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CHAPTER 10

MAXIMA AND MINIMA -1

TOPICS:
1.Increasing and decreasing functions
2. Maxima and minima of functions

3.Mensuration
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MAXIMA AND MINIMA

MONOTONIC FUNCTIONSOVER AN INTERNAL
Definition: A function f :[a, b]=p R issaid to be

(i) Monotonically increasing (or non - decreasing) on [a, b] if
X, € X, = T (%) 8 f(x,) ¥y, X, @[a, b]

(i) Monotonically decreasing (or non - increasing) on [a, b] if x; € x, = f(x;)& f(X,)
Vx,. X, &[a, b]

(iii) strictly increasing on [a, b] if X, € x, = f(x,)<€ f (X,) ¥x;, X, &[a, b]
(iv) strictly decreasing on [a, b] if x, € x, = f (x;)® f (X,) ¥X,, X, @[a, b]

(v) amonotonic function on [a, b] if f is either monotonically increasing or monotonically
decreasing on [a, b].
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increasing function

e

T strictly increasing function

strictly dreasing fimction

N T

decreasing function

neither increasing nor
decreasing function

SN N
o~

THEOREM:

Let f be afunction defined in anbd of apoint aand f be differentiable at a. Then
(i) f%@)»0= f islocally increasing at a.
(ii) f’(a)€ 0= f islocally decreasing at a.

Note:
Let f be continuous on [a, b] and differentiable on (a, b). Then

(i) f’(x)&0 Vxea (a,b) = f(x) isincreasingon [a, b].
(i) f%x)$0 ¥ xea&(a,b)= f(x) isdecreasingon|a, b].
(iii) f%(x)»0 ¥ x@&(a,b) = f(x) isstrictly increasing on [a, b].
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(iv) f%x)<€0 ¥xe& (a,b) = f(x) isstrictly decreasing on[a, b].
(iv) f%x)=0 ¥x@&(a,b)= f(x) isaconstant function on[ab].

INCREASING AND DECREASING FUNCTIONS

EXERCISE
1 X
1. Without using the derivative, show that f(x):[zj isstrictly decreasing on R.

1 X
Sol. f(X)Z(Ej let X1, Xo € R

1Y (1Y
let = =
X1<X2:>(2j >(2j
= f(x1)>f(xz)
Therefore, f isstrictly decreasing on R.
2. Without using the derivative, show that f (x) =3x+7 isstrictly increasing on R.
Sol. f(x)=3x+7

let X1, X5,€ R

let X < X5 = 3% <3X,
= 3K+ 7T<3Xy+7
=1 (x1)<f(x2)

Therefore, given function is strictly increasing on R

3. Show that x+1 isincreasing on [1,:0).
X

www.sakshieducation.com



Sol.

www.sakshieducation.com

since Xxe[l,), 1—%>0
X

= fH(x)>0

Therefore, f(x) isincreasing function.

4. Show that f(x)=cos?x isstrictly decreasing on (0,n/2)

Sol.

Sal:

(x) = cos®x
"(x

Xe (

— =k

2cosx (—sinx)=—sin2x

X) =—(positive value) = —ve.

x)<0

Therefore, f (x)=cos®x is strictly decreasing on (0,7/2)

)=
O,m/2)=0<2x<m
=1
=1

State the points at which the following functions (from 1to 4) areincreasing and the
points at which they are decreasing.

f(x)-x?’-Sx2
Given function  f (x)mx®=3x
f/(x)=3x?—6x =3x(x—2)
f(x) isincreasing if f'(x)>0=3x(x-2)>0
. X does not lie between 0 and 2

~.f(x) isincreasingin (—a,0)uU(2,0)
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f(x) isdecreasing if f'(x)<0
X(x-2)<0

x lies between O and 2

f(x) isdecreasing in (O, 2)
2. f(x)-x3(x-2)2.
Sol: Given functionf (x)= x3(x-2)2
=/ (x)=x32(x=2)+(x-2)*3x? =x?(x-2)(2x+3(x~2))
=x%(x—2)(2x+3x—6) =x?(x—-2)(5x—6) ¥xe R,x* >0
If f(x) isincreasing f’(x)>0
= x%(x-2)(5x—6) >0
= (x-2)(5x—6)>0,x#0
= (—w,g)u(Z,w)—{O}
= f (x) isincreasing if , . [“”'%)U (2,)- {0}
and f(x) is decreasing if , . [%2)
3. f(x)mx®=3x"=6x412
Ans. f(x) isdecreasingin (1-+/3,4/3+1) and x <1-+/3 and x >/3+1
4. fx)mxe”
Sol: given function f (x)=mxe*

= f'(x)=x€&+e*.1=e"(x+1)
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& ispositive for all real values of x
f'(x)>0=x+1>0=x>-1
f (x) isincreasing when x > -1
f'(x)<0=x+1<0=>x<-1

f(x) isdecreasingwhenx < -1

Determine the intervals in which the functions (from 5 to 8) are increasing and the interval
in which they are decreasing.

Int
f(t .T

Given function  (t)m Int
t

t}—lntl
t

= 1-Int>0 =lnt<l1l = t<e

f(x) isincreasingwhent<e

f(x) is decreasing if f(x) <0

1-Int

=f(1)<0= ———<0
t

=1-1Int<O
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=Ilnt>1=> t>=e

f (t) isdecreasingwhen i > e
- _In!l-l-x!
f(x)m1 X (x> 0)

()mi- 2E) (5 )

xi—ln(1+x).1
= f’(x)=1-—1+X

X2

X—(1+x) I n(1+x)
x2(1+ X)

>0 forx>0

f(x) isincreasing (0,e)

f(x)= 25 4x°
f(x) is defined when 25-4x?>0
= —(4x2—25)20

= —(2x+5)(2x-5)=0

- X lies between —E and E
2 2
vamanat { - (~2.)
main o = -—=,=
oma 5"
1 4x

Feo= 24/25— 4x2 (=8 =~ \ 25— 4x?
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f(x) isincreasing when f’(x) >0

:}i>o

V25— 4x?

i.e,x<0

f (x) isincreasing when (_;Oj

f(x) is decreasing when f’(x) <0

f(x) is decreasing when (0-2] .

8. f(X)=In(lnx);x>1.
Sol: given function f(x) =In (I nx); x> 1.

Diff, w.rtx, fix)=_1 1
Inx x

f(X) is decreasing when fl(x) >0

x>0
x.1n

=x.Inx>0
Inx isrea only whenx >0
~Inx<0=In1l
i.e,x<1
f(x) isincreasing when x > 1
i.e,in (1, )
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f(x) is decreasing when f1(x) <0
=lnx>o0=In

e, x<1
f(x) isdecreasingin (0, 1)

0. Show that _X_<In(1+x)<xwhenx>0.
X4l

Sol: Let f(x)=1n(1+x)- ——
1+ X
1+x-1

=In(L+x)- =

Sln(1+x)—-1+
1+ X
1 1 _1+x-1 X

flx)=——- = =
=) 1+X  (1+x)%2  (@+x)? 1+ x)?

>0 (x>0

f(x) isincreasing when x > 0.

—~f(0)=1nl- —>_-0-0=0
1+0

X
x>0 = f(x) >f(0) =1 n(1+x) - m>0

I n(14x) > 1:_()( ------ (1)

Let g(x) = x - n (1+x)

1 . 1 :1+x—1
=g =1 1+ X 1+ x)
1
—1+X>0(.x>0)
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g(x) isincreasingwhen x >0

now g0 =0-1n=0-0=0

x>0 =9g(X)>g(0) =>x—-In(1+x)>0
=>x>In(l1+x) ----- (1

From (1), (2) we get

<In(l+x)<xforx>0

X
(14 x)

10. Show that <tan~! x ¢ xwhen x > 0.

2

Ans. Same as above.
11.  Show that tan x > x for every xe& (o,g)

Sol:” Let f(x) =tan x —x

f1(x) =sec®x —1>0 forevery x e (o,%j

a

~f(x) isincreasing for every x e (O,Ej

Now f(0) =tan0-0=0-0=0

~tanx —=x>0 asf(x) isincreasing.

= tanx >xforevery x e (o,%j

12. Ifxe (o,g), then show that 2X < sin x< x.
=
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2
Show that 2x < 1 n E+%) ¢ o 14— |for all xe (0, 1).
le=x 2(1=Xx)

For the function f(x) = x* find dthe pointsat which it is
i) Increasing and i) deceasing. Hence determine which of €®,&° isgreater
Let f(x) = x*
— f1(x) = x* (1+1ogx)
For f to beincreasing fl(x) >0

:>XX(1+|OgX)>0 =1+logx>0=logx>-1=x> el
e

~f(x) isincreasing in(l, o ]
e

For f to be dereasing fl(x) <0
= x*(1+logx)<0=1+lox<0

_ 1
—logx<-1=x<el==
e

Butx>0

. N 1
f(X) isdecreasing in (0,—j

e
Consider the function f(x) = x*
1x 1
log f(x) = log x :;Iog X
Differentiating w. r. to x
1

L i(x)= = Llogx. 1 =
X X X

f(x)

iz(l— log x) <Owhenx > e
X
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= flﬂ<o = f1(x) <0
f(x)

f(x) isdecreasing if x > e
Butn>e = f(n)<f(e

Tcl/TC < el/e = (nlln)ne < (elle)ne = ne <en

- en isgreater than =°.

15. Statethepointsat which the following Functions are increasing and the points At
which they are decreasing.

i) f(x)=sinh (snx)
Sol: f(x) =sinh (sinx)
= f1(x)=cosh(cosx) cos X
f(x) isincreasing if f1(x) >0
= cosh (SiNX). cosX>0

= C€0S X > 0 (- cosh(sinx)>0vxe R)

T T
= Xe|-—,=
33

(Or)xe(Znn—l,ZnnleJ,nez
2 2

f(x) isdecreasing if fl(x)<0
= cosx <0

T 3n
= XE(ZHE+E,2I’]TC+TJ,I"IE Z

i)  f(x) =Cosh (cos x)
Sal: f(x) = cosh (cosx)

— f1(x) = sinh(cosx)(-sinx)
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f(x) isincreasing=> f1(x) > 0

ie,-sinh(cosx),sin x > o
case(l):sinx>0, sinh(cosx) < 0

= sinx > 0,cosx <0

= xe(%,n](or) xe[Znn+%,2nn+nj,nez

Case(2) :SnX <0, gnh(cosx) >0

= sinx < 0,cosx >0 = xe[?’?n,an(or)

X € (Znne 3%,2nn+2njne z

f(x)is decreasing if f(x) <0
— sinh(cosx),sin x < 0)
sinh(cosx),sin x > 0

Case(3):snh(cos x) > 0,sin x > 0

= ¢c0SX > 0,sinx >0 = XG[0,%ji.e.,(2xn+0,2xn+37n],xeZ
Case(4) gnh (cosx) <0andsinx<o

cosx > 0,sinx < O

X € (2xn+n,2xn+37nj

~f(x) isincreasing if
Xe (an + %,an + nju (2xn+37n,2xn+ 27:)

f(x) isdecreasing if
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X € (2xn+n,2xn+37nju (2xn+n,2xn+%)

i) f(x) =sin (tann x)
Ans: fincreasing on R.

iv) f(x) = tan~"(sinx)
Ans. f(x) isincreasing in (2xn—%,2xn+%j,xe z
f(x) is decreasing in (an+£,2xn+3—n],xe ;
2 2

3
16. At what point by the slope of y-%-g X2 +%+12 increasing?

Sol. Equation of the curveis

3 2 2
y:X__§X2+£+12:>d_y:3L_§. X+E_ — X__3X_|_E'
6 2 2 dx 6 2 2 2 2
Slope m-x—2—3x+l—1 = 2 =x-3
2 2 dx 2

Slopemincreasingif m>0 x-3>0
x> 3

The Slope increasing in(3, «)

17. Show that the function ' n{1+x)

: ’(1+x)l);(1+x) decreasingin(o,q.

i) sol: let { (x)m In(1+x)

xll—ln(1+X) _x=(1+x).In(1+x)

= f'(x)=—=tX =
() x2 x2 (1+x)

~.f(x) isadecreasing for x e (0,<)
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"= eyintien)

Sal:

"= ey

(1+x)l n(1+x)—x[(1+x).1+l n(l+x)}
= f/(x) = 1+x

(1+x2).[l n(1+x)]2

(1+x).In(1+x)-x—xIn(1+Xx)
(1+ x)z.[l n(1+ x)]2

I n(1+x)+xI n(1+x)-x.—x.I n(1+x)
(1+x)2.lx(1+x)2

_ ~[x=In(1+x)]
1+ x)z[l n(1+ x)ZJ

<0

. f(x) isdecreasing for x e (0, <)
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