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CONTINUITY

CONTINUITY AT A POINT
Let f be afunction defined in a neighbourhood of apoint a. Then f is said to be continuous at the

pointaif andonly if Lt f(x)=s f(a).
X=paA

In other words, f is continuous at aiff the limit of f at aisequal to thevalue of f at a.
NOTE:

1.If f isnot continuous at ait is said to be discontinuous at a, and aiis called a point of
discontinuity of f.

2. Let f beafunction defined in anbd of apoint a. Then f issaid to be
(i) Leftcontinuousat aiff Lt f(x)=mf(a).
e 2
(i) Right continuous at aiff Lt f(x)= f(a).
x=dask

3. fiscontinuous at a iff f isboth |eft continuous and right continuous at a
i.e, Lt f(x=f(@e Lt f(x)=f(@= Lt (X
X—a X—a— X—a+t

CONTINUITY OF A FUNCTION OVER AN INTERVAL

I) A function f defined on (a, b) is said to be continuous (a,b) if
it is continuous at everypoint of (g, b) i.e., if Lt f(x)= f(c)Vce (a, b)
Xe=hC

[1) A function f defined on [a, b] issaid to be continuouson [a, b] if
(i) fiscontinuouson (g b)i.e, Lt f(x)= f(c)Vcea (a, b)
Xe=pC

(i) fisrightcontinuousata i.e, Lt f(x)=f(a)
Xemha
(iii) fisleft continuousatb i.e., Lt f(x)=s f(b).
X

NOTE :
1. Let the functions f and g be continuous at a and k€R. Then f + g, f —g, kf , kf + g, f.g are
continuous at aand % is continuous at a provided g(a)# 0.

2. All trigonometric functions, Inverse trigonometric functions, hyperbolic functions and inverse
hyperbolic functions are continuous in their domains of definition.

3. A constant function is continuous on R
4. Theidentity function is continuous on R.
5. Every polynomial function is continuous on R.
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EXERCISE

2 .
Isthefunction f defined by f (x) = {X it x<1 Continuouson R ?
X

if x>1

Lt f(x)= Lt ¥*=1°=1
Xx—1- X—1-

Lt f(x)= Lt x=1
X—1+ X—1+

Lt f(x)= Lt f(x)=1 and f()=1%=1
X—1— X—1+

Lt f(x)=1(@
Xx—1

fiscontinuous x =1

Hencef is continuous on R.

) sin2x . ‘
Isf defined by f(x) _)—, " *#0 Continuousat 0?
1 if x=0

sin2x

Lt f(x)= Lt =2 But f(0)=1
x—0 x—0

s Lt f(x)# f(0)
x—0

Hence f isnot continuous at O

3
Show that the function f (x) = [cos(xlo +1)]]/ , X e R isacontinuousfunctions.

We know that cosx continuousfor every x e R

.. Thegiven function f (x) iscontinuousfor every xe R
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1. Check the continuity of the following function at 2 for the function

l(x2—4) if 0<x<?2
f(x)=42

2-8x2% if x>2

Sol: Il= Lt f(x)= Lt 1(x2—4)=3(4—4)=0
X— 2— X—2- 2 2
RL= Lt f(x)= Lt (2—£)=2_—8=2—1=1
X— 2+ X— 2+ X3 8
Lt f(x)z Lt f(x)
X—2— X—2+
o Lt f(X) doesnot exist
X—2
Hence f (x) isnot continuous at 2.
_X-9 if 0<x<5andx#3
2. Check thecontinuity of f givenby f (x) =142 _ox_3 At
15 if x=3
the point 3.
Sol : Given f(3) =1.5.
2_
Lt f(x)= Lt _X-9
Xx—3 Xx—3 x2 - 2Xx—-13
Lt (x=3)(x+3) _ 3+3_§:1_5: £(3)

T x53(x-3)(x+1) 3+1 4

- f(x) iscontinuousat x = 3.
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3. Show that f, given by f (x) = X_Tlxl(x # 0) iscontinuouson R-{0}.

Sol :

Leftlimtatx=0is Lt f(x)= Lt 2=2
X—0~ X—0~

Right limitat x=0is Lt f(x)= Lt 0=0

x—0* x—0"
Lt f(x)#= Lt f(x) - Lt f(x)does not exist.
X—0- x—0F x—0

Hence the function is not continuous at x=0.
When x<0, f(x) =2, aconstant. And it is continuous for al x<O0.
When x>0, f(x) = 0, which is continuos for all x>0.

Hence the function is continuous on R-{ 0} .

x-1 .
if x>1
Ix -1
4. If fisafunction defined by f (x) =<5-3x if —-2<x<1 then discussthe
6 if X< -2
x—10

continuity of f

Sol:  Case(i) continuityat x =1

x-1 _ . (Vx -1)(Vx +1)

Lt f(x)= Lt ——= = Lt vx-1=+1-1=0
X—1+ () X—1+ & -1 x>+ & -1 x—1+
Lt f(x)= Lt (5-3x)=5-3=2
x—1" X—1"
Lt f(x)# Lt f(x). Hence f is not continuous at x=1
x—1" x—1t
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Case (ii) continuity at x = -2

t foo= L —° -6 _-6_-
ars x5>-2-x-10 —2-10 12 2

X

Lt f(x)= Lt (5-3x) =5-3(-2)=5+6=11
X——2+ X——2+

Lt f(x)# Lt f(x)
X X 2+

Hence f (x) isnot continuousat x = —2.

K2x—k if x>1
if x<1

5. If fisgivenby f (x) = { isa continuous function on R, then find

the values of k.

Sal : Lt f(x)= Lt 2=2
X—1— X—1-

Lt f(x)= Lt (kx®-k)=k*-k Given f(x) iscontinuousat x = 0
X—1+ X—1+

Lt f(x)= Lt f(x) 2=k®>-k
X—1+

X—1-
GIVEN f is continuouson R, henceit is continuous at x=1.
ThereforeL.L =R.L
> k?P-k-2=0
=>(k-2)(k+1)=0 => k=2o0r -1
6. Provethat thefunctions 'sinx' and 'cosx' are continuouson R.
Sol: i)Letae R

Lt f(x)= Lt snx=sina= f(a)
Xx—a Xx—a
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.. T iscontinuous at a.
ii)Let ae R

Lt f(x) Lt cosx—cosa= f(a)
X—a X—a

. fiscontinuous at a

4- x> if x<0
Xx-5
4% -9 if 1<x<2
3x+4 if X2

=

1 Check the continuity of ‘f’ given by f (x) =

land 2.
Ans: fis continuousat x = 0,1,2
2. Find real constant a, b so that the function f given by

sin x if Xx<0

f(x)= x“+aif 0<x<1 iscontinuouson R.

if 1<x<3
-3 if X>3

O
x
+
w

Sol : Given f(X) is continuous on R, henceit is continuous at 0,1,3.

At x=0.

Lt f(x)= Lt (x2+a)=0+a=a
X—0+ X—0

Lt f(x)= Lt sinx=0
X—0- x—0

Since f (x) iscontinuous at x=0,

LL=RL— a=0.
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At x=3

RL= Lt f(x)= Lt —3=-3
X—3+ X—3

LL= Lt f(x)= Lt (bx+3)=3b+3
X—3— X—3

Since f (x) iscontinuous AT X=3,L.L=R.L
=>3b+3=-3=> 3b=-6 =>b=-2

cosax—coshx .
if x#0

3. Showthat f(x) . X

Whereaand b arereal constant, is continuous at O.

cosax — cos bx
2

Sol: Lt f(x)= Lt
X—=0 X—0 X

Sin(a+ b)xsin(b—a)x

2
= Lt . 2
Xx—0 x2
sin(a+b)5 sin(b—a)5
=2 Lt 2 |t 2
Xx—0 X x—0 X

_2(b+a)(b-a) b?-a?
2 2 2

2 2
Given (0)= 2 =&

s Lt f(x)=f(0)
x—0

f (x) iscontinuousat x = 0
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PROBLEMSFOR PRACTICE

ax—b if x< -1
1. If fisgiven by f(x) ={3x?> —4ax+2b if —1< x <1 acontinuousfunctionison R,
10 if x=>1

then find the values of a, b.
2. Check the continuity of the function f given below at 1 and at 2.

Xx+1 if x<1
f(x)=<1 2x if 1<x>2

1+ %2 if X>2

3. Show that f (x) = (x) (xe R iscontinuousat only thosereal numbersthat are not

integers.
Sol: Casei)if ae z, f(a)=(a)=a

Lt f(x)= Lt (a—h)y=a+
X—>a— h—0

Lt f(x)= Lt (a—h)=a
X — a+ ) h—>0( )

Lt f(x)z Lt f(x)
X — a— X —a+

Lt f(x) doesnot exist
X—a

.. fisnot continuousat X =ae z
Caseii):if ag z, thendne z suchthat n<a<n+1then f(a)=(a)=n.

Lt f(x)= Lt (a—h)=n,
X—a— ) heo( )

Lt f(x)= Lt (a+h)=n,
X—a+ h—0

www.sakshieducation.com



www.sakshieducation.com

Lt f(x)=n=f(a)
X—a

. f(X) iscontinuousat x=ag¢ z

4, If f:R—> Rissuchthat f(x+y)=f(x)+ f(y) forall x,ye Rthenfis

continuouson R if it iscontinuous at a single point in R.

Sol : Letf becontinuousat X, € R
Lt £(t)=f(x) Lt f(x+h)="f(x)xeR f(x)
t—xg h—0

= f(x+h)-f(x)= f(h):f(x0+h)—f(x0)hllt>0{f(x+h)—f(x)}

= Lt {f(x+h)=f(x) =0

.. fis continuous at X.

Since x € R isarbitrary, f iscontinuous on R.

5. Show that f(x) =[x] (x € R iscontinuous at only those real numbersthat are not
integers.
Sal.
Case (i) :
Ifae z,f(@ =(@ =a

Lt f(x)= Lt (a—h)=a"
x—a~ h—0
Lt f(x)= Lt (a+h)=a
x—a’ h—0

Lt f(x) = Lt+ f(x)

X—a X—a

Lt f(x) does not exist.

X—a

.. fisnot continuousat x = ae z.
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Case(ii) :
If ag z,then 3ne z suchthat n<a<n+lthenf(a) =(a) =n.
Lt f(x)= Lt (a-h)=n
u h—0

X—a
Lt f(x)= Lt (a+h)=n
x—a’ h—0

. Lt f(x)=n=f(a)

~.f(x) iscontinuousat x =a ¢ z.

6. Show that the function f defined on R by f(x) = |1+ 2x + [x||, X € Risa

continuous function.

Sol.Wedefineg: R — R by
gx)=1+2x+ x|, xe R,
andh: R — Rbyh(x) =|x|, xe R. Then
(hog)(x) = h(g(x)) = h(1 + 2x + [x|)
= 1+ 2x+ [x]| = £(x).

www.sakshieducation.com



