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SECOND ORDER DERIVATIVES

If y =f(x) isadiffrentiable function of x then itsderivative f'(x) isafunction of x.
If f'(x)isadifferentiablefunction then itsderivativeis called the second order
f'(x+h)—-f'(x)

h

derivatie of f(x). It isdenoted by f''(x) and f'(x):th0

' _f1! 2
f (XHE G or d : or D2y ory" orys.

f"(x) isalso denoted by f'(x) = th0

EXERCISE

2X+ 3
4x +5

If y= then find y”

_2X+3
4x+5

Sal :

Differentiating w. r. to x

d  _d2x+3

dxy_ dx4x +5

dy _ (4x+5)2-(2x +3).4 _ 8x+10 -8x —12
dx (4x +5)? (4x +5)°

-2

Again diff w.r.t x,

d’y _ d -2

=2 = 2(4x+5

dx?  dx ( )

d2y

—2 =(-2)(2(4x +5)7° 4
dx
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Sal :

sol :
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g = 16
(4x + 5)3

y = ae™ + be ™ then provethat y" = n%y
y = ae™ + be™™

Diff with respect to x

y; = nae™ - nbe™

Diff with respect to x

y, = n%.ae™ +n? be™™

Yo = nz(ae”" + b.e_”x) = n?y

Find the second order derivatives of the following functions f (x)
cos® x
3 1

y = COS”X = Z[cosSx +3cos X
diff w.r.t x, we get

1 . .
y, = Z[—Bsme —-3sinx]
Diff w.r.t x, we get

(—9cos3x — 3cosx)

NP

Yo =

= —%(msx + 3c0s3X)
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i) y=sin®x

a- cost)2
2

sol y:sin“x:(sinzx)2 :[

= %[1 — 2c0S2X + cos? 2X]

= %|:]_ — 2C0S2X +M}

[2 —4cos2x +1 + cos 4x]

W~

[3 — 4c0s2x + cos4x]

|

Diff w.r.t. x, then

Y, = %(8C082X - 4sin4x)
Y, = %(16COSZX —16 cos 4x) = 2(cos2x — cos4x)

i)y =log(4x* -9)
=log(2x —3)(2x +3) = log(2x — 3) +log(2x +3)

Diff with respect to x, then

2 N 2
2Xx—-3 2x+3

Y1

Again diff w.r.t. x, then

_2(-)7% . 2(-1?
2 - 7T 2
(2x=-3)° (2x+3)
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_4((2x +3)7 +(2x+3)?) _ -4(2fax* +9})

(42 -9)° (42 -9)°

(4x? +9)
(4x2 - 9)2

sol: y=e“".sin°x
Diff with respect to x
v 42X i 2 ;3 —2x\( _-
y'=e (3S|n x.cosx)+5|n x(e )( 2)
= e ?*[3sin” x.cosx = 2sin® x|
Diff with respect to x

d?y _

—2 = e?[3sin? x(—sin x) +3cosx(2sinX) cosx —6sin’ xcosx) — 2.

dx?
. 2 a3
[3SIn X.C0SX — 28N x}
_ . . . ") i3
= e ?*[Bsinx.cos” x — 6sin® x.cosx —3sin®x] ~6siN“ X.cOSX + 4sin” x)
=g X [si n3x —12sin° x.cosx + 65N x.cos? x]

v)  e‘.sinx.cos2x

X
sol : y=e".sinx.cos2x = e?(2c052x.sin X)

eX
= ?(sinBX - sinx)
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diff w.r.t. x, then

1 X X [ .
Y = E[e (3c0s3x — cosx) +€*(sin3x ~sinx) ]
Again diff w.r.t. x, then

Y, = %[ex(—9sin3x +sinx) +e*(3cos3x —cosx)] +e”[3cos3x — cosx] +e* (sin3x —sinx)

X
= e7[—9sin3x +8inXx +3Cc0s3x —Ccosx +3C0S3X — COSX +SNX3X —sinX]
eX
= ?[GCOS3X —8sin3x — 2cosx]

= e*[3c0s3x — 4sin3x — cosX]

vi) Tan‘l(1+ X)

1-x

1+
sol: y=tan 1(u)
1-x

Put x = tan0 then 0 = tanx

tanE+tan9
y=tant—4
1-tan” .tand
4
= tan'l(tan(E +6)) =X 4o
4 4

0 f(xF 1} tan~1(x)

Diff. w.r.tox

www.sakshieducation.com



www.sakshieducation.com

1

f'(x)=0+
1+x

2
Again diff w.r.t. x,
f(x) = (-D(1+>2) " (2%)

-2X

(o)

. 4 3x-x°
vii)  tan 1
(1—3x2j

(3% - X3
sol : f(x)=tan?t
() (l—3x2j

O f"(xk

Put x = tan® = 0 = tan *x

F() = tm_l(BtanG - tanSGJ

1-3tan?0
= tan 1 (tan30) = 30
O f(xE 3tan1(x)

Diff. w.r.tox

f'(x):3( 12)— 3

1+x2)  1+%2

Again Diff. w.r.tox

(0= @(D1+x) 7 (20 = () - —=_

(1)
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sal :
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Provethefollowing .
If y=ax"™ +bx™, then x?y" = n(n +1)y.

y - axn+1 + bX—l

Diffwrtx, % =(n+hax - nbx"

Again diff with respect x,

Y, =n(n+1).ax" +n(n +1)bx "2

O0x?y= n(r ax™% n(ne 1)bx™

=n(n +1)(axn+1 +bx_”) =n(n +1)y

Ox°y= n( 1)y

If y =acosx + (b +2x)sinx, then show that y"+ y = 4cosx

If y=6(x+1) +(a+bx)e>* then y" = 6y'+ 9y =54x +18

If ay* = (a +b)°,then 5y y" = (y')?

5
ay4 - (X+b)5 — y4 - (X +ab)
(x + b)5/4
> y=—"
Diff  w.r.t x, we get
_ 1 5 §_1 _ 5 1/4
W= g (Xt b)(“ ) - 2a7? X TP Again diff with respect x,
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-1

1 5 -3/4
= —(x+Db = +b
4a¥* 0 16a1/4(x )

I

5/4
L.H.S =byy" = _(X+b) 5 (a+b)_3/4

a’*  16a¥*
_ 25 2/4_[5 1/4}_ N2
=——(x+b =|——(x+b =
(D = e =(y)
V) If y = acos(sinx) +bsin(sinx), then y"+ (tanx) y'+ ycos? x = 0 try your self.

1.

1 i) If y =128sin®xcos” x, then find y".

Sol : y =128sin®x.cos* x
D.w.r.tox
y = 128[ sin® x{ 4cos® x(~sinx)} | +cos* x{8sin® x.cosx}
=128] 3sin”xcos® X — 4sin” xcos® x|
Again D.w.r tox

Yo = 128{3{si n?x 5cos” x.(-sinx) + cos’ x} 2sinxcosx] — 4[sin* x.3.cos? x(-sin x)

+cos° x.4sin® xcos x|}
=128 -15si nx.cos® x + 6sinxcos® x +12sin® xcos? x — 16sin® xcos® X]

f"(x) = 128 6sin xcos® x +12sin® x.cos? x —31sin® x.cos? X]
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If y =sgn2xsin3xsin4x, then find y".

sol :  y =sn2xsin3xsin4x
1
Estx[Zsm 4x. sin3x]
1
ES|n2x[cosx cos7X]
1
E[sm2x COSX — COS7X. Sin 2X]
1.1
:E E[23|n2xcosx 2c0s7x.sin2x]
1
Z[(S|n3x +sinX) —(sin9x —sin5x)]
1
Z[ —sin9x +sin5x +sin3x +sinx]
D.w.r tox

Y = %[—9cos9x +5c0s5x +3c0s3x +cosX
D.w.r.tox

Yo = %[SISian —25sin5x —9sin3x —sin]

2 2 _
i)  If ax® + 2hxy + by? =1, then provethat d ;/: h” - ab

dx (hx + by)®

sol :  Given ax? + 2hxy + by? =

Differentiatingw. r. to x
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%( 2+2hxy+by2) =0

= az2x + 2h(x.Q + y) + b.ZyQ =0
dx dx

= 2ax + 2hx.% + 2hy + 2by.y =0
X

dx
by _
= 2(hx + by).d— = —2(ax +hy)
X

dy _ —2(ax+hy) _ _(ax +hy)
dx  2(hx + by) (hx + by)

Differentiating again w. r. to x,

_d (ax+hy)
dx? dx (hx + by)

d2y ) [(hx+ by)(a + h%) - (ax +hy)(h +b’%)}

dx? (hx + by)?

(ax + hy)[h _p (&) Eﬂ - (hx +by){(ax )

hx + hx + by } (ax + hy)(h® + bhy —abx —bhy)
(hx+by)2

_ —(hx +by)(ahx +aby —ahx —h2y)
(hx + by)®

_ (n® - ab)[x(ax + hy)] +(h? —ab(y(hx +by))) (h? - ab)[x(ax + hy) + y(hx +by)]

(hx + by)® (hx + by)®

(h2 - ab)[ax2 - 2hxy + byz]
(hx + by)3
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h? — ab

2 2
= ——| " ax® +2hxy +by” =1
(hx+by)3[ J

If y = ae™™ cos(cx + d) then provethat y"+ 2by'+ (b2 +cz)y =0.

—k 2
If y=e2 " (acos nx + bsinnx). Then provethat y"+ ky'+ (nz +%Jy =0

—k
Given y=e?2 ” (acos nx +bsinnx) ... (1

diff w.rt. x, we get,

—K -k
_ . . > *[_k
y; =e2 (-nasinnx +nbcosnx) +(acosnx + bsinnx).e B

—kx/2

= —g.y -ne (asinnx +bcosnx)

0 v gy:— ne ™2 (asinn¢ bcosnx) .....(2)
Differentiatingw. r. to x

Ky = k2 . - ka2 _K
Yo + Eyl = —n[{e (—nacosnx —nbsmnx)} ] +{(asm nx + bcosnx).e ( 2)}

- . Kk - .
= -n? - e ™2 (acosnx +bsinnx) _E{ -ne™2 (asinnx +bcosnx)}

= -ty —2| v 2y |y 0.2

www.sakshieducation.com



o

Sol : Suppose h >0 and
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k2
0 y#+ ki (n2+ 7]y: 0

PROBLEMSFOR PRACTICE

If f(x)=x?(xOR), Provethat f isdifferentiable on R and find its

derivative.

Suppose f (x) = Vx(x > 0), provethat f is differentiable on (0,%) and find
f'(x).

If f(x)= (x OR), provethat f isdifferentiableand find f '(x)

X2 +1

If f(x)=snx(xOR), then show that f isdifferentiable on R and

f '(x) = cosx

Show that f (x) = [x|(x O R) isnot differentiable at zero and is differentiable

atany x# 0

Check whether the following function isdifferentiableat zero

3+ if >0
f(x):{ X
3-x if x<0

f(0+h)-f(0) _ f(h)-3

h h
:—3+h_3zh =1
h h
L FO+n-f(0) _,
h-0 h

f has the right hand derivative zero and f '(O*)
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Lt Lt =
h-0 h h—>X h hao

f(0+h)-f(0) _ _3-h-3_,_h__
h

F has the left hand derivative at zeroand f'(07) = -1

0 f(0" g f(07)
f (x) isnot differentiable at zero

7. Show that the derivative of a constant function on an interval iszero.

8. Supposefor all x,yOR f(x y)= f(x). f(y)and f'(0) exists. Then show
that f'(x) existsand equal to f (x) f'(0) for all xOR

Sol: Let xOR, for # 0, wehave

f(x+h)-f(x) _ f(x)f(h)-f(x)
h | h

TR TR I

f(0)=f(0+0) =f(0)f(0) = f(0)(1- f(0)) =0
O f(O O0f(OE 1

Case (i) : Suppose f(0) =0
f(x)=f(x+0)="f(x)f(0) =0 OxJ R
O f (x) isaconstant function = f'(x) =0

Foral xOR

Of'(xE G f(x).f'(0)
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Case (ii) : Suppose f (0) =1

g fOx+h) - (%) _ L FOITM =100 _ ¢y T -1
h-0 h h-0 h h-0 h

f( Lt T =T (. ¢ () = g
h-0 h
= £(x) '(0)
O f isdifferential and f'(x) = f (x) f '(0)

0. If f(x)=(ax +b)”(x > —g), then find f'(x)

10. Find thederivativeof f (x) = ex(x2 +1),

dy

a_X(x # -a), find —
dx

11, Ify=
Y at X

12, If f(x) =e**.logx(x >0), then find f'(x)

13, If f(x) = JL*XE(M <1), thenfind f'(x)
1-x
14. 1 f(x) = x?,2¥logx(x > 0), find f'(x).
15, if y=‘f(x) 9 {en showthatﬂ:‘f'(x) g'(x) +‘f(x) 9(x)
' o(x) w(x) dx Jo(x) w(xX)| [o'(x) w'(x)
Sol - Givenis:‘:;((:)) 38 = 1(x) v'(x) +w() g (x)
% = F()w'(x) +v(x) F'(x) -[o(x).9'(x) + g(x).0'(X)]

= Qv (¥) =g ()" ()] +[F () w(X) —w(X) —e(x).g"(X)]
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17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.
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f'(x) g'(x)

=‘f(X) g(x)
o(x)  w(x)

0'(xX) v'(x)

+ ‘

3
ff(x)=7% *3X(x >0), thenfind f'(x).

—

f (x) = xeXsinx, then find f'(x).

f f(x) =sin(logx)(x >0), find f'(x).

—

f(x)= (x + 6X° +12x —13) ; find f'(x).

XCOSX

V1+ xz.

If f(x)=log(secx +tanx) find f '(x)

Find the derivative of f (x) =

1fy=sin~1Vx, find .
dx

If y= sec(«/tanx), find ;ﬂ

X

1

xsin"tx . dy
If y=———, find —
*/1+x2 ax

If y =log(cosh2x), find ﬂ
dx

If y=log(sin(logx)), find ﬂ
dx

Ify= (cot_1x3)2, find %

If y= cosec"l(e2X+1) find %
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Sal :

30.

31.

32.

Sal :
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If y = tan™*(cosvx), find ;ﬂ
X

v =X andu = cosv,y = tan~tu

du 1 du_ . dy 1
— = — — =-snu-—=> =
dx  2Vx dv du 1442
. 1
= -sinVx =
1+ cos? (Vx)
dy _dy ducu
dx du dv dx
1 .
= —sinVx——
1+cosz(x/§) 2Vx
~sinvx
2&[1 + cos? (&)}
2 2
If y=Tan Y1+ V1 ex for 0 <|x <1, find
\/1+x2—\/1—x2
If y=x%e*sinx, findﬂ.
dx

If y = x@"* + (sinx)®*, find ;ﬂ
X

Let u = x®*and v = (sin x)***

logu = log x@* = (tan x)log x

EQ = tanxE + (log x) sec? x.
u dx X

www.sakshieducation.com
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Sal :
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du_ u(tanx + (log x).sec? x)
dx

= xt'°‘”"(tan—X + (log x)..sec? x)
X

logv = log(sin x)cosx] = cosx.logsinx

1 dv 1 . .
—.— = cosx.——cosX + (logsinx)(-sinx)
v dx sinx
2
COS™ X . . x\COSX
= — —smxlog(sm )
sinx

dv [cos2 X
=v

— _ —sinxlogsin x
dx sinx

= (sin x)cosx(c_o—s2 —sinxlog(sin x)]
sinx

du

+
dx

gle
g2
>I<I

(tan_x + (logx) (5602 x)) +(sin x) % (—C(?SZ X
N sinx

If x = a(cost + Iogtan(l)),y =asint, find Y
2 dx

If x¥ =&Y, then show that d_ LXZ
dx  (1+logx)

x¥ =&Y = logxY = loge*™Y
= ylogx = x — y(loge =1)

X
1+ logx

y(l+logx) =x, y=

www.sakshieducation.com
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(1+logx).1- x.1
X

d
dx (1+ log x)?

_1+ logx -1 _ log x
(L+logx)®>  (1+logx)?

35. If siny = xsin(a + y),then show that %:M(aisnot amultipleof =)
X Sna

ol : X:_Sli
sin(a+y)

dy _sin(a+ y)cosy —sinycos(a +y) dy
dx sin?(a+y) “dx

_ sn(a+y-y) sna
sn?(a+y) sin’(a+y)

dy _ 1 _sin*(aty)
dx (de sna
dy

36. If y=x*+tanx, thenfindy”.
37. If f(x) =sinx,sin2x,sin3x find f"(x).

Sol :

f(x) = %sian(Zsiansin X) = %(sian)(cost - c0os4X)

(2sin2xcos2x — 2sin2x cos 4x)

NG

(sin2x +sin4x —sin6x)

NG
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39.

40.

41.
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Therefore,

f'(x) = %[ZCOSZX + 4cos4x — 6cos6X]

Hence,

F(x) = %(—4sin2x —16sin4x +36sin6x) = 9N6x — 4sin4x —sin2x.

dy2

Show that y = x + tanx satisfies cos? Xz +2X = 2y.
X
d2y
If x=a(t -sint),y =a(l +cost), find F
X

Find the second order derivativeof y = tan’l(1 sz)
- X

If y=sin(sinx), show that y"+ (tanx) y'+ ycos® x = 0.

K2
y'+ kyt +[n2 +7Jy =0
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