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LIMITS AT INFINITY

Definition:

Let f(x) beafunction defined on A = (K,).

(i) A real number | issaid to be the limit of f(x) at ee if to eachg®»0,3 , an M >0
(however large M may be) such that x@A and x >M = |f (x)=¢| €8 In this case we
write f(X)=p /¢ as X=pgee Or Lt f(X)m/.

Xe=pieo

(i) A rea number | issaidto bethelimit of f(x) at =eeif to each g»0,3 >0, an
M > 0 (however large it may be) such that x@ A and x <—M = | f (x)=¢| €8 In this case,
wewrite f(X)=p/ as x=p=ee or Lt f(X)m/
Xe=pg®

INFINITELIMITS

Definition:

(i)Letf beafunction defined is a deleted neighbourhood of D of a. (i) Thelimit of f at aissaid

to be e if to each M > 0 (however largeit may be) a §>0suchthat x@D,0<|x—a|< d =

f(x) > M. Inthiscasewewritef(x) =pee as x=pa or XI:’ta f (X) mpoo

(ii) Thelimit of f(x) at ais said be —es if to each M > 0 (however largeit may be) a §> 0 such
that x@D,0<|x—a|< d = f(X) <—M. Inthisecase wewritef(x) =p=ee as X=pa oOr

Lt f(X)me=ee.
x=pa

INDETERMINATE FORMS

While evaluation limits of functions, we often get forms of the type
% =, 000,00 — 00, 0°, 1" co® Which are termed as indeterminate forms.
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Sol :

Sol :

Sol :
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EXERCISE
Compute the following limits.
X2 + 3X + 2
x—3x% - 6x + 9
Lt x2+3x+2_ X%+ 3x + 2 _9+9+2
x—>3x2 —6x+9 x—53 (x-3) 0
3
Lt 1+5>;
x—1- 1-X
¥ 1+5¢ _1+51)° _1+5_6 _
xo1-1-x>  1-12 1-1 0
2
Lt 3x3+4x+5
X—o0 2X° +3X -7
2
Lt 3x3+4x+5
X—00 2X" +3X—7
(3+4 52)x2 (3+4+52)
= Lt X = Lt x x)1
x—>oo(2 3_7)X3 x—>oo2+i_l X
XX X XX X
Asxeoo,l,iz,%eo
X x° X

= Lt

3x2+4x+5_(3+0+0)0_

0

x—02x3 +3x-7 2+0-0"
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2
Lt 66X  — X+ 7
X—>00 X+ 3
2 1 7
Lt 66X — X+ 7 Lt X X
X—o0 X+ 3 X—>00 X(1+ 3)
7
6-—+—
Lt 25 Lt _6-0+0_ _
X—eo 9 Xoeo 1+0
X
2
Lt e~
X—>00

! 1=0(sincee>1)

2
Sol: Lt €* = Lt — ==

X—>00 X—>o0 eX

Lt VX + 6

Xsoo 2X° —1

[ > X, |1+
X“+6 g V%

Lt ———=

Sol
X—oo 2X° =1 x—>oox2(2_

XN‘ = XN‘ o

2
th——i_G Ltl

AS X — c0,— —> 0 .. 5 .

1+ —
2 /
e ¥ ¢ _¥+9,_g
2
X
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8|x| + 3x
x—0 3|x| — 2x

Sol: as X — e =[x =X (. herexispostive)

81X +3x _ Lt 8x+3x _ Lt g:u

X—0 X = 2X x50 3X—2X  x—eo X

2
Lt x2+5x+2
X—o0 2X° —5Xx+1

2
Sol: - g X*5x+2

2
X
X—>o0 2x% —5x+1 X—>o0 X2(2 i

3

x2[1+5+2}
X
+

-5
X

x

Asx—>oo.1andi2—>0
X X
1+§ 3
X2 + 5X + 2 X x2 _1+0+0 1
Lt ———— = Lt 5 = =

X—>002x2—5x+1_x—>oo2_7+i_2—0+0_E
X %2

2x% — X +
3. Lt ;‘—X?’
X——oc0 X~ —2X+5
252 3 x2(2—1+%)
Sol; Lt & TXFS_ 4 X X
x_>—ooX2—2X+5 X—==00 o 1+g+£)
X x2
, 1.3
2 _ -T2
Lt M: Lt — X x Asxa—oo,landizeo
X—=00 x> —2X+5  x—50-e0q_2, O X X
X x2
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_2—0+O_g_2
1-0+0 1
3
Lt 11x" —3x+ 4

X——e0 13x3 - 5x* - 7

11x3 — 3x + 4

Lt

X——e013x3 — 5x% - 7

X

x3(11—-:3+-z1)

2 3

¥ 11-0+0 11

Ko 13_§_13 13-0-0 13
X

4

X+2-4

()
x—>2\X—2 x°-4) x-52 x“-4

~ Lt X—-2

x—2 X° -4

X—2 X+2-4

%52 (X=2)(X+2) x52 X°—
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3
6. Lt 5x°+ 4

X—o—eo\ox# +1

3(g, 4
o o sera_ FBr)
X==c x4 411 x—>-—a 2 2+i
\/ o
5+i3
= Lt x Xl
X—mee \5+7
X
1111
AS X —> —00, = — = = 50
X x2 x3 xt
5% + 4 5
Lt T(_c><>):(_oo)_7:_oo,
x——eo\2x* +1 1

7. Lt (x/x+1—x/§)

X—> o0

Sol: Lt (x/x+1—x/§)

X—> oo

L, )i V)
_xﬁoo Ix+1++/x

— Lt X+1-X

X—>00 Ix +1+x

= Lt L 1
X_>°°\/;(\/i++1)
X
1
= Lt \/g = 0 =
Xxseo 14 =41 1H1
X
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= Lt (\/x2+x—x)

X—>00

= Lt VX2 + X=X

X—>o0

(¥ +x = x) (V¢ + x+Vx] ) 2 2

X2 + X — X X
= Lt = Lt ——= Lt ——
X—ee VX® + X+ X% x 1/1+£+1 X%°°x,/1+£+1
X X
1 1 1

V11041 1+1 2

Lt (2x+3j
x——oo \\x% — 1

Lt 2X+3
x——co/x2 — 1
3
x(2+)
= Lt —X( here X — -« i.e, XIS negative = \/? = —x)
xo-e_y g L
2

Lt ZJ;smx
X—oo X°+3
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Lt 2+S|nx: Lt 2+9nx
X—oo X +3 X—>o0 X2(1+ 3)
2
X
2 sinx
i 2
= Lt ﬂ: Lt X X
X—e0 x2(1+) X—e0 (1+3)
NG X2
asx—m,izand %eo.(-;—lssnxsn:mo:o
X X 1+0
2
2 + COS” X (ans0)
x—soo X+ 2007
2
Lt w ans. 6
X—eo  xX°4+5
COSX + sin® x coSX + Sin% x
Lt ———  tryyourself. ans= Lt — =
X—y00 X+1 X—>o00 X+1

PROBLEMSFOR PRACTICE

Evaluate Lt 1 !
X—=-3 X+ 2

Compute Lt ly
Xx—2 3 -8

Find Lt (x+2)(2x+1)
x—1

1
Compute Lt x2.sin=.
x—0 X

Show that Lt X =1 and Lt X =-1(x#0)
Xx—0+ X X—0- X
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11.

Sal :

12.

Sol :

Letf: R— R bedefined by f(x)={
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2x-1 if x<3
5 if x=>3

Showthat Lt Vx?—-4=0,= Lt2 X2 — 4
X—

X—-2

2
If f(x):{ X

2x-1 x>1

tan

Xx<1

X

, thenfind Lt f(x) and
X—1+

Show that Lt —— =1.

X—0

Xx—0

Find Lt {

x—0

Compute Lt {

For 0<|x <1

et -1

X

X

Vi+x-1

X

et -1

}

Fo
1

\/—+1

Arx-1 Aix-1 \/1+X+1

~ e* —1(x/1+ x+1)

14x -y

et -1

Lt ——— =
x—=0v1l+x-1

= e _1(x/1+x+1)

X

et -1

X—0 X

Lt«/+ +1=1(V1+0+1)=(1+1) =

Show that Lt

x—>\/7

x—3|

x-3

For x? 9,|

Vx2

~ 9l

|x+3|

www.sakshieducation.com

show that

Lt
X—1-

f (X).

Lt f(x)=
—>3()
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Sol :

14.

15.

16.

17.
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ﬂx—3=0&53ﬂx+3=J5

Lt
X—3

. X-3
x53 X2_9

X

Compute Lt & “Yasob>0b=1).
X—=>0p* -1
X
- X
Forx;tO,a 1
-1 [b*-1
X
a‘-1
ax—lzxeo X :|092
x—0b* -1 Lt b*-1 log?
x—0 X
1
Show that Lt —2=0.
X—yo0 X

Showthat Lt €* = .
X—>00

2 —
Compute Lt X2+—2X1
X—=2x° —4x+ 4

5_
Evaluate Lt 3X2 L
X—eo 4X° +1
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Lt 1- cosmx N %0
18. x—0 1—cosnx

X
Lt x(e" -1)
19. x—0 1—cosx

20X
Lt x“(e" -1

0 X
*>x.2sn?

Sol.
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Sol.
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Sol.
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X
Lt 4X4(Lt ¢ 1J
2—>025|n2§ 0 X
5 X
:gxuo .2x 'xL—:[oex_1
27| sin
= 2(1)(1) = 2

3
Lt Iog'(ljx )
x=0 9N~ X
1+ x3)

log——;
Lt — X

x—0 Sin3 X

X3

Asx—0
Thenx® =0

3
Lt Iog(1+;() 1

:X3—>0 X =-=1

. 3 1
Lt (smx)

x3550 X

X tan 2x — 2x tan X
x-0  (1—c0s2x)?

Lt X tan 2x — 2x tan x
x-0  (1—c0s2x)?

tan x
1—-tan®x
X—0 (2sin® x)?
a1 ]
— Lt 1-tan“x
- ¢
x—0 4sin“ x
2xtanx | 1-1+tan® x
1-tan*x

—2Xtanx

Lt — >
x=0 49n° X
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3
Lt 2x'far£11 X
x=0 48N X
4 3
- X,
x—=0 X748n™ X
2 4 3
_2 .x4 Lt tan3x
4x-09nN*X x-0 X

1 1
=S 0W=3

2+Cos® X
22. x—e X + 2007

2+C0s’ X

Sol. - — -
x—e X + 2007

We know that
0<cos?x<1,2<2+cos’ X <3

2 <2+coszx< 3
X+2007 x+2007 x+2007

h(x) =———
X +2007

(D)

2
Let g(X) =———,
() X + 2007

2
f(@:ﬂ
X + 2007
S g(x) £ (x) £h(x)

Lt g(x), Lt f(x)< Lt h(x)=0
X—>o0 X—>00 X—>o0

2
Lt g(X)= Lt ——
X—><>cg() x—e X + 2007

2
< 0
_ X _ _
= &l 2007_1+o_0

X—>e0 14221
X

Lt h(x)= Lt L
X—>o0 x—e X + 2007

3

x 0
=Lt —X _—=—=0
x—=q 2007 1+0
X
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s Lt g(x)=0= Lt h(x)
X—>o0 X—>00

= Lt f(x)=0
X—>o0
X _ o _
23. Compute LtOLnX1
X—>
X _ o _
Sol.We have LthXl
x—0 X
_ Lt e -1 sinx
_x—>0 X X
_ Lt e-1) L¢ Sinx
_x—>0 X x—0 X
=1-1=0
n
24, 1 f(x) =X TTAXT \yhen g, > 0, by, >0, then show that Lt f(x) =< if
PpX™" +...+ b X+ by X—oo
n>m.
Sol £ (x) = ax"+..+aX+a,
b X™+...+bx+Db,
n a, -1 & | &
) o v O S
Xm(bm+bmx_1+"'+xt|311_1+:r?1j
an+a”_1+...+ ?{1+3ﬁ]
— x"-m X X X
b,-1 b b
b, + mx +...+Xml_l X—r?]
a,i b
ASX — o, L —T-L approach zero
x' X

.. The quantity in the brackets above approach IC;i(> 0)

m

But Lt x"M=c

X—00

- Lt f(x)=oo

X—ro0
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