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CHAPTER 10

ERRORSAND APPROXIMATIONS

TOPICS:
1.ERRORS
2.APPROXIMATIONS.
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INFINITESIMALS

Let x be afinite variable quantity and be a minute change in x. Such a quanitity , which isvery
small when compared to x and which is smaller than any pre-assigned small quantity, is called an

infinitesimal or an infinitesimal of first order. If & isan infinitesimal then (8x)?, (8x)3, ...... are
called infinitesimal's respectively of 2Nd order, 3'd order....

If A isafinite quantity and isan infinitesimal then A.5x, A.(8x)%, A.(8x)3, ..... areadlso
infinitesimals and they are infinitesimals respectively of first order, second order, third order

Definition: A quantity o= ai(x) iscalled an infinitesimal asx =pa if Lt @(x)=0
X=pa

THEOREM
Let ys f (x) beadifferentiable function at x and be asmall changein x. Then

f'(x)and % differ by an infinitesimal @(8x)as8x =» 0 , where@y = f (x4$8x)=f (x).

DIFFERENTIAL
Definition: If y= f (x)isadifferentiable function of x then f '(x)8x iscalled the differential
of f. It is denoted by df or dy.
. dys f'(x)8xor df = f/(x)@x.
Note: of =df i.e, error inf is approximately equal to differential of f
APPROXIMATIONS
Wehave & = f (X#8X)= f (X)------------- (1)
= df @ f (X+8x)= f (X)

= f1(x) Bxm f (x+8)=f (x)
= f(x+8x)® f (x)+ f*(x) 8«

If we know the value of f at a point x, then the approximate value of f at avery nearby point
X + dX can be calculated with the help of above formula

ERRORS

Definition: Let y=Ff(x) be afunction defined in anbd of apoint x. Let  be asmall change in x
and 8y be the corresponding changeinyy.
If 8 isconsidered asan error in x, then
(i) 8y iscalled the absolute error or error iny,
(i) Q is called the relative error (or proportionate error) iny,
y
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(iii) &xloo is called the percentage error in 'y corresponding to the error 8 in x.

y
EXERCISE

. Find ay, dy for thefollowing functions.

1. ymx’43x+6 x=10,Ax=0.01. (Mar. 5)
Sol: Ay =f(x+Ax)—f(x)= (X +aX)% + 3(X +aX) + 6 — (x2 + 3X + 6) = (aX)? + 2XaX + 3aX
Put x=10and ax=0.01

= Ay =(0.01)*+2.10.(0.01) +3(0.01)
=0.0001+0.2+0.03=0.2301

y= x2+ 3X+6
dy = f(x) 8x
dy = (2x + 3) x = (2. 10 + 3) (0.01) = 0.23

2. y=€&,x=0,ax=0.1
Sol: ay =f(x +aXx) —f(X)

X+0x)

—¢ —e putx=0and ax=0.1

ay=el =1,

dy = 1 (x). 8x = &.ax= €(0.1) = 0.1

3. y:%,x=2,Ax=0.002.

4. y=logx,x=3,ax=0.003.

Ans: 0.001
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5. y=X+2X,Xx=5 ax=-0.1
Sol: ay=-119ans dy=-1.2

6. Iftheincreaseintheside of asquareis 1%, find the per centage of changein thearea
of the square.

Sol: Let x bethe side and Abe the area of the

Square Percentage error in X is 8—X><1OO =1
X

Area A= x2

Applying logs on both sides
Log A =2 logx
Taking differentials on both sides

iéSA = Z.ESX = 8—A><100= 2.6—X><100 _
A X A X =2x1

Therefore, percentage error in A is 2%

7. Areaof AABC ismeasured, by the measureof a, b, c. If acistheerror in measuring
¢, then what isthe percentageerror inthe area?

Sol: areaof thetriangleisA = 1absinc
2

Applying logs on both sides, Log A =log (%ab sinc)
Log A = Iog(%ab) +log sinC
Taking differentials on both sides

1 1 0A
XSA = O+RCOSC oC=> TX].OOZ 0Ccot Cx100 Percentage errorin A = 100 cot C. A
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8. Thediameter of a sphereusmeasured to be 20 cms. If an error of 0.02 cm occursin
this, find theerror in volume and surface area of the sphere.

Sol: let d bethe diameter of the sphere.

3
Volume of the sphereis V =4 zr® =4% (QJ
3

B 4nd® B nd® _ nd®

3x8 6 6

AV :E(Gﬁz).Ad: & ad

T
6 2
Givend= 20, ad=0.02

AV = g(zo)2 (0.02) == (400) (0.01)= 41 cm®

-~ Errorinvolume=4r oms®

Let S be the surface area of the sphere.
2 d\? d?
ThenS:4TEr :%(Ej :%Z:ndz

2S=r(2d). ad= 274 . ad
Put d = 20, ad = 0.02
AS= x%(20) (0.02) = o gx cM?

2
~Errorunsurfacearea= o0 .8 n SQ.CMS™ .

9. Thetimet of a complete oscillation of a simple pendulum of length | isgiven by the
equationt = 7 ¢ \/gwhereg gravitational constant. Find the approximate per centage

error in the calculated g, corresponding to an error of 0.01 percent isthe value of t.

At
Sol: percentageerrorintis TxlOO =0.01
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Givent= 2rn l
g

Taking logson both sides  logt=1log () + %{(Iog () —log g}

Taking differentials on both sides, 1 (at) =0+ % {o—i.(Ag)}
t g

Multiplying with 100, %xloo - —%A—gxloo
9

~ 0.001=-129 100
2 g

= Ag—gx 100 = -0.02

-.Percentage error in g = -0.02

1. Find the approximate value of
1) V82 2) 63 3) V52 4) 378

5) Sin 60°1 (ﬁ- 0.0175J 6) 0456 7) (x — 1)° (x-2)° (x-3) when x = 0.001.

1. 82

Sol: let f(x) = v/x x =81, ax=1

Now

f(x +8x) = f(x)+f1(x) &

:\/;+L.Ax,putx:81, Ax=1

2%
1 1 1
— 81+ 1=9+—=9+—=9+0.056=9.056
2./81 2.9 18

2. %63

Sol: let f(x)=¥x,x=64,Ax=-1
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Follow above method.

3. y»®2

Sol: Letx =25, Ax =0.2,f(x) =X
Follow above method
~~[25.2=5.02

4. 378

Sol: Letx =8, Ax=-0.2f(x)=3x
ans: 37.8=1.9834

5. Sin60°1',= % =0.0175.
80

Sol: Letf(x):sinx,x:eoozgandAx:r: radiansf(x +8x) = f (x)+F%(x) dx

60x180
=SinX + coSxX.aX = Sin 60+ cos60.
60x180
= §+% 0'05545 = 0.86605 + 0.00013 =0.86618

- Sun60°1'=0.86618
6. Co0s45°%
Ans; Cos 45°6' = 0.7059

7. (x-1)3(x-2)? (x-3) at x = 0.001.
Sal: f(x) = (x-1) ® (x-2) % (x-3)
1 (x) = (x-1) 3 (x-2) 2 1+ (x+1) 3 (x-3)+ 2(x-2) + (x-2) ? (x-3) 3(x-1) 2
= (x-1) % (x-2) [(x-1) (x-2)+2 (x-1) (x-3) + 3 (x-2) (x-3)]
=(x-1) 2 (x-2) [X? - 3X + 2 + 2x?-8x + 6 + 3x>-15x + 18]
=(X — 1) (x — 2) (6x* — 26x + 26)
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dy = f1(x). axput x =0, ax = 0.001
dy = [(-1) ?(-2) (0—0 + 26)] (0.001)
= - 52 (0.001)

=-0.052

f(x +8x) = f(x)+f(x) &

e, f(x+ 8x) = f(x) + dy

=f(0) + dy = (-1) 3(-2) (- 3) +(- 0.052)

=12-0.052 =11.948

8. y=cos(x), x = 60®and Ax = 1°.
Sol. Ay = f(x + Ax) —f(X)

= COS(X + AX) — COSX

= cos(60° +1°) — cos60°

= C0S61°—cos60°

= 0.4848—% =0.4848-0.5=-0.0152

dy = f’(x)Ax
= —SIN XAX
= —sin60°(1°) = _—‘2/5(0.0174)

= —(0.8660)(0.0174) = —0.0151
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