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ROTATION OF AXES (CHANGE OF DIRECTION)

1. Definition: If the axes are rotated through an angle in the same plane by keeping the
origin constant, then the transformation is called Rotation of axes.

2. Theorem: To find the co-ordinates of a point (x, y)aretransformed to
(X,Y)When the axesarerotated through an angle‘ 8’ about the origin in the same

plane.

Proof: Let X'OX, yOYlarethe original axes

Let P(X, y)be the co-ordinates of the point in the above axes.

After rotating the axes through an angle * 8’ then the co-ordinates of P be (X ,Y) w.r.t
the new axes X'OX and YOY* asin figure.
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Since fisthe angle of rotation, then |[XOX =|yOQY =6 asinthefigure.

SincelL, M isprojections of P on Ox and OX respectively. We can see that
ILPM =|xOX =6

Let N be the projection to PL from M
Now Xx=0L =0Q -LQ =0Q -NM
= OM cosfé—-PM siné
=Xcosfd-Ysing

y=PL =PN +NL =PN +MQ
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PM cos@d+OM siné

=Ycosfd+ Xsin@

0 x Xcosé¢ Ysng and

y=Ycosfd+ Xsn@------ (1)

Solving the above equationsto get X and Y, then X = xcosé +ysiné and
Y = -xsiné +ycosf---- (2)

From (1) and (2) we can tabulate

X Y

X cosé@ -sind

y sin@d cosd

Note:

(i) If the axes are turned through an angle * 8’ then the equation of a curve
f (%, y) =Oistransformed to f (X cos@=Ysing, X sin+Ycosé) =0

(ii) If f (X,Y) = Oisthe transformed equation of a curve when the axes are rotated

through an angle‘ 8’ then the original equation of the curveis
f (xcos@+ysing,-xsin 8+ycos6) =0

Theorem: Tofind the angle of rotation of the axesto eliminate xy term in the
equation ax® + 2hxy +by? +2gx +2fy +c =0

Proof: given equation is ax? + 2hxy +by? +2gx +2fy +c =0

Since the axes are rotated through an angle&, thenx = X cos@ -Ysiné,
y=Xsn@+Ycosf

Now the transformed equation is
a(x cosé?—Ysiné?)2 +2h(X cos@~-Ysin 6)( X sin §+Y cos 6)
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+b(X sing+Y cos6)” +2g(X cosf-Ysin 6) +2f (X sin §+Ycos ) +c =0
:>a(X200529+Y25in2 H—ZXYooses'néj +
20 X? cos6sin 6+ XY (cos” 6-sin” 6) ~Y?sin Geos 6]
+b(X25in26?+Y2 cos? 8 +2XY cosdsin 6?)
+2g(X cosf -Ysing) +2f (X sin@ +Y cos ) +c =0
Since XY termisto be eliminated, coefficient of XY = 0.
2(b-a)cosfsin 0+2h(cos2 0 -sin? 6?) =0
= hcos26 +(b-a)sin26 =0
= 2hcos26 =(a~=b)sin26

sin28 _ 2h
cos28 a-b

= tan26 =

= Angle of rotation (6) = %Tan‘1 (az—hbj

Note: The angle of rotation of the axes to eliminate xy term in

ax? + 2hxy +ay? +2gx +2fy +c =0 islzr

PROBLEMS

1. Whentheaxesarerotated through an angle30°, find the new co-ordinates of
the following points.

i) (0, 5) i) (-2, 4) iii) (0, 0)
Sol. i) Given 8 =30°

Old co-ordinates are (0,5)

i.e,x=0, y=5

X =xcosf +ysing
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= 0.c0s30° +5.sin30° :g

Y = -xsiné@ +ycosé

53

-0.sin30° +5.¢c0s30° :T

55J§J

New co-ordinatesare | —,——
[2 2

ii) Old co-ordinatesare (-2,4) ANS.(\/§ +2,1+ 2\/§)
iii) Given (x,y) =(0,0)and & =30°

= X =x.c0830° - ysin30°
:O.——O.1 =0
2

3

Y =x.sin30° + y.cos30°= O.% +O.7 =0

New co-ordinates of the point are (O, 0)

When the axes arerotated through an angle60°, the new co-ordinates of three
points arethefollowing

1) (3,4 i) (-7,2) iii) (2,0) Find their original co-ordinates
i) Given 6 =60°

New co-ordinates are (3, 4)

X=3Y=4

X=Xcosfd-Ysinfd = 3.cos60° —4.sn60°

a1 443 _3-443
2 2 2

y=Xsin@+Y cosd
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V3., 1_4+43

=3sin60° + 4.cos60°=3.— + 4.1 =
2 2 2

Co-ordinates of P are (

3-43 4+3\/§j
>

2

ii) New coordinatesare (-7,2) ANS.[

-7-23 2 —Néj

2 2
iii) New co-ordinatesare (2, 0)

ans.(1.4/3)

Find the angle through which the axes are to be rotated so asto removethe xy
term in theequation. x* +4xy +y? —2x +2y -6 =0

Comparing the equation
X* +4xy +y? —2x +2y =6 =0 withax® + 2hxy +by? +2gx +2fy +c =0

a=1 h=2b=1,g=-1 f=1, c=6

Let ‘ &’ betheangle of rotation of axes, then 6= %tan'l(z—hb)
a_
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SHORT ANSWERS QUESTIONS

1. Whentheaxesarerotated through an angle45°, the transformed equation of
acurveis 17x* —16xy +17y? =225 Find the original equation of the curve.?

Sol. Angleof rotation= @ =45

. ) X+y
X =xcos@+ysin@ =xcos45 +ysin45 =
y y NG
. . -X+y
Y =-=xsSn@ +ycosd = xsin45 +ycos45=—=——=
y y NG
The original equation of
17X2% -16XY +17Y% =225 is
2 2
= {57 B 2 -
S 0 N V9 DO e ) PO

= 17| (x+y) +(x-y)"| 16 (x* ~y*) =450
- 17 [2(x2+y2)} -16 (x* - y?) =450

= 17 (¥ +y?) -8 (x* -y?) =225

= 9% + 25y = 225 isthe original equation

2.  when theaxesarerotated through an anglea , find the transfor med equation
of xcosa+ysina=p ?

Sol. Thegiven equationis Xcosa + ysing = p
*» The axes are rotated through an angle a
X=Xcosa -Ysna

y = Xsina +Y cosa
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The given equation transformed to

(X cosg-Ysing)cosf+(Xsina+Ycosa)sina =p
= X(cosza+sinza) =p=>X=p
The equation transformedtox = p

3. Whentheaxesarerotated through an anglesz/6. Find the transfor med
equation of X2 + 24/3xy — y? =2a?

Sol. Since H:g,x = Xcosa-Ysnha

X = X cos— —Ysmf
6
x M3 _y 1 ¥3X=Y
2 2 2
szsina+Ycos€zX.sin7—T+YcosiT = X1 §=X+2\/§Y

Transformed equation is

(B )

2 2 2

2a?

352 — 243 +Y?2 2\@[\/5x2 - XY +3XY —\/ﬁyz} _XZ+3Y2+24/3XY _
= + _ =
4 4 4

= 3X2-23XY +Y? +2\/§[\/§x2 +2XY +\/_3Y2] —(X2 +3Y? +\/§XY) =8a?

= 3X2 =23 +Y2 +6X2 +4/3XY -6Y2 = X2 -3Y2 —2./3XY =8a?

—8X2-8Y2=8a’= X?-Y2=3a?
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When the axes arerotated through an angle 727 find the transfor med equation
of 3x? +10xy +3y? =9

Given equationis 3x*+10xy +3y -9 =0........... )
i T
Angle of rotation of axes= 8 = "

Let (X,Y) be the new co-ordinates of (Xx.y)
Xx=Xcosd-Ysng

X-=Y

V2

Vg /s
= XCcos—-ysin— =
4 4

y= X sn@+Ycosd =Xsin” +YCOSLT=X +Y
4 4 J2

Transformed equation of (1) is
X =YY X =Y\ X +Y X +Y)Y
{75 5 5 E ] o
(x2-2xv+v?)  (x2-v?) (x2+2xv+v?)
3 +10 +3 >

-9=0

= 3X?-6XY +3Y? +10X? -10Y? +3X 2 +6XY +3Y2 -18 =0
— 16X2-4Y?-18=0
0 8X% 2Y% 9 isthetransformed equation.

Find the transfor med equation of 17x? —=16xy +17y* =225 when the axesare
rotated through an angle45°

Let (X, y) theoriginal equation of (X,Y)
Angle of rotation 8 = 45°

Now X =Xxcosf-ysind
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X-y
J2

=XC0s45° — ysin45° =

Y =xsin@ + ycosé

=Xsin45° + ycos45° =Xy

J2

The transformed equation is45°
f(X_—y’_X+yj:0
22
x—y2 X=y )\ X+Y X +YY
=17 ——| -16 +17| —— | =225
SR Sk
2 2 _ 2 _\2 2 2
:17(—)( +y2 2ij—16(x 2y j+17{—x +y2+2xyj=225

= 17X2 +17Y2 —34XY —-16X2 +16Y2 +17X2 +17Y? +34XY =450

= 18X 2 +50Y? =450

9X? +25Y2 =225

GENERAL TRANSFORMATIONS

1. Definition: If the axes arerotated through an angle @ after shiftingtheoriginin
the same plane, then the transformation is called “ General Transfor mation”

New origin A=(x, V), angle of rotation =@ asin figure
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We get the transformed equations as
X=x +Xcosf-Ysin8

y=y, +Xsing+Y cosfd

X =(x—-%)cosd +(y~y;)sing
Y =(x-%)sind +(y -y,)cosé

We can easily understand the translation and rotation satisfy commutative property.

PROBLEMS.

1. Whentheoriginisshifted to (-2,-3) and the axes arerotated through an angle
45° find thetransformed of 2x@ +4xy-5y* +20x -2y 14 =0 ?

Sol. Here (h,k)=(-2,-3),h=-2k =-3
6 = 45°

Let (xl, yl) be the new co-ordinates of any point (X, y) isthe plane after

transformation

X =x'cosf-y'sinf+h = 2x +x*cos45° -y'sin45 °

Xy
=2 \/E
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y=x'sind+y'cosd+k =x'sin45° +y' cos45° -3

o XY
T

The transformed equation is

oyt Y Ly )Ry
e

I A R L N B e S e
SET 3} 20[ \/E 2] 22{—\/5 3] 14 =0

=2 +4

_(Xl+2yl) +422(x - )

A
2 V2 V2

0P o) [

[(x1+y1)—3«/§] ~14 =0
(¥ +y) +8-442(¢t =) 42 x* -y ) -62(x -y})

~42(x +yt) +24 =0 -g(x1+y1)2 -45+15J2(x* +y) +10V2(x* -y')

-40-1132 (X' +y') +66 -14 =0
Koy oyt vad 2y” 2

(x12 iy? +2xly1) 1=0
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%xlz —gylz ~7xy 120

2 2
ie X' —7y" —14x'y' -2 =0
The transformed equation is (dropping dashes)

X? =Ty? ~14xy =2 =0

PROBLEMSFOR PRACTICE
Find the transfor med equation of 5x* + 4xy +8y? —12x —12y =0. When the

origin isshifted to (1,%) by translation of axes.

When the origin is shifted to (3,-4) by thetrandation of axisand the
transformed equation is X + y? =4, find the original equation.

When the origin is shifted to (2,3) by the translocation of axes, the co-ordinates
of a point p are changed as (4,-3). Find the co-ordinates of P in theoriginal
system.

Find the point to which the origin isto be shifted by the translation of axes so
astoremove thefirst degreetermsfrom the equation

ax? +by? +2gx +2fy +¢c =0, where az 0, b# 0

If the point P changesto (4,-3) when the axes are rotated through an angle of
135°, find the coordinates of P with respect to the original system.

Show that the axes areto berotated through an angle of %Tan_l(z—hbj so as
a_

to remove the xy term from the equation ax® + 2hxy +by? =0, if a # band

through the angle IZT ifa=b
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