : If U =f(x, y) then :—L; ZU are called the partial derivatives of first order and they
y

are functions of x, y. The partial derivatives of g—gand g—;'l if they exist, are called the second

order partial derivatives. They are denoted by
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d (oU) a%U d(ou) a%U o (au) o«
—| = |==—>=sUu=f, .| |= Uysf, , —|— 1= =U, =f
ax(axj x> Oy( ax) ayox ax( J

andi a_U —&= f
ay\ ay ayz' Yy yy*

HOMOGENEOUS FUNCTION:

c
m

A function u= f (x, y) issaid to be ahomogeneous function of degree nin the variablesin x

andy if f(kx,ky)=k"f(x,y) foral k orf(x,y):x”f(%} or f(x,y):y"f(ij.
y

EULER'STHEOREM

If u= f(x,y) isahomogeneous function of degree n in the variables x,y then XZ_;JW%J:nU

Pr oof:

Since u = f (x, y) isahomogeneous function of degree n, we have U =x"g(y/X)
whereg(y/ x) isfunction of y/x.

D%—LJ: x”.g'(y/x)(_—g’} x"Lg(y/ %) (1)
X X
and s, x".g'(y/ x)(lj
oy X
19 y2 W xg(viof %} nCg(y/xF g (v %)
ox oy X

=n.x".g(y/ x)==nU.

Note 1: If U = f(x,y,2) isahomogeneous function of degree nin x,y,z then
U oU  _oU _

X—+y—+z— =nU
0x oy 0

Therorem

If U = f(x,¥y) isahomogeneousfunction of degreenin x,y
2 2 2

thenxza LZJ +2xya U +y26 LZJ =n(n-1U .
0X oxoy ay

Proof:

Since U = f(X,y) isahomogeneous function of degree n, by Euler’s theorem, we have
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Differentiating (1) partialy w.r.t. x we get
2 2

Xa U (OUJ 1+ya_U :na_U:> @+ &_( —1)___ (2)
ox? \ ox oxdy  Ox e oxdy

Differentiating (1) w.r.t. y partially we get,

2 2
0V +y6_U a_Ulzna_U & @_( _1)_ _______ ©)

X
oyox ~ oy* 0y oy 0y6 oy oy
2 2 2
, 02U +2Xya U +yza U
ox? Oxdy ay?

2.x+(3).y = x =n(n-)U .

PARTIAL DIFFERENTIATION

Sol:

Sol:

EXERCISE — 11(a)

Find 9z 9z for
ax ' ady
z=3xe" +4y
differentiate partially w.r.t x,

0z _,.y* 0 o P
o 3e aX(x)+ax(4y) 3e

differentiate partially w.r.ty,

oz
oy

differentiate partialy w.r.t x,

Oz_ 1 0f ,X)_ ¥y 1) 1

X g4 X OX y2) yiex[y? | yPx
y

differentiate partially w.r.ty,
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Sal:

Vi)

Sol:

www.sakshieducation.com

a_;:m%[w%j =(y3ij](l+x[;_§n

differentiate partially w.r.t x,

oz_ 1 9|y X () Y
1) [yzfax X )(2+y4 X2 x2+y4
14 -
X

differentiate partially w.r.t y,

, = COsX ans: 9z _ —sinx & %: EE0S X (cosy)
siny dx  siny oy sinzy
= —COSX.COty.COSGCy
z=xe’ +ye* . ans.a_zzey+ye><, 92 _ oY 4o
0x oy

1

\J1+X +y2

differentiate partially w.r.t x,

zZ=

0z -1 2 -3/2 9
—=—1+x + —
ox 2( y) ox

differentiate partially w.r.ty,

2 o) s o]
_-1 2732 _ -y
=——(1l+x +y (2y) =

2 ( ) (1+X+y2)3/2
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vii) x=sin(x2—y) [ans. =2xcos(x2—y),—cos(x2—y)

2. For thefollowing functionsf, show that f,, +f,, =0.
) f(x)=x2-y?
i) €esiny
Sol: f=€*siny
Differentiate f partially w.r.t x,
f, =€e‘sny,
differentiate fx partially w.r.t x,
f =€sny
f =e‘siny
differentiate f partially w.r.ty,
f, =€ cosy,
differentiate f, partialy w.r.ty,
Of,- - e'siny
Of# fye O
i
3. If v=1r?h, show that rv, + 2hvy, =4v
4. If z=sin(x—y) +log(x +y) show that z,, =z, .
Sol: z=sin(x-y) +log(x +y)

Differentiate partially w.r.t x,
1
X+y

zy =cos(x-y)+

Again differentiate partially w.r.t x,
1

(x+y)*
Differentiate z partially w.r.ty,

1
X+y

(1)

Zyy = —Sin(x —y) -

zy =cos(x —y)+

Aganin differentiate partially w.r.ty,
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_1
(x+y)*
0 From (1) and (2), we get z,, =z,

2,y = =sin(x -y) - —(2)

If u3(1+ a3) =8(x +ay +b)’ then show that u$ +u =8

s_8(x+ay+b)’

1+a’
u= (x +ay +b)
3W1+a®
differentiate partially w.rtx = u, = 2
1+a’
3

. . . 2a 3 3 8 83 8(l+a )
differentiate partialy w.rty = u, = O up +ud = + = =

Y o3ita 0 ) 1+d 1+ 1+@

If au+b =a’x +y, then show that u,u, =1

If z=AeP? cospx, then prove that z,, =z,

z=Ae™" cospx

differentiate partially w.r.t x,

7z, =AePt (—psinpx)

= -Ape Pt sinPx

Again differentiate partially w.r.t x

2, = -Ap2e Pt cospx (1)

differentiate z partially w.r.tt,

7, = Acospx.e Pt (—pz) = -Ap%e ™" cospx
---(2)

From (1) and (2) we get z,, =z,
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1. Findall thefirst and second order partial derivatives of the following functionsf.
1) sin(xy)
i) tan (tan'1x+tan'1 y)
iii) e cosy
iv) &
i) z=sn(xy)
differentiate partially w.r.t x,
z, =cos(xy).y =Xy cos(x.y)
Again differentiate partially w.r.t x,
Zyw = -ysin(xy).y = -y?sin(xy)
Differentiate z partially w.r.ty,
z, = (cosxy).x =xcosxy
Again differentiate partialy w.r.t x,
Doy = (zy)x =x(-sinxy.y) +cosxy
= —xysin(xy) +cos(xy)
Differentiate z, partially w.r.ty,
z,y = -xsin(xy).x = ~x2sin(xy)
(zx)y = (ycosxy)y
= y(sin(xy))x +cosxy
= cosxy —X.y.sin(xy)

1x+tan'1y)

i) z=tan (tan'

iii) € cosy

Sol: z= e*cosy
differentiate partially w.r.t x,
z, =e€*cosy, again diff. partialy w.r.t x,
z, =€ cosy '
differentiate z partialy w.r.ty,
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z,=-€'siny,
again diff. partially w.r.ty,
z, =-€ cosy

Differentiate z, partially w.r.tx,
Zyx :(zy)X =—-e*.siny

— X
z, =€ cosy
— — — X o
Zy =Zyy =Zyy =€ .8iny
iv) z=e

2. For thefollowing functionsf, show that f,, +fyy =0.

; y
i)
X2 +y?
Sol: f=—Y _ differentiate partially w.r.tx, f o v(2x)
2 2 X 2
X“+y (x2+y2)

Again differentiate partialy w.r.t x,

_ —2y(x2 +y2)2 +2xy.2(x2 +y2).2x 2y(x2 +y2)[—x2 —y2 +4x2}

A 2 T
_ 2(—x2 —y? +4x2) _ 2y(3x2 —y2)
(x2 +y2)3 (%2 +y2)3
Differentiate f partially w.r.ty,
y:1(x2+y2)—22y2 ey
(e e
differentiate partialy w.r.ty,

B e e it e e
" (2 +y?)’ ) (x2+y?)°
)

(X2 +y2)3 X W
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i)

Sol:

Vi)
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(s

f = tan—l[lj
X

differentiate partialy w.r.t x,

f, = 1 ‘:__y}: _X2y i = -y
X 1+(yj2 X x2+y2'x2 x2+y2
X
differentiate partially w.r.t x,
__ty(2x)
XX T, 92
(v
differentiate f partially w.r.ty,
f., = 1 l: X
' 1+(y)2.x X2 +y?
X
differentiate partially w.rty, f,, =iy2
o]

f:Iog(x2+y2)

e *(xsiny-ycosy)
f=e>(xsiny—ycosy)

differentiate partially w.r.t x,

f (x) =™ (xsiny —ycosy)

fy =e X (xsiny —ycosy) +e™ (siny)
differentiate partialy w.r.t x,

fux =€ (xsiny —ycosy) -e X.siny —e™*.siny =e *(xsiny -ycosy —2siny)

differentiate f partially w.r.ty,
fy =e™(xcosy —cosy +ysiny)

differentiate partially w.r.ty,

Oft fy O

fyy =€ (-xsiny +siny +siny +ycosy) =€ *(-xsiny +ycosy +2sin)

Oft fyF O
& (xcosy —ysiny)

ey cos(y2 - x2)
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vii) € (Asin2y+Bcos2y)

Sol: f=e?*(Asin2y+Bcos2y)
Diff. f partially w.r.tx, f, =2e* (Asin2y+Bcos2y)
Again diff. partialy w.rtx,  f,, =4e® (Asin2y +Bcos2y)
Diff, f partially w.rt.y, f, =e™ (2A cos2y - 2Bsin2y)
Again diff. partially w.rt.y,  f,, =e* (-4Asin2y -4Bcos2y)
= -4e®* (Asin2y +Bcos2y) =,

= fyx +fyy =0

viii) f=e29 sin(xz—yz)

3. Ifr, 0, xandy areconnected by th i =(x2 21/Z'B-T LY find
. N y y the equations r =(x? +y 8=Tan ™} = |.fin

ry.ly,8y and 6. Also verify that r 8, +r,8, =0.

Sol: r=4x%+y?

differentiate partially w.r.t X,

_ 1 o = X

differentiate r partially w.r.ty,
ry = 1 y

= _2y:
y
2 [X2+y2 X2+y2
0= tan_l[lj
X

differentiate partially w.r.t x,

differentiate partially w.r.ty,

1 1 X
X x2+y2
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ryBy +1y.8y = *y X + X -
y¥X X X2+y2X2+y2 \/X2+y2 X2+y2

1/2 2

find z,, -a?z,, .

If Z=tan(y+ax) +(y —ax) vy

z=tan(y +ax) +(y —ax)ll2
Differentiate partially w.r.t x,

z, =asec? (y +ax) +%(—a)(y —ax)_ll2
Differentiate partially w.r.t x,

Z,x = 28° sec? (y +ax).tan(y +ax) —%(y—ax)_?’/2
Differentiate z partially w.r.ty,

z, =sec” (y +ax) +%(y ~ax) 2
Differentiate partialy w.r.t y,
2,y = 2sec” (y +ax)tan(y +ax) —%(y —ax)_3/2
) 2

0 24y —a%z,, =2a®sec?(y +ax)tan(y +ax &L y -ax) /2
vy 4

2
—2a® sec? (y +ax ) tan (y +ax) +%(y—ax)
Oz &z O

If (22—ay2—2b2) =16ax , show that z, =xyz2

If (z+a)e*® =D, then show that z, (z+2z,) =z,

2
If u2=;,then show that Zg—lZJ:O.
X
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Exercise—11(b)

1.  Which of the following are homogeneous functions?

) f(x,y)=xl’3-y3’4,tan'1(%)

Sol: f(x,y)=X1/3-y3’4,tan'1(%jf (k. ky) = () (ky ¢ tan 2L

= k1/3 x1/3 314 y3/4 tan_l(Lj
X

13
= k12f (X,y)

f (x,y) isahomogeneous function.
i) f(x,y)=%+|og(¥)
Ans;f (x,y) isahomogeneous function.
i) f(x.y)=logy +2logx
Sol: f (kxq ky)=logky +2logkx
=logk +logy +2(logk +logx)
=3logk +(logy +2logx)
=3logk +f (x,y)
f (x,y) isnot ahomogeneous function.
iv) u(xy)=xf (%)+yg(§)
Ans: homogeneous function.
V) f (x.y)= (x3 +y3)3/2
Ans. f isahomogeneous function.
Vi) f(xy)= a3yl ay2/3 L
so- T (ko) = (ko) (ky) "2 (lox) . ()2
k23U L3 Ly 213,13

- kz/s(xl/s_yl/s +KY3,2/3

Ak (x,y)

y1/ 3)

www.sakshieducation.com



Sol.

www.sakshieducation.com

f (x,y) isnot ahomogeneous function.

Verify Euler’stheorem for thefollowing.

f(x,y>=%€

Differentiate partially w.r.t

o *(X)_”Z[&Jfﬁ] -2 002X~y

R ]

6x [\/;+\/ﬂ2
of _ (x)"Y2(y)Y/2
¥ [T
O (xy)Y'2

[ BT

Differentiate partialy w.r.ty,

ﬂ_—21(y)—1/2[&+\/§]_;(y)—1/2{&_\/y} )

o

-2

2

» [
af _ ~(xy)Y/?

> [T

Xﬂ + yi =0
(64
Degree of the given function is 0.
of of

Xx—+y—=nf =0.f =0
ox - oy

y

Hencef(x,y) = V- \/_ holds Euler’ s theorem.

NEEN

=i
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. Y
i) f(xy)=tan .

2
X
i) f(xy)=— y3
X°+y
__ Xy _K Xy _ o Xy
Sal. f(x’y)_xsTya - f(kx’ky)_Fxs_i_ya =k X 4y
=k°f
f is a homogeneous function of degree 0.
ng-* of_ 0f= 0
ox ay

differentiate f partially w.r.t x,

of _ 2xy(x3 + y3) —3x2.x2y xﬂ _ 2x2y(x3 + y3) —3x5.y
ox 03 +y3)2 ox 03 +y3)2
differentiate f partialy w.r.ty,

of _ x2(x3 + y3) —3y2.x2y

dy G +y3)2

ﬂ: yx5+y4x2 —3y4x2

ay (X3+y3)2
0 xg-* ﬂz
ox ay

Hence eulers theorem verified.

iv) f(x,y)=xtan™ [%) +xe/Y

of =0

<

2) Ifu :XO(XJ +yll(—) then show that x°uy, +2xy u,, +y?uy, =0
X

x

_1 X3+y3 ’
3) Ifu=tan then show that xu, +yu, =0 (May.’06)
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_ _X3—y3 _k3x3—y3
let tanu—z(x,y)-m S f(kx,w)_FXSTyS
_ oxz_yz —K%7

X3 +y

tanu is a homogeneous function degree Zero in x and y

xi(tan u) + yi(tan u) = 0.tan u.
ox oy

x.sec? u. 24 4 y.sec? y.a—u =0
aX ay

i.e,x.uy +y.uy =0
PROBLEMSFOR PRACTICE

If z= €™ sin by, whereaand b arereal Constants, find Z7Zy,ZyyZyy, ZyyandZ,,.

Find all thefirst and second order partial Derivativesfor f(x, y) = €2

Find all thefirst and second order partial derivativesfor f(X, y) = sin (ax + by)

whereaand b arereal constants.
2

Ifu(x,y)= %,showthat Xuy +yuy, =0

X°+y
If z=log (tan x + tan y), show that (Sin2x)z, +(sin 2y)z, =2

If u=e¥, show that u(uxx+uyy) =(u)2( +u§)

I z=f(x2+y2), show that , 9z _, 9z _,
ay ox

3/2 2
If u= 3xy —y3 +(y2 —2)() , then show tat uXX.uyy -(ny) =0
X2_y2

2= Y ) 201 X, =
If f(xy)=xtan (;) y“tan [;J,xgo,yxo,showthatfxy-xz+y2.
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Sal:

11.

12.

13.

14.

15.

16.

17.
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If r2=(x-a)” +(y =b)?, find the value of 1, +.

yy
Given r? = (x -a)® +(y -b)? —(2)
Differentiating (1) partially with respect to x, we get 2r.r, =2(x -a)=rr, =x -a
Differentiating again partially with respect to x, we get r.r,, + rx2 =1 --(2)
Similarly differentiating (1) partially with respect to x
2rr, =2(y-h)=rr,=y-b --(3)
Differentiating (3) partially with respect toy, we get r.r, +r,% =1 ---(4)
Adding equation (2) and (4), we obtain
r(rxx +ryy) :rx2 +ry2 =2
2 2 2 2
(o +1y) =212 =12 o (X 2a) _y 2b) _,_(x-2) J;(y b)
r r r
I‘2 _ _ 1
Z—r—z =2-1 —1|:| Iyt ryy= ?

| f Z:%f (x+y) thenshow that x; +yz =%(X +y)i'(x +y) Where

f’(x+y)=%andu =X +y -

If 2= +f(x) +g(y), show that z,, =e**Y.

If z=xf (y)+yg(x). show that z+Xxy z,, =xz, +yz,.

If u(x,y) =sin'1[5J+tan'l(XJ, then show that xuy +yuy =0.
y X

X2 +y

X+y

2

Verify Euler’stheorem for the function f(x,y) =

Using Euler’stheorem show that x,  + yu, = 1.an 4 for thefunction
2

o x+y
u=sn 1[\&_‘_\/;}

3,.,3
Ifu=sect| 2 2Y Ty then x.a—u+y.a—u=2cotu
X+y ax ay
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Sal:

19.

Sol:
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3,3
- x°+ .
If u=tan 1(—y],showthat XUy +yuy =sin2u.
X+y
3.3
. +
Given that tanu=2"Y
X+y
, x3+y3 . ,
Write z= 7 . Then z is ahomogeneous function of degree 2 and z = tan u.
X+y
By Euler'stheorem, , 92 ., 02 _ 5, --=(1)
ox oy
But a_Z_d_Z a_uzseczua_u
ox du ox ax
and 9z _dz u _ 5, 0u ~()
dy du 0 0

Form (1) and (2), x(sec2 u)uX +y(s;ec2 u) uy =2tanu
l.e, xu, +yu, =2tan u.cos’u
=(2sinucosu) =sin2u
If u=logv and v(x,y)isahomogeneous function of degreen, then provethat
XUy +YyUy =n.

Given u=logv = v =¢€"
Then by Euler’s theorem,

Xa_V+ ya_V:nV ---(1)
0X oy

Now from u=logv, v =v(x,y)

We get

ou _du ov _1 ov

ov v ou ___(2)

i'e'l O_V = V_a_u "-(3)
oy oy
Substituting the value of

weget , , %Y, y.v.a—u =nv
0x oy

(or) xuy +yuy =n.
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20. If x*.y¥.z*=C,then provethat 3Z _ _ (1+1ogx)
0X (1+1logZ)

Sol: Given x*.y¥.z%=c
log (x*.y¥.z%) =logc
xlogx+ylogy+XlogZ=1logc

Differentiating partialy w. r. t. X

1 1 0z
—+ | +|Z=—+logZ.1l|— =
[X X ogx) ( Z g Jax

(1+log 2) g—i= -1 +logx)

0Z _ _ (1+logx)
oy (1+log 2)
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