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DERIVATIVES OF INVERSE TRIGNOMETRIC FUNCTIONS  
  

If y = Sin–1 x,  x∈  (–1, 1) then 
2

1

1

dy
dx x

=
−

 

Proof: 

 y = Sin–1x ⇒  x = sin y 

 
cos

dx
y

dy
⇒ =  

 

1
1

cos

dy dx

dx dy y

−
 

⇒ = = 
 

=
2 2

1 1

1 sin 1y x
=

− −
 

 

1

2

1
(sin ) , 1

1

d
x x

dx x

−∴ = ≤
−

 

THEOREM    

  y = Cos–1x    x∈  (–1, 1) then 
2

1

1

dy
dx x

−=
−

 

THEOREM   

  y  = Tan–1x  ,x∈  R then 2

1

1

dy
dx x

=
+

 

proof; 

 y = Tan–1 x ⇒x = tan y where x∈ R and y ,
2 2

−π π ∈  
 

 

 x = tan y  ⇒ 2 2= sec  y = 1 + tan  y
dx

dy
 = 1 + x2 > 0. 

 

1

2

1
,

1

dy dx
x R

dx dy x

−
 

∴ = = ∈  + 
 

 
Theorem 

 y = Cot–1x   x∈  R then 
2

1

1

dy
dx x

−=
+

 

Theorem 

 y = Sec–1 x , x∈  ( )( , 1) 1,−∞ − ∪ ∞ then
2

1

1

dy
dx x x

=
−
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Theorem 

 

1

2

1
(Cosec ) , 1

1

d
x x

dx x x

− −= >
−

 

 
DERIVATIVES OF HYPERBOLIC FUNCTIONS  
 

1.  (sinh ) cosh .
d

x x x R
dx

= ∈  

 

(sinh )
2

x xd d e e
x

dx dx

− −=   
      

 

=
1 1

( ) ( )
2 2

x x x xd d
e e e e

dx dx
− −   − = +    

  

  = coshx, exists for all x. 
 

2. (cosh ) sinh
d

x x
dx

= ,x€ R 

 

1
(cosh ) ( )

2
x xd d

x e e
dx dx

− = +       

  
= 

1
( ) ( )

2
x xd d

e e
dx dx

− +     

  
= 

1
( ) sinh ,

2
x xe e x x−− = ∀  

 

3. 2(tanh ) sech ,
d

x x x R
dx

= ∈  

  

sinh
(tanh )

cosh

d d x
x

dx dx x
 =  
 

 

 = 
2

cosh . (sinh ) sinh . (cosh )

cosh

d d
x x x xd dx dx

dx x

−

  

   
= 

2 2
2

2 2

cosh sinh 1
sech x

cosh cosh

x x

x x

− = =  
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4. 2(coth ) cosech , x R- {0}.
d

x x
dx

= − ∈  

 

cosh
(coth )

sinh

d d x
x

dx dx x
 =  
     

 = 
2

sinh .sinh cosh .cosh

sinh

x x x x

x

−

  

  
= 

2 2

2

(cosh sinh )

sinh

x x

x

− −
 

 = 2
2

1
 - cosech x exists for all  x 0

sinh x

− = ≠  

5. (sech ) sech tanh
d

x x x
dx

= − ,x€ R 

 

1
(sech )

cosh

d d
x

dx dx x
 =  
   

 = 
2

1
sinh x

cosh x

−

  
 = – sech x. tanh x exists for all x 
 

6. (cosech ) cosech .coth
d

x x x
dx

= −  x R- {0}∈  

 

1
(cosech )

sinh

d d
x

dx dx x
 =  
    

= 
2

1
.cosh

sinh
x

x

−

   

  
=   – cosech x. coth x, exists for all x≠0. 

 
DERIVATIVES OF INVERSE HYPERBOLIC FUNCTIONS 
 

1. 1

2

1
(sinh ) ,

1

d
x x R

dx x

− == ∈
+

 

 Let y = sinh–1 x,  ,x y R∈  

 Then x = sinh y, sinh y is differentiable for all y €R 

 
cosh cosh 0

dx
yand y x R

dy
= > ∀ ∈  

 

1

2

1 1

cosh 1 sinh

dy dx

dx dy y y

−
 

= = = 
  +

. =
2

1
exists  x R.

1 x
∀ ∈

+
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1

2

1
(sinh ) ,

1

d
x x R

dx x

− = ∈
+

 

2. 1

2

1
(cosh ) , (1, )

1

d
x x

dx x

− = ∈ ∞
−

 

3. 1
2

1
(tanh ) , 1

1

d
x x

dx x
− = <

−
 

 Let y = Tanh–1 x, x€(–1, 1), y€R 
 Then  x = tanhy. Tanh y is differetniable on R 

2sech
dx

y
dy

∴ =
      

2 2

1 1

sech 1 tanh

dy

dx y y
⇒ = =

−     
2

1
exists for all x (-1, 1).

1 x
= ∈

−
 

4. 1
2

1
(coth ) , 1

1

d
x x

dx x
− = >

−
 

5. 1

2

1
(sech ) , (0, 1)

1

d
x x

dx x x

− −== ∈
−

 

6. 1

2

1
(cosech ) , 0

1

d
x x

dx x x

− −= ≠
+

 

 Let y = cosech–1 x, x€R – {0},  y€R– {0}. 
Then x = cosech y, cosech y is differentiable on    R – {0}. 

=-cosech y. coth y
dx

dy
∴  

cosech y. coth y > 0  y€R – {0} 
1

1

cosech .coth

dy dx

dx dy y y

−
  −= = 
    

= 
2

1

cosech . 1 cosechy y

−

+
 

 = 
2

1
, x R -{0}.

1x x

− ∀ ∈
+

      

 

   

1

2

1
cos

1

d
ech x

dx x x

− −=
+

,x≠0 
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EXERCISE 

1.  Find the derivatives of the following function. 

i)  cotny x=  

Sol :  
( )

( )1cot
.cot . cot

n
nd xdy d

n x x
dx dx dx

−= =  

( )21.cot . cosnn x ec x−= −  

21.cot .cosnn x ec x−= −  

ii)  4cosy ec x=  

sol :  ( ) ( )4 3cos 4.cos . cos
dy d d

ec x ec x ec x
dx dx dx

= =  

( )34.cos cos .cotec x ec x x= −  

44.cos .cotec x x= −   

iii)  ( )tan xy e=  

sol :  ( ) ( )12sec .x xdy
e e

dx
= ( )2.secx xe e=  

iv)  
2

2
2

1 cos 2 2sin
tan

1 cos 2 2cos

x x
y x

x x

−= = =
+

 

sol :  ( )2 2tan 2 tan .sec
dy d

x x x
dx dx

= =  
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v)  sin .cosm ny x x=  

sol :  

( ) ( ) ( )sin cos sin . cos cos sinm n m n n mdy d d d
x x x x x x

dx dx dx dx
= = +  

( )1sin cos sinm nxn x x−= − 1cos . sin .cosn mx m x x−+  

1 1.cos .sinn mm x x+ −= 1 1.sin .cos .m nn x x+ −−  

vi)  sin .cosy mx nx=  

sol : ( ) ( ) ( )sin cos cos sin
dy d d

mx nx nx mx
dx dx dx

= +  

( ) ( )sin sin cos cosmx n nx nx m mx= − +  

.cos .cos .sin .sinm mx nx n mx nx= −  

vii) 1tany x x−=  

sol :  ( ) ( ) ( ) ( )1 1 1tan . tan tan
dy d d d

x x x x x x
dx dx dx dx

− − −= = +  

1 1
2 2

tan . tan .
1 1

x x
x x

x x
− −= + = +

+ +
 

viii)  ( ) ( )1 1 π

sin cos sin sin
2

y x x− −  = = −
  

π

2
x= −  

Sol :  ( )π

0 1 1
2

dy d
x

dx dx
= − = − = −  
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ix)  ( )log tan 5y x=  

sol :   

( ) ( )1
log tan 5 tan 5

tan 5

dy d d
x x

dx dx x dx
= =  

2

2

5sec 5 1
5.

sin 5tan 5 cos 5 .
cos 5

x
xx x
x

= = 10

2sin 5 .cos5x x
=  

10
10.cos 10

sin10
ec x

x
= =  

x)  ( )1 3
sin h

4

x
y −=  

sol :  ( )
( )

( )1

2

3 1 3
sinh

4 43
1

4

dy d x d x

dx dx dxx

−= =

+

 

2 2

1 3

4 9 16 9
1 4.

16 16
x x

3= =
++

2

3

9 16x
=

+
 

xi)  ( )1tan logy x−=  

sol :  
( )

( )
2

1
. log

1 log

dy d
x

dx dxx
=

+ ( )( )2

1

1 logx x
=

+
 

xii)  
2

2

2
log

2

x x
y

x x

 + +=  
− + 

 

sol :  ( ) ( )( )2 2log 2 log 2
dy d

x x x x
dx dx

= + + − − +  

( )2
2

1
2

2

d
x x

dxx x
= − + +

+ +
( )2

2

1
2

2

d
x x

dxx x
− − +

− +
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2 2

2 1 2 1

2 2

x x

x x x x

+ −= =
+ + − +

 

( )( ) ( )( )
( )( )

2 2

2 2

2 1 2 2 1 2

2 2

x x x x x x

x x x x

+ − + − − + +
=

+ + − +
3 2 22 2 4 2x x x x x− + + − +  

( )
3 2 2

22 2

2 2 4 2

2

x x x x x

x x

− − − + + +=
+ −

2 2

4 2 2 4 2

4 2 4 2

4 4 3 4

x x

x x x x x

− −= =
+ + − + +

 

xiii)  ( )( )1log sin xy e−=  

sol :  ( ) ( ) ( )( )1 1
1

1
logsin sin

sin
x x

x

dy d d
e e

dx dx dxe
− −

−= =  

( ) ( )
( )1 2

1 1
.

sin 1

x
x

x
e

e e
−=

− ( ) ( )1 2sin 1

x

xx

e

e e−
=

−
 

xiv)  ( ) ( )22 1sin siny x x−=  

sol : ( ) ( )22 1sin sin
dy d

x x
dx dx

−=
 

 ⇒ ( ) ( ) ( ) ( )
2 22 21 1sin sin sin sin

dy d d
x x x x

dx dx dx
− −= +  

          ( )
1 22 1

2

2sin
sin . sin

1

x
x x

x

−
−= +

−
 ( )2sin .cosx x  

( ) ( )
121 2

2

sin
sin sin 2 2sin

1

x
x x

x

−
−= + ×

−  
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xv)  
cos

sin cos

x
y

x x
=

+
 

sol :  
cos

sin cos

dy d x

dx dx x x
=

+
 

( ) ( ) ( )

( )2

sin cos cos cos sin cos

sin cos

d d
x x x x xdy dx dx

dx x x

+ − × +
=

+
( )( ) ( )

( )2

sin cos sin cos cos sin

sin cos

x x x x x

x x

+ − − × −=
+

 

( )

2 2

2

sin sin cos cos sin cos

sin cos

x x x x x x

x x

− − += −
+  

2 2

1

sin cos 2sin cosx x x x
= −

+ +
1

1 sin 2x
= −

+
 

xvi)  
( )2 3

2 2

1

1 1

x x x x
y

x x

+ += =
− −

 

sol :  
( ) ( ) ( )

( )

2 3 3 2
3

22

1 1

11

d d
x x x x x xdy d x x dx dx

dx dx xx

− + − + −+= =
−−

 

( ) ( ) ( )

( )

2 2 3

2

2

1
1 1 3 2

2 1
1

x x x x x
x

x

− + − + −
−=

−
 

( )( ) ( )
( )

2 2 3

3
2 2

1 1 3

1

x x x x x

x

− + + +
=

− ( )

2 2 4 2 4

3
2 2

1 3 3

1

x x x x x

x

+ − − + +=

−

( )

2 4

3
2 2

1 3 2

1

x x

x

+ −=

−
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xvii)  
1sin xy e

−
=     

 Ans  

1sin

21

xe

x

−

=
−

 

xviii)  ( )cos log xy x e= +  

sol :  ( ) ( ) ( )cos log sin log logx x xdy d d
x e x e x e

dx dx dx
= + = − + +  

( )( )1
sin log x xx e e

x
= − + +  

xix)  
( )sin

cos

x a
y

x

+=  

sol : ( ) ( )[ ] ( ) ( )
2

cos . sin sin cossin

cos cos

d d
x x a x a xdy d x a dx dx

dx dx x x

+ − ++= =  

( ) ( )
2

cos .cos sin .sin

cos

x x a x a x

x

+ + += ( )
2 2

cos cos

cos cos

x a x a

x x

+ −= =  

xx)  ( )1cot cos 3y ec x−=  

sol :  ( ) ( )1
2

1
cot cos 3 . cos 3

1 cos

dy d d
ec x ec x

dx dx dxec
−= = −

+
 

( ) ( )
2

1
cos 3 .cot 3 3

1 cos 3

d
ec x x x

dxec x
= − −

+ 2

3.cos 3 . cot 3

1 cos 3

ec x x

ec x
=

+  

2.  Find the derivatives of the following functions with respect to x. ? 

i)  2sinx h y=  

sol :   differentiating w. r. t y, we get    
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2sin 2sin .cos
dx d

h y h y h y
dy dy

= =
 

1
 we know that  

dy
dxdx
dy

=
 
 
 

2

1 1

2sin cosh 2sin 1 sinh y y h y h y
= =

+
 

2

1 1

2 1 2x x x x
= =

+ +
 

ii)  2tanx h y=  

sol :  differentiating w. r. t y, we get    

2 2tan 2 tan .sec
dx d

h y hy h y
dy dy

= =  

2

1

2 tan .sec

dy

dx h y h y
=  

0 tany x h y> ⇒ =  

2 2sec 1 tan 1h y h y x= − = −  

2

1 1

2 1 2

dy

dx x x x x
= =

− −
 

iii)  sin h yx e=  

Sol :  differentiating w.r.t  x, we get  

( )sin h sin siny h ydx d d
e e h y

dy dy dx
= = sin h .cosye h y=   .cosx h y=  

1 1

.cos

dy

dx x h ydx

dy

= =  
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iv)  ( )tan yx e−=  

Ans.     
21

ye

x
−

+
 

v)  ( )2log 1 sinx y= +  

sol :  differentiating w. r. t y, we get   

( ) ( )12 2
2

1
log 1 sin sin

1 sin

dx d
y y

dy dy y
= + =

+
 

2 2

2sin cos sin 2 sin 2

1 sin 1 sin x

y y y y

y y e

−= = =
+ +

 

1

sin 2

xdy e
dxdx y
dy

= =
 
 
 

 

vi)  ( )log 1x y= +
            

ans. ( )2 y y+
 

II. 

1.  Find the derivativies of the following functions. 

i)  ( )[ ]cos log coty x=  

sol :  ( )[ ]cos log cot
dy d

x
dx du

=  

( )[ ] ( )21
sin log cot . cos

cot
x ec x

x
= − −  

( )[ ]
2

1 1
. .sin log cot
cossin

x
xx

=  

( )[ ]sin log cot .cos

cos

x ecx

x
=  
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ii)  ( )1 1
sin

1

x
y h

x
− −=

+
 

sol :  ( )
( )

1

2

1 1
sin

1 1
1

1

dy d x
h

dx dx x x

x

− −= =
+ −+

+

 

( ) ( ) ( ) ( )

( )2

1 1 1 1

1

d d
x x x x

dx dx
x

+ − − − +

+
 

( ) ( )

( ) ( ) ( )
( )22 2

1 1 1 1
.

11 1
1

x x

xx x

x

+ − − −=
++ + −

+

 

( )( ) ( )2 2

1 1 2

2 1 1 2 1 1

x x

x x x x

− − − + −= =
+ + + +

 

( ) 2

2

1 1x x

−=
+ +  

iii)  ( )( )2log cot 1y x= −  

sol :  ( )( ) ( ) ( )( )2 2
2

1
log cot 1 cot 1

cot 1

dy d d
x x

dx dx dxx
= − = −

−
 

( ) ( )
( )

2 2 2

2

cos 1 1

cot 1

d
ec x x

dx
x

− − −
=

−
( )( )

( )
2 2

2

cos 1 2

cot 1

ec x x

x

− − −
=

−
 

( )
( )

2 2

2

2 .cos 1

cot 1

x ec x

x

−
=

− ( ) ( )
( )

2
2 2

2

1
2 .

cos 1
sin 1 .

sin 1

x
x

x
x

=
−

−
−

 

( ) ( )2 2

4

2sin 1 .cos 1

x

x x
=

− − ( )2

4

sin 2 1

x

x
=

−
   ( )( )24 .cos 2 1x ec x= −  
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iv)  ( )2sin cosy x =    

sol :  ( ) ( ) ( )2 2 2sin cos cos cos . cos
dy d d

x x x
dx dx dx

     = =       

( ) ( )( ) ( )2 2 2cos cos sin .
d

x x x
dx

 = −   

( ) ( )2 22 .sin .cos cosx x x = −    

v)  ( )1sin tan xy e− =    

sol :  ( ) ( ) ( )1 1 1sin tan cos tan . tanx x xdy d d
e e e

dx dx dx
− − −     = =       

( )( )
( )

( )1
2

1
cos tan

1

x x

x

d
e e

dxe

−
 
 =
 + 

 

( )1
2

.cos tan
1

x
x

x

e
e

e
− =  +

 

vi)  
( )
( )

sin

cos

a x b
y

c x d

+=
+

 

sol :  ( )
( )

( ) ( )[ ] ( ) ( )[ ]

( )2

cos sin sin cos

cos

sin

cos

d d
cx d ax b ax b cx d

d y d dx dx

d x d x c x d

a x b

c x d

+ + − + +
=

+

+ =
+

 

( ) ( ) ( ) ( )[ ]
( )2

cos cos . sin sin .

cos

cx d a x b a a x b c x d c

c x d

+ + − + − +=
+  

( ) ( ) ( ) ( )
( )2

.cos .cos .sin sin

cos

a a x b c x d c a x b c x d

c x d

+ + + + +=
+
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vii)  ( )1tan tan
2

x
y h−=  

sol :  ( ) ( )1

2

1
tan tan . tan

2 21 tan
2

dy d x d x
h h

xdx dx dxh

−= =
+

 

( )
2 2

2 2

1
sec sec

2 2 2

1 tan 2 1 tan
2 2

x x
h h

x x
h h

−
= =

+ +
 

viii)  ( )21sin .y x Tan x−=  

sol : ( ) ( ) ( ) ( )
2 2 21 1 1sin . sin . . sin

dy d d d
x Tan x x Tan x Tan x x

dx dx dx dx
− − −= = +  

( )21 1
2

1
sin . 2 . .cos

1
x Tan x Tan x x

x
− −= +

+
 

( )
1 21

2

2sin
cos .

1

xTan x
x Tan x

x

−
−= +

+
 

III.  Find the derivatives of the following functions. 

 1.  ( )( )1 sin
sin 0, 0

sin

b a x
y a b

a b x
− += > >

+  
 

Sol :  
sin

sin

b a x
Let u

a b x

+=
+

 

( ) ( ) ( ) ( )( )
( )2

sin sin cos sin cos

sin sin

du d b a x a b x a x b a x b x

dx dx a b x a b x

+ + − += =
+ +

 

( )

2 2

2

cos sin cos cos sin cos

sin

a x ab x x b x ab x x

a b x

+ − −=
+

 

( )
( )

2 2

2

cos

sin

a b x

a b x

−
=

+
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1sin .now y u−=  

⇒
1

2

1
sin

1

dy d du
u

dx dx dxu

−= =
− ( )

( )
( )

2 2

2 2

cos1

sinsin
1

sin

a b xdy

dx a b xb a x

a b x

 − =  
+ +  −

+

 

( ) ( )

( )
( )

2 2

22 2

cossin

sinsin sin

a b xa b x

a b xa b x b a x

 −+  =  
+ + − +  

 

( )
( )

2 2

2 2 2 2 2 2

cos 1

sinsin sin

a b x

a b xa b x b a x

−
=

++ − −
 

( )
( ) ( )

2 2

2 2 2 2 2

cos

sin

a b x

a b a b x

−
=

− − − ( ) ( )

2 21

sin sin

a b

a b x a b x

−=
+ +

 

2.  ( )( )1 cos
cos 0, 0

cos

b a x
a b

a b x
− + > >

+
 

Sol :  Let ( )1cos
sin

cos

b a x
u then y u

a b x
−+= =

+
 

( )( ) ( )( )
( )2

cos sin cos sin

cos

du a b x a x b a x b x

dx a b x

+ − + + −=
+

 

{ }
( )

2 2

2

sin cos cos

cos

x a ab x b ab x

a b x

+ − −
=

+

( )
( )

2 2

2

sin

cos

x a b

a b x

−
=

+
  

( )1cosy u−=∵ ( ) ( )1

2

1
cos .

1

dy d d
u u

dx dx dxu

− −
⇒ = =

−
 

( )
( )

( )

2 2

22

sin .1
.

coscos
1

cos

x a b

a b xb a x

a b x

 − = −  
+ +  −

+
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( )
( ) ( ) ( )

2 2

2 2

sin . 1
.

coscos cos

x a b

a b xa b x b a x

− −
=

++ − +

 

( )
( )

2 2

2 2 2 2 2 2

sin 1
.

coscos cos

a b x

a b xa b x b a x

− −
=

++ − −

2 2

cos

a b

a b x

−= −
+  

3.  1 cos

1 cos

x
Tan

x
−  
  +

 

Sol :  Let  
cos

1 cos

x
u

x
=

+
( )( ) ( )

( )2

1 cos sin cos sin

1 cos

du x x x x

dx x

+ − − −
⇒ =

+
 

( ) ( )2 2

sin sin cos sin .cos sin

1 cos 1 cos

x x x x x x

x x

− − + −= =
+ +

1
2

1
tan

1

dy du
y u

du dxu
−= ⇒ =

+

( )
( )

( )
( ) ( )

2

2 2 2 22

2

1 cos1 sin sin
. .

cos 1 cos 1 cos cos 1 cos
1

1 cos

xx x

x x x x x

x

+− −= =
+ + + ++

+

 

( )
( )

2

2 2

1 cos sin
.

2cos 2cos 1 1 cos

x x

x x x

+ −=
+ + +  

( )
( )

2

2 2

1 cos sin

2cos 2cos 1 1 cos

x x

x x x

+ −= ×
+ + +

 

2

sin

2cos 2cos 1

x

x x

−=
+ +

 

 


