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DERIVATIVES OF INVERSE TRIGNOMETRIC FUNCTIONS

Ity =Sin-1x, xO (-1, 1) then ¥ =1
ax  y/1-x?
Proof:
y:Sin—lx:>x:siny
:%:cosy
dy
g_(dxj_lz 1 _ 1
dx (dy) cosy fi-sn2y +1-%2
d . 1
0 —(sn , 1
THEOREM
y=CosIx x0O (-1, 1) then .t
dx  1-x2
THEOREM
dy 1

y = =Tanr1x xO Rthen <=
dx 1+ x?

pr oof;

y=Tan™ 1x :>x—tanywherexDRandyD[ 2” ;Tj

X =tany :%:seczyzlﬂanzy =1+x2>0.
y

-1
D% (%J: 1 K R

dx (dy 1+ X2
Theorem
y= Cot~1x xO Rthenﬂ— _12
dx 1+x

Theorem

y=Sec~Lx, xO (—oo, 1)I:I(190 )thencIy

dx x«/x -
X
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Theorem
i(Cos;ec'lx)=_—1,|x| >1
dx |X|Vx* -1

DERIVATIVES OF HYPERBOLIC FUNCTIONS
d, .

1. —(sinhx)=cosh x.xOR
dx

X _ X
9 (sinhx=2 & ¢
dx dx 2

1 d, o d, o1k,
'E{&(G)'&(G )}—E[e +e7]

= coshx, existsfor al x.

2. i(cosh x) =sinh x x€ R
dx

d _d1, 4.
&(coshx)—&h(e +e )}
= L@ te)

dx

%(eX - ) =sinhx, Ox
d 2
3. &(tanh Xx) =sech“x,xOR

i(tanhx):i(smhxj
dx dx\ cosh x

cosh x.g (sinh x) —sinh x.g (cosh x)
dx dx

_d
dx cosh? x
_cosh®x-sinh®x _ 1
= 5 = 5 =sech“x
cosh” x cosh” x
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4.d1(coth x) = —cosech?x, x OR- {0}.
X

i(coth X) = E(CPSh Xj
dx dx\ sinh x

_ sinh x.sinh x —cosh x.cosh X

- sinh? x

_ —(cosh? x—sinh? x)

- sinh? x

= ._12 = - cosech®x existsfor al x 0
sinh“ x

5. di(sech x) = —sech xtanh x ,X€ R
X

dx dx\ cosh x

-1 .
= > sinh x
cosh” x

= —sech x. tanh x exists for al x

6. di(cosech X) = —cosech x.coth x xOR- {0}
X

i(coszechx)zi( = j -1 coshx
dx

dx ~ sinh?x
= —cosech X. coth x, existsfor al x#£0.

DERIVATIVES OF INVERSE HYPERBOLIC FUNCTIONS

d, . . 1
1. —(sinh™ x) ==
dx V1+x?

Lety =sinh1x, x,yOR
Thenx = sinhy, sinhy isdifferentiable for al y €R

X OR

%:coshyandcoshy>OD>D R

dy_(de_l_ 1 1

= 2| = = .= ! exists (X1 R.
dx \dy coshy \/1+sinh2y J1+ %2
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d, .
—(sinh™ x) =
dx( )

2. i(cosh‘1 X) = X O(1e0 )
dx

Vx%-1

1-x2'

3. i(tanh'1 X) = x| <1
dx

Lety = Tanh—1 x, x€(-1, 1), y€R
Then x =tanhy. Tanhy isdifferetniable on R

0% seenzy ¥ 1 o 1 -1 igstoralxO(, 1),
dy dx sech“y 1-tanh®y 1-x
d -1
4. —(coth™ x) = x| >1
dX( ) 1-x2 |
d . -1
5. —(sech™x) ==————,x (0, 1)
dx xv1- x?

d -1 _1
6. —(cosech™ " X) = ——F——, x #0
dx |X|V1+ %2
Lety = cosech™ x, X€ER —{0}, yER—{O}.
Then x = cosech y, cosech y isdifferentiableon R —{0}.
W = =-cosechy. cothy
dy

cosechy. cothy >0 y€ER —{0}

y(d_j 1 1
-1
=———,[00 R-{0}.
|1+ NG
d -1 _l
—cosech™ x=————— x#0
dx |x| 1+ X2
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EXERCISE

1. Find the derivatives of the following function.

i) y = cot" x
d(cot" x
sol: Y- Q = n.cot”_lx.i(cot X)
dx dx dx

= n.cot"? x.(—coseczx)

= —N.CO X.COSECZX

i) y = cosec*x

o: V- i(cosec x)4 = 4.cosecsx.i(cosec X)
dx dx ax
= 4.cosecx(—cosec X.cot X)
= —4.cosec*x.cot x

i)y =tan(e)

o : Y- secz(e").(e")1 = e*.sec? (&)

_1-cos2x _ 2sin®x _
1+ cos2X  2c0s2 X

sal : ﬂ = i(tan2 x) = 2tan x.sec? x
dx dx
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V) y = sin™ x.cos” x
sal :

dy_ isinm xcos' x =sn™ x.i(cosn x) + (Cosn X)E(Sinm X)
dx dx dx dx

= §in™xncos"  x(-sinx) +cos” xmsin™ ™ x.cosx

= mcos"t x.sn™ 1 x -n.sin™* x.cos" x.

vi) Yy =sinmx.cosnx

sol : & sinmxi(cosnx) + (cosnx)i(sinmx)
dx dx dx

sinmx(—-nsinnx) + cosnx(mcosmx)
= MCOSMX.COSNX — N.SIN MX.SIN NX

vii)  y = xtan"tx

dy d = d -1 1.\ d
sol : — = —[xtan " x) = x—(tan ~x) +({tan " x]—(X
dx x( ) dx( ) ( )dx()
= X2+tan_1x.: +tantx.
1+ X 1+ X
viii) 'y =sin"}(cosx) = sin‘l[sin(E —x)} =T _x
2 2
Sol : ﬂzi(ﬁ—x):o—lz—l
dx dx\2
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iX) y=log(tan5x)

sol :

_ 5sec?bx . 1 _ 10
tan 5x cos25x 3N 5X  2sin5x.cos5x
Cos 5x

sol : ﬂ = i(snh_l%) = —1 i(%)
dx dx 4 (3X)2 dx\ 4
i+ [
4
3 1 _ 3 3
4 \/ Ox2 \/16+9x2 Vox? +16
1+2% 4
16 16
xi) y=tant(logx)
sol : ﬂ:;d(logx)— 1

dX 1+ (logx)? “dx

. X2+ X +2
Xii) y= Iog(—j

B x(1+ (log x)2)

X2 — X +2

sol : (;—.Z = %(Iog(x2 + X +2) —Iog(x2 - X +2))

_ 1 _i 2 3 1 i 2
_x2+x+2 dX( +X+2) x2—x+2dx( X+2)
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_ 2x+1 _ 2x-1
XCHEX+2 X -xX+2

_ (2x+1)(x2 - X +2) —-(2x —1)(x2 +X +2) 2

23 =22 +4X + X2 =X +2
(x2+x+2)(x2—x+2)
2 -2 —AX A XP X 42 4 - 2x° 4=
(x2+2)2—x2 xXr+ax® +4-x2 x* +3x% +4

xiii) y =log(sin"*(e*))

d d L 1 d/. _
sol : d_i(/ = &(l()gsm 1ex) = Sin_l(ex)&(sn 1(eX))

“sn (@) (@ ) sin (@)1 (¢2)"
xiv) y=(sin x)z(sin’1 x)2

Sdy —d 261 )2
sol.&—&(smx) (sm x)

y . 2d /. -1.\2 . 1.\2 d, . 2

— =(9NnX)"—|(9Nn “X] +|(9n “X] —(9NnX
:>dx ( ) dx( ) ( ) dx( )
.2 ZSin_lx

= 8in“ X
V1-x°

+ (si nt x)2 (2sin x.cosx)

sin"tx

1- %2

= (sin‘1 x)z(sin2x) +2sin?x
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COSX
XV) =0
SiN X + COSX
d d COSX
dx dxsinx+ cosx
(sinx + cosx)i(cosx) - cos xi(sinx +COSX)
ﬂz dx dx
dx (sinx + cosx)?
_ (sinx + cosx)(—sinx) —cos x(cosx —sinx)
(sinx + cosx)?
_ _sin?x - sinxcosx — cos” X +Sin XCOSX
(snx + cosx)2
_ 1 a 1
Sn®x+cos’ X +2sinx cosx ~ 1+sn2x
) X(l"‘ Xz) X+ X3
XVI y = =
Vi-x*  V1-%
3 N1- ng(x + x3) —(x +x3)g(\/1 —xz)
sol: dy_d x+x _ dx dx

X dxp_2 (1—x2)

V1-x? (1+ 3x2) —(x + x3) ! (=2x)
2V1-x?
(1)

(1-2)(1+3) +x(x +x) _143%° - x* -3x* +x* +x°

(1— Xz)2 (1— xz)g
1+ 3x% - 2x*
= —3
b-%):
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A = e

Xviii) y = cos(logx + ex)

. dy —_ d X - o X d X
sol : po —&cos(logx+e ) = sm(logx +e )&(Iogx +e )
= -sin(logx +ex)(l +ex)
X

Xix) = sn(x+a)

COSX

- cosxg[sin(x+a)] —-sin(x +a)£(cosx)
sol - dy _ dsn(x+a) _ dx dx

dx dx cosx cos’ X

_ cosx.cos(x +a) +sin(x +a).sinx _ cos(x +a—-Xx) . cosa
cos? X cos? X cos? X

XxX) y = cot *(cosec 3X)

o: ¥ icot'l(cosec 3x) = —%.i(cosec 3x)
dx X 1+ cosec” dx
-t 5 (—cosec 3x.cot 3x)i(3x) _ 3.cosec 3X'200t3X
1+ cosec”3x dx 1+ cosec” 3x
2. Find the derivatives of the following functionswith respect to x. ?
i) X = sinh?y

sol : differentiating w. r. ty, we get
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dx d

—~ = —&inh®y = 2sinhy.cosh
dy  dy y y y
dy 1 1 1
weknow that —= = = — =
dx (dxj 2sinhycoshy  2gnhyy/1+ sinh?y
dy
1 1

- 2\/;\/1+ X B X+ X2
i) x=tanh’y
sol : differentiating w. r. ty, we get

X _ 9 tann? y = 2tanhy.sech®y

dy dy

dy 1

dx 2tanhy.sech?y

y>0:>x/§:tanhy
sech?y =1 -tanh?y =1 - x

i) x=enhy

Sol : differentiating w.r.t X, we get

X _ d ginny egnhyi(sinhy) = e¥""Y coshy = x.coshy
dy dy dx
dy _ 1 _ 1

dx \/& ~ x.coshy
dy
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Ans.

sol :

Vi)

sol :
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1+ x?
X = |og(1+sin2 y)

differentiating w. r. t y, we get

LU = iIog(1+sin2 y) =

vl (SI n2 y)l

1+sin? y

_2sny-cosy _ sn2y _snh2y

1+sn?y  1+sn’y €
dx (de sin2y
dy

x = log(1+4/y) ans.2(y +/y)

Find the derivativies of the following functions.
y = cos[log(cot x)]

dy _ d

” = @ cos[log(cot x)]

= —sin[log(cot x)] .Fltx(—coseczx)

= 12 .i.sin[log(cot X)]
snN© X COSX

_ sin[log(cot x)].cosecx
COSX
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. ., -1[1-X
i :smhl( )
) Y T+
sol ﬂ:ignh‘l(l"x): L
dx dx 1+ X \/ 1- x\2
1+
1+ X

1+ x)j'x(l—x) e —x)j‘x(l +x)

(1+x)?
_ 1 1+ x)(-1) - (1 -x)
\/(1+ %)2 + (1 - x)2 (1+x)?
1+x
-1-x-1+x -2

i \/2(1+ xz)(1+ X) ) V2 (1 +x)V1 + %2

V2
(1+ X)V1+ x?

i) y = Iog(cot(l—xz))

d d 1 d
sol : d—i = &Iog(cot(l— x?)) = e Xz)&(cot(l -x))
d
) —cosecz(l— xz)&(l—xz) ) —cosecz(l—xz)(—ZX)
cot(l— x2) B cot (1 - x?)
_ 2X.COSEC? (1— x2) — oy 1
cot(l— x2) 2 (1_ x2) cos(l— x2)
S‘ “sin(L- )
4x 4x

= Zsin(l_ xz).cos(l— Xz) = Sin2(1— x2) = 4X.cosec(2(1— Xz))
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sal :

Vi)

sol :
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y = sin[ cos(x’)]
% = %sin[cos(xz)] = cos[COS(XZ)]-%[COS(XZ)J

()] -sn(12) ()

= COSs

1

= —2x.sin(x?).cos| cos(x*) |
y = sin[tan”(e")]

% = %sin[tan‘l(ex)] = cos[tan_l(ex)]-%[tan_l(ex)]

-oon () L 21

1+ (e")2

= : +ee2X .cos[tan'l(ex)]

_ sin(ax +b)
cos(cx +d)

dy d sn(ax+b) _ cos(cx+d)i[sin(ax+b)] - sin(ax +b)i[cos(cx +d)]

dx dxcos(cx+d) cos? (cx + d)

_ cos(cx + d)cos(ax +b).a —sin(ax +b)[ -sin(cx +d)].c
cos? (cx + d)

_ a.cos(ax + b).cos(cx +d) +c.sin(ax +b)sin(cx +d)
cos? (cx + d)
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vii)  y= tan'l(tan hg)

sol : dy _ itan‘l(tan hz) = ;X.i(tan hz)
dx dx 2] 1 4 tanp2 X X 2
sechzf—} sech25
_ 2 2_ 2
1+ tanh? X 2(1+tanh2x)
2 2

: _ 1 1\2
=sinx 2Tan x iF (Tan 1x) .COS X

1+ %2

_ 2sinxTan 1x

1 \2
> + COS X. (Tan 1x)
1+x

[I1. Find the derivatives of the following functions.

1. y= sin_l(M)(a >0,b >0)
a+bsnx
Sol© Letu :m
a+bsinx

du _ i(b + asinx) _ (a+bsinx)(acosx) — (b +asinx)(bcosx)
dx dx\a+bsinx (a+bsinx)?

_ a?cosx + ab sinx cosx — b? cos x — absin xcosx
(a+bsinx)?

_ (a2 - bz)cosx

~ (a+bsinx)?
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now y = sin"tu.

jﬂ = isin_lu = 1 du dy _ 1 (a2 —bz)cosx
dx  dx V1-u? OX dx 1_(b+asinx ?| (a+bsinx)?
a+bsinx
_ a + bsin x {(a2 —bz)cosx}
J(a+bsinx)? - (b +asinx)? | (a+bsinx)?
B (a® - b?) cosx 1

Ja? + p?sin? x —b? —a?sin? x (@ + bsinx)

(a? - b?)cosx 1 Va2 -p?

J(@ —b?) - (a2 ~b?)sin?x (@ +bsinx) ~ (a+bsinx)

2, cos'l(m)(a >0,b >0)
a + bcosx
solf Let 1 = 2 A0S X y =sin 1(u)

a + bcosx

du _ (a+bcosx)(—asinx) + (b +acosx)(-bsinx)
dx (a + bcosx)?

_sin x{a2 + abcosx — b? —abcosx} B sinx(a2 - b2)

(a+ bcosx)2 - (a+ bcosx)2
- dy d __ -1 d
1 _ 1o =
Yy = COoS = =—cos “(u) = —(u
= cos ()= = LS ) = — ()

B 1 sinx(a® - b?)
\/1 b+ a(:osx)2 | (a+beosx)?
a + bcosx
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_ —sinx.(a2 —b2) 1
\/(a + bcosx)2 -(b+ acosx)2 (a+ bcosx)

~(a? - b?)sinx 1 _ Na?-p?

" Ja? +b2cos?x —b? —aZcos?x (@ +bcosx) a + bcosx

3 Tan'l[ COSX }

1+ cosx
Sol - Let u= COSX du _ (1+ cosx)(—sinx) —cosx(-sinx)
' 1+cosx ~ dx (1+ cosx)?
_ ~SinX —sinXcosx +siNX.Cosx _  —sinX y:tan_lu:ﬂ: 1 2%
(1+ cosx)? (1 + cosx)? du 1+ u® dx
. 2 .
_ 1 -sinx (1+COSX ) -sinx
1+ cos? x '(1+ cosx)2 a+ cosx)2 + cos? x'(l +cosx)2
1+ cosx)2

a+ cosx)2 -sinx
2c0s? X + 2cosx +1 (1 + cosx)?

a+ cosx)2 N —-sin X
2c0s? X + 2cosx +1 (1 + cosx)

2

_ -sinx
200s° X + 2C0SX +1

www.sakshieducation.com



