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DE MOIVRE’S THEOREM 

 
VERY SHORT ANSWER QUESTIONS 

 

1. If n is an integer then show that ( ) ( )2 2 11 1 2 cos
2

n n n n
i i

π++ + − =  

Solution : - 
 Let { }1 cos sini r iθ θ+ = +  

 ( ) ( )2 2
cos sin 2 2r r rθ θ+ = ⇒ =  

 
1 1

cos sin . / 4
2 2

PV ofθ θ θ π= = =  

 1 2 cos sin
4 4

i i
π π ∴ + = + 

 
 similarly ( )1 2 cos sin

4 4
i i

π π − = − 
 

 

  ( ) ( ) ( ) ( )
2 2

2 22 2
1 1 2 cos sin 2 cos sin

4 4 4 4

n n
n nn n

i i i i
π π π π   + + − = + + −   

   
 

 
2

2 cos sin
4

n n
i

π= + 2 2
cos sin

4 4

n n
i

π π − 2

4

nπ 
 
 

 

 12 cos
2

n nπ+=  

2. Find the values of the following 

 (i) ( )3

1 3i+  (ii) ( )8
1 i−  (iii) ( )16

1 i+  (iv) 
5 3

3 3

2 2 2 2

i i   
+ − −      

   
 

Solution : - 

 1 3 2 cos sin / 3
3

i i
π π + = + 

 
 {by mod-amplitude form} 

 ( )
3

3

1 1 3 8 cos sin / 3
3

i
π π + = + 

 
 

 { }8 cos siniπ π= +  ( ){ }cos sin cos sin
n

i n i nθ θ θ θ+ = +∵  

 { }8 1 0 8= − + = −  

Solution (ii)  ( ) { }
8

8 41 2 cos sin 2 cos 2 sin 2
4 4

i i i
π π π π  − = − = −  

  
 

Solution (iii) ( ) { }
16

16
1 2 cos sin 2 cos 2 sin 2

4 4
i i i

π π π π  + = + = +  
  

 

  256=  
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Solution (iv) 
5 5

3 3

2 2 2 2

i i   
+ − −      

   
 

 
5 5

cos sin cos sin
6 6 6 6

i i
π π π π   + − −   

   
 

 
5

cos
6

π 5 5
sin cos

6 6
i

π π+ − 1sin / 6π+  

 
5

2 sin 2
6

i
π = ( ) 1

2
i i=   

 
SHORT ANSWER QUESTIONS 

 
1. ,α β  are the roots of the equation 2 2 4 0x x− + =  then for any n N∈  show that 

12 cos
3

n n n nπα β ++ =  

Solution: - 

 2 2 4 16 2 2 3
2 4 0

2 2

i
x x x

± − ±− + = ⇒ = =  

 2 cos sin 2 cos sin
3 3 3 3

i i
π π π πα β   = + = −   

   
 

 2 cos sin 2 cos sin
3 3 3 3

n n

n n i
π π π πα β       + = + + −      

      
 

 2 cos sin
3 3

n n n
i

π π= + cos sin
3 3

n n
i

π π+ −
 
 
 

 

 12 2 cos 2 cos
3 3

n nn nπ π+ = = 
 

 

2. cos cos cos 0 sin sin sin 0α β ϑ α β ϑ+ + = = + + =  then show that 

 (i) ( )cos3 cos3 cos3 3 cosα β ϑ α β ϑ+ + = + +  

 (ii) ( )sin 3 sin 3 sin 3 3 sinα β ϑ α β ϑ+ + = + +  

 (iii) ( ) { } ( )cos 2 cos 2 sin 2 3α β ϑ β ϑ α ϑ α β− − + − − + − − =  

 (iv) ( ) ( ) ( )sin 2 sin 2 sin 2 0α β ϑ β ϑ α ϑ α β− − + − − + − − =  

 (v) cos 2 cos 2 cos2 0α β ϑ+ + =  
 (vi) sin 2 sin 2 sin 2 0α β ϑ+ + =  

 (vii) 2 2 2cos cos cos 0α β ϑ+ + =  

 (viii) 2 2 2sin sin sin 3/ 2α β ϑ+ + =  

 (ix) ( ) ( ) ( )cos cos cos 0α β β ϑ ϑ α+ + + + + =  

 (x) ( ) ( ) ( )sin sin sin 0α β β ϑ ϑ α+ + + + + =  
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Solution : - 
 Let cos sin cos sin : cos sinx i y i z iα α β β ϑ ϑ= + = + = +  

 ( ) ( )cos cos cos 1 sin sin sinx y z α β ϑ α β ϑ+ + = + + + + +  

 3 3 30 3x y z x y z xyz+ + = ⇒ + + =  
 
Proof of (i) & (ii) 
 ( ) ( ) ( )3 3 3

cos sin cos sin cos sin 3i i i cis cis cisα α β β ϑ ϑ α β ϑ+ + + + =  

 ( )3 3 3 3cis cis cis cisα β ϑ α β ϑ+ + = + +  

 
( ) ( ) ( ) ( ) ( )cos3 sin 3 cos3 sin 3 cos3 sin 3 3cos 3 sini i i iα α β β ϑ ϑ α β ϑ α β ϑ+ + + + + = + + + + +
 

 By comparing real and imaginary parts on both sides  

 ( )cos3 cos3 cos3 3cos+ + = + +α β ϑ α β ϑ  

 ( )sin3 sin3 sin3 3sinα β ϑ α β ϑ+ + = + +  

 
Proof of (iii) & (iv) 
 We know that 

 
3 3 3 2 2 2

3 3
x y z x y z

xyz yz zx xy

+ + = ⇒ + + =  

 
2 2 2

3
.

cis cis cis

cis cis cis cis cis cis

α β ϑ
β ϑ ϑ α α β

+ + =  

 ( ) ( ) ( )2 2 cos 2 3cis cisα β ϑ β ϑ α ϑ α β− − + − − + − − =  

 ( ) ( ){ } ( ) ( )cos 2 sin 2 cos 2 sin 2− − + − − + − − + − −i iα β ϑ α β ϑ β ϑ α β ϑ α  

 ( ) ( )cos 2 sin 2 3+ − − + − − =iϑ α β ϑ α β  

 Comparing real and imaginary parts on both sides 
 ( ) ( ) ( )cos 2 cos 2 cos 2 3α β ϑ β ϑ α ϑ α β− − + − − + − − =  

 ( ) ( ) ( )sin 2 sin 2 sin 2 0α β ϑ β ϑ α ϑ α β− − + − − + − − =  

 
Proof of V & VI 
 We know that 0x y z+ + =  

 
1 1 1 1 1 1

cos sin cos sin cos sin
∴ + + = + +

+ + +x y z i i iα α β β ϑ ϑ
 

 cos sin cos sin cos sin= − + − + −i i iα α β β ϑ ϑ  

 
1 1 1

0
x y z

+ + =  

 ( )2 2 2 20 0 2 2 2 0x y z x y z x y z xy y zx+ + = ⇒ + + = ⇒ + + + + + =  



www.sakshieducation.com 

www.sakshieducation.com 

 2 2 2 1 1 1
2 0x y z xyz

z x y

 
+ + + + + = 

 
 

 ( ) ( ) ( ) ( ) ( )2 2 2
2 0cis cis cis cis cis cisα β ϑ α β ϑ+ + +  

 
1 1 1

0
x y z

 
+ + = 

 
∵  

 ( ) ( )2 2 2 0 cos 2 cos 2 cos 2 sin 2 sin 2 sin 2 0cis cis cis iα β ϑ α β ϑ α β ϑ+ + = ⇒ + + + + + =  

 By comparing real and imaginary parts on both sides 
 cos 2 cos2 cos2 0α β ϑ+ + =  
 sin 2 sin 2 sin 2 0α β ϑ+ + =  
  
Proof of (vii)  
 From the above problem we can prove 
 cos 2 cos2 cos2 0α β ϑ+ + =  

 2 2 22cos 1 2cos 1 2cos 1 0− + − + − =α β ϑ  

 { }2 2 22 cos cos cos 3α β ϑ+ + =  

 2 2 2 3
cos cos cos

2
α β ϑ∴ + + =  

Proof viii 
 cos 2 cos2 cos2 0α β ϑ+ + =  

 2 2 21 2sin 1 2 sin 1 2sin 0α β ϑ− + − + − =  

 { }2 2 23 2 sin sin sinα β ϑ= + +  

Proof of (ix) and (x) 
 In proving iv & v we proved 

 
1 1 1

0
x y z

+ + =  

 0yz zx xy∴ + + =  
 0cis cis cis cis cis cisα β β ϑ ϑ α∴ + + =  

 ( ) ( ) ( )cos 0cis cisα β β ϑ ϑ α= + + + + + =  

 ( ) ( ){ } ( ){ } ( ) ( ){ }cos sin cos cos sin 0i iα β α β β ϑ ϑ α ϑ α+ + + + + + + + + =  

 By comparing real and imaginary parts on both sides 
 ( ) ( ) ( )cos cos cos 0α β β ϑ ϑ α+ + + + + =  

 ( ) ( ) ( )sin sin sin 0α β β ϑ ϑ α+ + + + + =  

3. If n is an integer and z cisθ=  then show that 
2

2

1
tan

1

n

n

z
i n

z
θ− =

+
 

Solution : - 

 
( )
( )

22

22

cos sin 11

1 cos sin 1

nn

nn

iz

z i

θ θ
θ θ

+ −− =
+ + +
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cos 2 sin 2 1

cos 2 sin 2 1

n i n

n i n

θ θ
θ θ

+ −=
+ +

 

 
( )

( )
1 cos 2 sin 2

1 cos 2 sin 2

n i n

n i n

θ θ
θ θ

− − +
=

+ +
 

 
( ) { }

2 2

2
2

2sin 2 sin cos
1

2 cos 2 sin cos

i n i n n
i

n i n n

θ θ θ
θ θ θ

+
= − =

+
∵  

 
2

=
{ }sin cos sini n n i nθ θ θ+

2 cos cosn nθ θ{ } tan
sin

i n
i n

θ
θ

=
+

 

 
 

KEY CONCEPTS 
 
1. If ‘n’ is an integer, then ( ) ( )n

cis cis nθ θ=  [De-Moivres theorem for integral index] 

2. If ‘n’ is a rational number, then one of the values of ( )n
cis is cis nθ θ  [De Moivre’s 

theorem for rational index] 

3. If 0 0 0 0z cisγ θ= ≠ , then the nth roots of 0z  are 
1

0
0

2n
k

k
a r cis

n

π θ+ =  
 

 

( )0,1, 2,......., 1k n= −  

4. The nth roots of unity are ( )2
, 0,1, 2, 3,..... 1

k
cis k n

n

π = −  

5. Cube roots of unity are 21 3 1 3
1, ,

2 2

i iω ω− + − −= =  

 
12. (i) nth Root of a Complex Number and nth Roots of unity 

 
Very Short Answer Questions 

1. Find all values of ( )
1

31 3i−  

 ( )
1

1
3

31 3 2 cos sin
3 3

i i
π π  − = −  

  
 

 

1
1 3
32 cos sin

3 3
i

π π − −   = +    
    

 

 
1

3

2 2
3 32 cos

3 3

k k
isn

π ππ π
    − −     = +  
   

   

 0,1, 2k =  
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 ( )3 2 6 1 0,1, 2
9

cis k k
π= − =  

 

2. Find all values of  ( )
1

6i−  

Solution : - 

 ( )
1

1 6
6 cos sin

2 2
i i

π π − −   − = +    
    

 

  
2 / 2

0,1, 2, 3, 4, 5
6

k
cis k

π π− = = 
 

 

 ( ) ( )
1

61 4 1 0,1, 2, 3
12

cis k k
π∴ − = − =  

 
 
3. Find all values of ( )2 /3

1 i+  

 ( )
2

2 3
2/3

1 2 cos 1sin
4 4

   + = +   
    

i
π π

 

 

1

3

2 cos sin / 2
2

i
π π  = +  

  
 

 
1

3

2
22 0,1, 2

3

k
cis k

ππ + 
= = 

 
 

 

 ( )
1

32 4 1 0,1, 2
6

cis k k
π= + =  

4. Find all the values of ( )
1

416−
 

 

 ( ) ( ) ( )
11 1

4 44 416 2 1− = −  

 ( )
1

4
2

2 2 0,1, 2, 3
4

k
cis cis k

π ππ + = = = 
 

 

 ( )2 2 1 0,1, 2, 3
4

cis k k
π= + =  

5. Find all values of ( )
1

532−  

 ( ) ( ) ( ) { }
11 1 1

5 55 5 532 2 1 2 cos siniπ π− − = +  
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6. If 21, ,ω ω  are the cube roots of units then prove that 1 1 1

2 1 2 1ω ω ω
+ =

+ + +
 

Solution : - 

 L.H.S 
1 1

2 1 2ω ω
+

+ +
 

 
( )( )

( )
2

3 11 2 2

2 1 2 2 4 2

ωω ω
ω ω ω ω ω

++ + + =
+ + + + +

 

 
( )

( )2

3 1

2 1 5

ω
ω ω
+

=
+ +

 

 
( )2

2
3

1
2 5

ω
ω ω

ω ω
−

= + = −
− +

∵  

 21 ω ω+ =  

 
23

3

ω ω
ω

−= = −  

 
2

1 1

1ω ω
= − =

+
 

7. If 1, 2,ω ω  are the cube roots of unity then prove that 

( ) ( ) ( )( )2 10 112 2 2 2 49ω ω ω ω− − − − =  

 
Solution : - 

 ( )( ){ } ( ) ( ){ } { }2 2 10 11 22 2 2 2ω ω ω ω ω ω ω ω− − − − = =∵  

 ( ){ } ( ){ }2 3 2 34 2 4 2ω ω ω ω ω ω− + + − + +  

 ( )( )4 2 1 4 2 1 49+ + + + =  

8. If 21, ,ω ω  are the cube roots of units then prove that 

( ) ( ) ( )2 3 3 32 3x y z x y z x y x y z xyzω ω ω ω+ + + + + + = + + −  

Solution: - 
 ( ){ } { }2 2x y z x y z x y zω ω ω ω+ + + + + +  

 ( ) { }2 2 2 3 2 2 2 3x y z x xy xz xy xy y yz xz yz zω ω ω ω ω ω ω ω ω+ + + + + + + + + + +  

 ( ) ( ) ( ) ( ){ }2 2 2 2 2 2x y z x y z xy yz zxω ω ω ω ω ω+ + + + + + + + + +  

 ( ) { }2 2 2x y z x y z xy yz zx+ + + + − − −  

 3 3 3 3x y z xyz+ + −  
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Short Answer Questions 
 
1. Solve the following equations 
 (i) 4 1 0x − =  (ii) 5 1 0x + =  (iii) 9 5 4 1 0x x x− + − =  (iv) 4 1 0x + =  
Solution : - 
 (i)  4 41 0 1x x− = ⇒ =  

 ( ) ( )
1 1

4 41 cos 0 sin 0x i∴ = = +  

 
2 sin 2

cos 0,1, 2, 3
4 4

k i k
k

π π = + = 
 

 

 
3

cos 0 sin 0
2 2

= + i cis cis cis
π ππ  

 = 1,  I, -1, -i 
 1, i= ± ±  
Solution : - 

 (ii) ( )
1

5 51 0 cos sinx iπ π+ = ⇒ +  

 
2

cos 0,1, 2,3, 4
5

k
x k

π π+ = = 
 

 

 
3 7 9

, , , cos
5 5 5 5

x cis cis cis cis
π π π ππ∴ =  

Solution : - 
 (iii) 9 5 4 1 0x x x− + − =  

 ( ) ( )5 4 41 1 1 0x x x− + − =  

 ( ) ( )4 51 0 : 1 0x x− = + =  

 Do (i) ,  (ii) to get the solution of (iii) 
Solution : - 

 (iv) ( )
1

4 41 0 1x x+ = ⇒ = −  

 
2

0,1, 2, 3
4

k
x cis k

π π+ = = 
 

 

 
3 5 7

,
4 4 4 4

x cis cis cis cis
π π π π=  

 
2. If n is a positive integer then show that 

( ) ( ) ( )
11 1

2 2 2
1

2 cos . tannn n
q

p iq p iq p q arc
n p

 
+ + − = +  

 
 

Solution : - 
 Let { }cos sinp iq r iθ θ+ = +  

 2 2 2cos sinr p r q r p qθ θ= = ⇒ = +  

 2 2r p q∴ = +  
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2 2 2 2

cos sin
p q

p q p q
θ θ= =

+ +
 

 1tan tan
q p

p q
θ θ −  

= ⇒ =  
 

 

 ( ) ( ) ( ){ } ( ){ }
1 11 1

cos sin cos sinn nn np iq p q r i r iθ θ θ θ+ + − = + + −  

 
1

cos sinnr i
n n

θ θ= + cos sini
n n

θ θ+ −
 
 
 

 

 

1
2

2 1
2 cos

n
p q

n
θ  = +   

   
 

 ( )
1

2 2 12
1

2 cos tann
q

p q
n p

− 
= +  

   
 

3. Show that 

8/ 3

1 sin cos
8 8 1

1 sin cos
8 8

i

i

π π

π π

 + + 
= − 

 + −
 

 

Solution : - 

 LHS 

8/3

1 sin cos
8 8

1 sin cos
8 8

i

i

π π

π π

 + + 
=  
 + −
 

 

 

8/3

1 cos /8 sin /8
2 2

1 cos /8 1sin / 3
2 2

i
π ππ π

π ππ π

    + − + −        
 

    + − − −        

 

 

8/ 3 8/ 3
2

2

3 3 3 3 3
1 cos sin 2cos 2 sin cos

8 8 16 16 16
3 3 3 3 3

1 cos sin 2cos 2 sin cos
8 8 16 16 16

i i

i i

π π π π π

π π π π π

   + + +   
=   

   + − −
   

 

 

8

33 3 3
2cos cos 1sin

16 16 16
3 3 3

2cos cos sin
16 16 16

i

π π π

π π π

  +  
  
  −    
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8/3

3 3 3 3
cos sin cos sin

16 16 16 16
3 3 3 3

cos sin cos sin
16 16 16 16

i i

i i

π π π π

π π π π

   + +   
   

     − +     
     

 

 

8 / 32

2 2

3 3
cos sin

16 16
3 3

cos sin
16 16

i
π π

π π

  +  
  

 + 
  

 

 
8/3

3 3
cos sin

8 8
i

π π + 
 

 

 cos sin 1iπ π+ = −  

 


