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ANGLE BETWEEN TWO CURVES

If two curvesintersect at P then the angle between the tangents to the curves at Pis called
the angle between the curves at P.

Angle between the curves:
Let y=f(x) and y=g(x) be two differentiable curves intersecting at a point P. Let

m, =[f'(X)]p, M, =[g'(X)]p be the slopes of the tangents to the curves at P. If 6 is the

acute angle between the curves at P then tan =
1+mm,

Note1: If mq = mp then 6=0. In this case the two curves touch each other at P. Hence the
curves have a common tangent and a common normal at P.

Note2: If mm, =-1then o =7—2T. In this case the curves cut each other orthogonally at P.

Note 3: If mq = 0 and % =0 then the tangents to the curves are parallel to the coordinate axes.

Therefore the angle between the curvesis 6 :g .
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Exercise

Find the angle between the curves given below.
X+y+2=0 X2 +y2 -10y =0
X+y+2=0=x=~(y+2)--- (1)

Equation of the curve x? +y? —10y =0-- (2)
Solving above equations, (y +2)° +y? -10y =0
= y?+4y +4+y? -10y =0

= 2y2—6y +4=0

= y?-3y+2=0= (y+1)(y-2)=0
=>y=lory=2

x =—(y +2)

y=1=x=-(1+2) =-3

y=2=x=-(2+2) =4

The points of intersection are P(-3,1) and Q(-4,2),
Equation of the curveis x? +y? =10y =0

Differentiate x2 +y? —10y =0 W.r.to x.

= 2x+2yﬂ—1oﬂ:0 = 2d—y(y—5) = x> W X
dx dx dx dx y-5

Equation of thelineis x+y +2 =0
Slopeism, =-1.
Case (i):

= slope m :%atP = —1%35 = —% and Slopeism; = -1.
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-m
Let 6 be the angle between the curves, then tan6=L
1+mm,
3
_7+1
43 =—:>6:tan_l(1j
1+= 7
4
Case (ii):
dy 4 4 .
= dopem =—atQ =-——— =—-—and Slopeism, = -1.
Pem = AR5 573 pelsmz
4
_7+1
3tanezw = 3 :1
1+mym, 1+ﬂ 7
3
:Gztm_l(lj
7

2. y2 =4x and x2+y2 =5.

Ans: Points of intersection of P(1,2) and Q(1,—2) and 8 =tan"*(3)

3. x2+3y=3and X2 —y2 +25 =0.

Ans. 6 =tan™! 228
69
4, x2=2(y+1),y= 28
X“+4
2
Sol: XZ:ZL 28 +]_j :16+22—X+8
X +4 X +4

= x?2 (x2 +4) =2x2 +24

= x4 +4x%-2x% -24 =0

= x2+2x%-24=0
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= (x2 +6)(x2 —4) =0 = x2=-60rx? =4

x% = -6 = x isnot real

0 Points of intersection are P(2,1) and Q(-2,1)
Equation of thefirst curveis x? =2(y +1)

2x=2.ﬂ:>ﬂ=x

dx dx

= dopem :%atP(Z,l) =2

Equation of the second curveis y = —

X< +4
dy _ 8(-1) _, __ 16x
dx_( 2, 1\ (o2 )2
X +4) (x +4)
16.2 32 1
=2 atP(2,1) = === o
= slopem, e (21) (4+4)° 64 2

mimy=2.-1/2 =-1

O The given curves cut orthogonally.

Therefore angle between themis 6 =7—2T

Similarly, at Q(-2,1) the angle between the curvesis 6 :]—2T
2y? -9x =0, 3x? +4y =0 (In the 4™ quadrant)
: Given curvesare 2y2 —9x =0=> 9x =2y° = X :gyz-

Second curveis 3x? +4y =0
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Solving above equations,

4 4
=3 =y " +4y =0
81)’ y

4
_ 4y*+i08y
27

= 4y(y*+27) =0
y=0ory>=-27=y=-3

Ix =2y? =2x9= X =2

Point of intersection in 4" quadrant is P(2,-3)

Equation of thefirst curveis 2y2 =9x
Differentiate w.r.t. X,

d_yzgjd_y: 9

4
& dx dx 4y

.
4.-3

Slw

= dopem =—atP(2,-3) =
pe m =—"atP(2.-3)
Equation of the second curveis 32 + 4y =0

_ 2
= 4y ==3X" (ditferentiate w.r.t x,

= dlopem, :%atp(z, -3) =% =-3
X

If 6 isthe angle between the curvesthen tan@ =
1+mm,
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0= tan'l(gj.
13

6. y2 = 8X, 4x° +y2 =32
Ans. 0 :tan'l(3) ?

7. xX’y=4, y(x2 +4) -3
Points P(2,1),Q(-2,1) angle 6 :tan‘lgj

8.  Show that the curves 6x? —5x +2y =0 and 4x? +8y? = 3 touch each other at (%%) .

Sol:  Equation of the first curveis 6x? —5x +2y =0

— 2y =5x —6x° = 2_&:5_12)(:>ﬂ:5‘12X
dx ax 2
1
m z(ﬂj =5_12§ _5—6__1
tlox a[p(l,}j 2 2 2
2'2

Equation of the second curveis 4x? +8y? =3

Y T T A R - S 4
dx dx dx 16y 2y
21
SEI
27 dx ap(ﬂ) 21} 2
2'2 5
Omg my

The given curves touch each other at P(% %j
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PROBLEMSFOR PRACTICE

1. Findthedopeof thetangent to thefollowing curves at the points asindicated.

i. y=5x%at(-15) i y=1-x%at (2,-3)
1 1 . x=1
., y=——at| 3,—= v. = =1
y X—la( 2) y x+1at(O )
T X n n
V. x=asech, y =atanBat 6=g Vi. (g) +(%] =2at(a,b).

2. Find the equations of the tangent the normal to the curve y =5x* at the poi nt(1, 5) .
3. Find the equation of the tangent and the normal to the curve y4 =ax® at (a, a)

4.  Find the equations of the tangent to the curvey = 3x? -x3, where it meetsthe
X-axis?

5.  Find the points at which the curve y =sinx horizontal tangents. ?

Sol: y =sinXx

dy
dx

= COSX

S—fax mx—mex m— |0 x —2x 3x—4x X

A tangent is horizontal if and arial its Slopeis cosx =0= x =(2n +1)g, n02

Hence the given curve has horizontal tangents at points (g, Yo)
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= Xo=(2n +1)g and y, =(-1)" for samen Oz.

6.  Verify whether thecurve y =f (x) =x*'3 hasa vertical tangent at the point with x=0.

Sal:

_ 1/3
T f(0+h)-f(0) b Lth— L 1
h-0 h.o h h_op?/3
! =q
=
h-»O(h1/3)

The function has a verified tangent at the point whose x co-ordinate is 0.

7 Find whether thecurve y =f (x) =x?'® hasa vertical tangent at the point with

x=0.

Sol:

f(0+h)-f(0) _h*3

For h #0, we have ™
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Thus left handed be normal hl_llsaSh -~ 0is-a

While the right handed limit is a,

Hence Lt i

At the point x = 0.

does not exist. The vertical tangent does not exit.

Show that the tangent of any point 6 on thecurve x =csec9, y =ctan 0 is
ysin@=x-ccos®.

Show that the area of the triangle formed by the tangent at any point on the curve
xy =c(c #0) with the coordinate axisis constant. ?

Observethat c#0
If ¢ = 0the equation xy = O represents the co-ordinate circle which is against the definite.
Let P(xy,y1) beapoint on the curvexy = ¢

Equation of the tangent at (xy,y; ) is

y-y1= —%(X —X1)
X

= X%y -x;"y; = —a+oy

= a+xly=x+oy =a;+a;(xy;=c) =20,

Xy=¢
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2
L+M:1:> L+L:l
20, 204 2%y (2c
X1

Areaof the triangle formed with co-ordinate axes = %|OA.OB|

= %(2)(1) [i—:j = 2c =constant .

n
Show that the equation of the tangent to the curve (fJ + ( .

thepoint (a,b isXeY =2,
point (a,b) is=+ -

n n
Equation of the curveis (iJ +(%} =2
a

Differentiating w.r.to x, we get

n-1 n-1
n(iJ .l+n(lj .l.d—y:O
a a b b dx

L[ LAl
b e

Equation of the tangent to the curve at the point (a,b) is

b y X
-b=—(x- =-1=-—+1
Yy a(X a): b a+ =

o | X
+
O l<
Il
N
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n n
11. If theline x cosa + ysinxa = p touchesthe curve (ijn_l +(%)n_l then show
a

thatp” = (acosa)" +(bsina)".

12. If thenormal at the curve ay? =x3(a#0) at a point makes equal inter cepts with the

co-ordinate axes, then find the x co-ordinate of the point

Sol: Let P(x,,y;) bethe point on the curve ay® = x?

Differentiating w.r.to x

2
2ay:ﬂ:3x2:> (d_}/j:S'X_l
dx dx) Z2ay;

Equation of the normal to the curveata y-y; = —Z;ayzl(x ~Xy)

X1
2 2
X1y —=3X17yp = —2ay1X +2aXpyq

= 2ay;X +3X,°y = 2axqy; +3X,°Y;

X \ y 4
3x,%y1 + 28y 3xZyy +2ax1yy
2ay, 3%,

en 3x,° +2ay; _ 3x}y; +2axyy;

Giv >
2ay; 3x;

3x14 =2ay; = 9x14 = 4a2yf
But ayl2 = xf

OoxE 4axi=  x3(9x-4a)=0= xl:O(or)%a
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13. Thetangent to the curve y2 = 4a(x +asin§j(a ¢0) at apoint Ponitisparalle to x-
a

axis. Provethat all such pointsP lie on the curve y? = 4ax

Sal: Equation the curve y2 = 4a(x +as nij
a

Differentiating w.r.to x

2y.ﬂ = 4a(1+cosi) = ¥ = @[Hcosij
dx a dx vy a

P(xl, yl) be a point o the curve at which the tangent parallel to x-axis.

[J Slope of the tangent is zero

:(d—XjP=O:> 2—a(1+c:osﬂj =0
dy y a

X X
1+cos—1 =0=> cos—*t = -1
a a

sinXl=0 — (1)
a

P(xy,y1) liesonthe given curve y2 = 4a(x +asin§j

= y? :4a(x1 +asin%j =4ax; +0 by (1)

e, y,? = 4ax,

O Pliesonthecurve y2 = 4ax

14. Show that thelength of the sub-normal at any point of the curve y2 =4ax isa
constant.

15.  Show that the length of the sub tangent at any point on thecurve y =a* (a>0) is
constant a.

www.sakshieducation.com



16.

Sol:

17.

18.

19.

20.

Sal:
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Show that the squar e of the length of sub tangent at any point on the curve

by? = (x +a)2(b #0) variesasthe square of thelength of the sub-normal at that

point.

Length of the curveis by? = (x +a)°

Differentiating w.r.to x
dy 2
2by—=3(x +a
ydx ( )
L.N=length of the subnormal of any point p(x,y) :|y.%|
X

3(x+a)?| _3(x +a)?
2by ‘_ 2b

y.

L.T=length of the sub tangent

3
2y | __2by® _2(x+a) =§(X+a)

Ly |
3(x+a)2‘ 3(x+a)

&)
dx
LN _3(x+a)’ 9 27
LT? 2b '4(x+a)2 8b

y.

Squar e of thelength of sub tangent at any point on the curve variesasthe square
of the length of the sub-normal .at

Find the value of k, so that the length of the subnormal at any point on the curve

1-k .Xk

y=a is constant.

n .,2n

Show that at any point o the curve x™*" =a™ ™ .y?" (a>0,m +n #£0) m" power of the

length of the sub tangent varies of the n'™ power of length of the sub-normal.

Find the angle between the curve xy = z and x? +4y =0.

—X
Find the angle between the curve 2y =e 2 and y-axis.

Equation of y-axisisx =0
—X

The point of intersection of the curve 2y = e2 andx =0 isP(O, %}
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—X

The angle Y made by the tangent to the curve 2y = e2 a Pwithx—axisis given by

tanw—j—i( Zj:%ez(oylj :11

—X

Further, if ¢ isthe angle between the y —axis and 2y =e 2 , then we have

ol s

00 The angle between the curve and the y-axisis tan™1 4.

tan Q=

21. Show that the condition of the orthogonally of the curves ax? +by? =1 and
1 1 1 1

a;x°+b =lis———="—-—-—,
! v a b a b

Sol:  Letthecurves ax? +by? =1 and ayx* +byy? =1 intersect a p(xy,y;) so that

ax? +by? =1 and ayx{ +byy? =1, from which we get,

Xt _yi __ 1 Q)

bl_b a;—a abl _a.lb

Differentiating ax? + by? =1 with respect to x, we bet :y _b_
X y

Hence, if m; isthe slope of the tangent at P(x4,y;) to the curve

ax? +by? =1,m, = —&
Y1

Similarly, the Slope (m,) of thetangent at Pto a;x? +b,y® =1 isgiven by m, =

Since the curves cut orthogonally we have mym, = -1.

2 7
WX~ gor XL =T b 2)

bbyy? yi @

i.e,
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Now from (1) and (2), the condition for the orthogonally of the given curvesis
b ~b_bbty
a-@ &y

Or (b-a)ayb; =(by —ay)ab

Or

(ORI
Tl

& |

1
by
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