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DE MOIVRE'STHEOREM

VERY SHORT ANSWER QUESTIONS

1. If nisan integer then show that (1+i)2n +(1—i)2n =2m cos'%ﬂ

Solution : -
Let 1+i =r{cos@ +isin6}
(rcos)’ +(rsinf)’ =2=r=42

(:056?:i sin6?:i PV of 8=7ml4

V2 2
0% & \/E{cos%- isinf} Similarly(l—i):\/i{cos%—isinf}

+(J§)2n {coszﬂ—i sinz/}2n

2n

(1+i)" +(2=i)" =(ﬁ)2n {COSIZT +isin£}

_on cosznﬂ+i ; 2nﬂ0052n71_i§m2nrr
4 4 4 4

= _Jntl COSM
2

2. Find the values of the following

2 2

() (1+iV3) i) @-i)° i) (@+i)* (iv)(ﬁﬂ_]s_(ﬁ’ ‘Jg

Solution : -
1+i/3 = 2{cos§ +isinz/ 3} { by mod-amplitude form}

3

(1+1\@)3:8{cosg +isin 77/ 3}
:8{0057T+i sin 7'} { (cos@+i sin 9)” =cosné +isin nH}

=8{-1+0} =-8

Solution (ii) (l—i)sz(\/ﬁ{cos%—isinf}j =2*{cos2m -isin27f

Solution (jii) (1+i)* :{ﬁ [cos’ZTH sinfj} =2{cos2r +isn27

= 256
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Solution (iv) (% . i_f -[ﬁ -i_T

2 2 2
5 5
/R 4 ..
cOS—+isin—; —<C0S— —isin—
{eos5s wisin g} - foos Tisin ]
%fiﬁﬂsinS—”—%ﬂsinIﬂG

1_
2i Sln?—(ZI)Z—I
SHORT ANSWER QUESTIONS
1 a, B aretherootsof the equation x* — 2x +4 =0 then for any nJN show that

a"+p"=2m" cos
3
Solution: -

2+./4-16 2+2iy3
2 2

a= 2{cos§+|sm3},8 2{cos£—|sm37}
a"+p" { (cos—+|sm ”j}n {Z(COS—IT—sin—/j}n

3 3 3
:2” {COS—"‘W'FCOS_ y})_ﬁ}

=2" {2 cos L = om oo N7
3 3

X2 =2x+4=0=Xx=

2. cosa +cosf +cos? =0 =sing +sin B +sin =0 then show that
(i) cos3a +cos3p +cos39 =3cos(a + B +I)
(i) sin3a +sin3B +sin3% =3sin(a + S +9)
(iii) cos(2a - B -9) +cos{28 -9 —a} +sn(P &« L) 3
(iv) sin(2a =B -9) +sin(28 -9 o) +sn(P¥ a L) 0
(V) cos2a +cos2f3 +cos2d =0
(vi) sin2a +sin2 +sin24 =0
(vii) cos’ a + cos” B +cos* 3 =0
(Vi) Sn?a@ +8n?B +sin?9 =3/2
(ix) cos(a + B) +cos(B +3) +cos(d +a ) =0
() sin(a +B) +sin(B +8) +sin(J +a) =0
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Solution : -
Let x=cosa +isinag y=cosp +isinf:z =cosd +ising

X+ Yy +z=(cosa +cosB +cosd) +1(sina +sinB +sind)

X+y+z=0=>x>+y +72 =3xyz

Proof of (i) & (ii)
(cosa +isina)’ +(cosB isin B)’ +(cosd +isind)’ =3ciw cisp cisd
cis3a + cis3p +cis3d =3cis(a + B +9)

(cos3a +isin3a) +(cos3B +isin3p) +(cos3d +isin3?) =Xos(a +B +9) +3isin(a +B +9)

By comparing real and imaginary parts on both sides
cos3a +cos3f3 +cos3d =3cos(a +f +5)

sin3a +sin3B +sin39 =3sin(a +f +J)

Proof of (iii) & (iv)

We know that
3 2 =2 2 2 2
M =3= X_ + y_ + Z_ =3
Xyz yZ X Xy
cis2a L o s23 L. S29 - _ 3

cisfcis9  cisd.cisr  cisr cisB
cis(2a - B -9) +cis(28 -9 —a) +cos(B @ B ) 3

{cos(2a - g -9) +isin(2x - B -8)} +cos(2B -9 a) 4isin(289 )
+cos(29 ~a -B) +isin(2% o B) =3

Comparing real and imaginary parts on both sides

cos(2a-B -9) +cos(2B -9 —a ) +cos(P &« B) 3

sin(2a - -9) +sn(28 -9 —a) +sin(P a B) =0

Proof of V & VI
Weknow that x+y+z=0

1 1 1 1 1 1
=+ =+ = ——+ ——+ —
X Yy z cosag+isna cosf+isinf cosd +ising
=cosa —ising +cosf —isin B +cosd —ising
£+l+l:0
X y z

Xx+y+2=0=(x+y+2) =0= X2+ y? + 2% +2xy +2y +22x =0
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X*+y*+7 +2xyz{£ +i +1}=0
zZ Xy

(cisa) +(cisB)” +(cis9)” +2(cisr cisB cis?) (0)

{1+l+l :0}
X'y z

cis2a + cis2f3 +cis29 =0= (cos2o +cos2B +cos23) +i(sin2r +sinPB +sinP ) =0
By comparing real and imaginary parts on both sides

cos2a + cos2f3 +cos2d =0

sin2a +sin2B +sin24 =0

Proof of (vii)
From the above problem we can prove
cos2a + cos2f +cos2F =0
2c0s" a—1+2cos” f -1+2cos’d -1 9

2{ cos” a+ €os? -+ cos’ 19} =3
Ocos’a+ cos” B cos’& g

Proof viii
cos2a + cos2f +cos2d =0
1-2sin®a +1-2sin’B +1-2sin’$ =0
3= 2{sin2a +sin’ B +sin219}
Proof of (ix) and (x)
In proving iv & v we proved
1 1 1

—+—_+=_=0

X Yy z

Oy 2¢ x¢ O

Ocisa cisF cispcis* cisd cig= 0

=cis(a +f) +cos(B +9) +cis(¢ +a) =0

{cos(a +B) +isin(a +B)} +{cos(B +5)} Hcos(® +a) +isn@ # )} =0
By comparing real and imaginary parts on both sides

cos(a + B) +cos(B +9) +cos(d +a) =0

sin(a +B) +sin(B +8) +sin(d +a) =0

2n

3. If nisan integer and z=cisf then show that =itannd

ZZn +1

Solution : -
2 -1 _(cos@+ising)" -1
" +1 (cos6’+isin9)2n +1
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_ cos2nd +isin2nd -1
cos2n@ +isin2nd +1
_ —(1-cos2ng) +isin2né
(1+ cos2nd) +isin2n@
iz (25in2 nH) +2isin anosnG{” —1—i2}
2cos’né + 2isinndcosnd
Zisinng {cosn@++smn

_Zcosné?{gxs«nﬁfﬂsinné}

=itannd

KEY CONCEPTS

1. If ‘n’ is an integer, then (cis#)" = cis(n#) [De-Moivres theorem for integral index]
2. If ‘n’ isarational number, then one of the values of (cisg)'iscisné [De Moivre's
theorem for rational index]

1
3. If z,=),cisé, #0, thenthenthroots of z, are a, =1y’ Cis( Zk”n” @j

4. The nth roots of unity are cis%T, k=0,123,...(n-1)

-1+i/3 - -1-i/3
2 2

5. Cube roots of unity are 1, w=

12. (i) nth Root of a Complex Number and nth Roots of unity

Very Short Answer Questions
1
1. Find all values of (1—i\/§)3

(1— |\/§); = {Z(COS%T =i slngj}a
<[ 7pon( )

=234c0s +isn T3 k=0,12
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=3//2 dis(6k —1)’57 k=012

1

2. Find all valuesof ~ (-i)s
Solution : -

= )l

) (an— 71 2
=cis| ————=%

k=0,12345
e

04 = cis(ak 1)% k 0123

2/3

3. Find all valuesof (1+1)

(1+i)* :H\/E (cos% +1sinfj}2}
= {2(0037—27 +isinz/ 2}};

T

1 2k + —
=23 cis 2 k=012

2
3

1 T
=23 cis(4k +1)E k=0,12
4. Find all the values of (—16)%1
1 1 1
(-16)« =(2°)* (-2)+

1
=2(cism)s :ZCiS(ZkﬂJr ﬂj k=0,123

= 2cis(2k +1)’ZT k=0,123
1

5. Find all values of (-32)5

(32) (2 (-1)f =2{cosr +isin s
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6. If 1, w, o/ arethe cuberootsof unitsthen provethat I S
2tw 1+2w 1+ w

Solution : -
1 1

L.H.S +
2+w 1+2w

1+2w+2+w _ 31+ w)
(2+w)(1+2¢) 2+4w+ w+2 &

3(1+ w)
2(1+ ) +5w

3(-af
= ( )~.-1+a)=—af
-2w+5w
1+ = w
_ B/ _
= =-—-w
3w

1 _ 1
o 1+w
7. If 1, w, «f arethe cuberoots of unity then prove that

(2-w)(2-)(2- ) (2- &) =

Solution : -
{(2-0)(2-H{(2-d(2- @)} {- B = w &=
{4-2(w+? + {4 -2( 0+ &) + &
(4+2+1)(4+2+1) =49

8. If 1, w, & arethecuberootsof unitsthen provethat
(x+y+z)(x+ya)+za))(x +y 3 +2c«) =x¢ +y* +7° Bxyz

Solution: -
X+Yy+2 x+ya)+zaf}{x +ydd +za})

x+y+z{{x + XYW +XZW+ XY WXy WY’ @ +yz @ +xz2 L +yz wiz’ %})
(x+y+2){x* +y* +2° +xy(,_)2 +(,,) +yz(a)+a§) +zx( w+ &))}
(x+y+2){x*+y* +2* -xy -yz -2

X +y®+7° —3xyz
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Short Answer Questions

1. Solve the following equations
(i) x*=1=0 (ii) X +1=0 (iii) X = x> +x* -1=0 (iv) x*+1=0

Solution : -
(i) xX*-1=0=>x"=1

1 1
Ox ()= (cosG isin0)s

2kﬂ+|sm2kﬂ}k:0,1213

4 4

. /e .
=cosO+isn0 CISE C|sn0|s7

= {COS

[, -1, -i
1 i
Solution : -
1
(ii) X’ +1=0=(cosm+isin 7)5

x:cos(m%jk =0,12,3,4

:1’
=%

o

. T . 3. 1T
Ox cis—,ciSs— ClIsTT, CIS?,COS?

Solution : -
(iii)) X’ = x> +x* -1=0

x5(x4 —1)+1(x4 —1) =0

(x4—1):0:(x5 +1) =0

Do (i), (ii) to get the solution of (iii)
Solution : -

1

(iv) x' +1=0= x=(-1)4
2k7T + njk=0,l2,3

x:cis(
7T

. 7T . 3mr. 5m.
X =Cis—, cis— cis—cis
4 4

If nisapositiveinteger then show that

2.
1 1 L 1
ig)n —-ia)r =2( p? 2)2n = 1 ﬂ
(p+ia)r +(p-ig)r =2(p* +q°) cos{narc anp}

Solution : -
Let p+ig=r{coséd +isin&}

rcosd=p rsinfd=q =r’=p°+q°

e JoF @
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—2p 2smH— 2
NPT +(q \/

P

qJ

tam9:ﬂ = fd=tan” (
p

cosd =

l

1
(p+|q)n +(p—a) ={r(cos® +|sm9)}n +{r(cos@ ~isin G} n
{COS—+7A"(€+COS— ;{(é}
:(,/p2 +q2)n {200519}
n
1
=2(p* +q?) COS(ltan‘lﬂj
n

P

=

8/3
N/ Vi
1+sm—+|cosg

3. Show that 8 =-1
. TT . T
1+sin— —1cos—
8 8
Solution : -
8/3
LT Vi
1+sin— +icos—
LHS = 8

Y/ Vi
1+sm§—|cos—

8/3
1+cos(ﬂ—n/8j+|sm( —7'[/8)
2 2

1+COS(7T—7T/8) 1sm( - 77/3)
2 2

37 37)%° ,37 ... 3m 3"
1+cos— +isin— 2C0S" — +2isih — cOS——
8 8 - 16 16 16
3 3T >3m . . 3m 3
1+cos— —isin— 2C0s"— —21sin— c0S——
8 8 16 16 16
8
37 377 .37 3
2C0S—<C0S—— +1sn—
16 16 16
3T 37 .. 3
2C0S—| COS— —i9n—
16 16 16

www.sakshieducation.com



www.sakshieducation.com

8/3

[ 3r . 3m\(_ _3m..3
COS— +19Nn— || cOS— +19N—
16 16 16 16

37 .. 317 37 .. 3
c0S— —isSn— || cos| — +isn—
i 16 16 16 16

I 3T 37\ o
COS— +isin—
( 16 16)
,3m . . , 3T
CcoS" — +sin - —
16 16

K/ 377]8'3
cos— +isin=—
8 8

cosr+isin r=-1
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