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Multiple and Sub Multiple Angles

If A is an angle, then 2A, 3A, 4A, ..... etc. are called multiple angles of A and A/2, A/3,
..... etc. are called sub-multiple angles of A.
Formulae :

) Sin 2A =2 sin A cos A = 2
1+tan“ A
i) sin A = 23inécosé = 2tan—§\/2
2 2  1+tan“ A2
iii) cos 2A = cos® A —sin? A =2 cos® A — 1
a2
=1-2sin A= w
1+tan” A
iv) cos A = cos?2 _sin?2 = 20022 _ 1
2 2 2
a2
—1-2sinP2 = w
2 1+tan“ A
v) tan 2A = 2tan—;0\
1-tan“ A
vi) tan A = 2tan—;6\/2 = cosec 2A — cot 2A
1-tan“ A/2
2 J—
vii) cot 2 = AL
2cot A
2 —
viii) cot A = cot” (A/2) -1 = cosec 2A + cot 2A
2cot A/2
: T A 1+tan A/2
ix) tan(= + —~)= <
4 2 1-tan A/2

CosA/2+sinA/2  1+sinA _ cosA

COSA/2—sinA/2 =~ cosA  1-sinA

=secA+tanA=cot(E —é).
4 2

T A 1-tan A/2
X)tan(— - —)=———
4 2 1+tan A/2

_ CosA/2—-sinA/2  [1-sinA _ 1-sinA
~ cosA2+sinA/2  V1+sinA  cosA
=secA—tanA=cot(E + é)
4 2

Il. i)ysin3A=3sinA—4sin®A
ii) cos 3A = 4 cos® A —3 cos A
3tan A —tan° A
1-3tan® A

iv) sin® A = %[Ssin A — sin 3A]

iii) tan 3A =

v) cos® A = %[cos 3A + 3cos A]
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1. Sin2A = M; sin A =i\/@
2 2
COS2A= M;COSA=i\/@
2 2
tan? A = 1C0S2A. tanA:H/m
1+cos2A 1+cos2A
2 A _ 1-cosA cosA sin A \/m
sin© — o4
2 2 2
2A _ 1+cosA ﬁ \/m
2 B 2 2
tan2§ 1-cosA _ \/m
2 1+cosA’ ~ "V1+cosA
IV. IfS = Sin% and C = cos% then

/4

3n /4
A2
S+C<0 S+C>0
$-C>0 $-C<0
14A/2( >
SN /X
S+C<0
51 /4 S-C<0 A2
" v _n /4 (T4)
V) S+C==xv1+snA
i) S—C = +4/1-sinA

ii) 2sin% =++1+sinA t4/1-sinA

iv) 2cos% =++1+sinA +4/1-snA
V) @)S+C>0,S—C>0if

Tn_A_3n

4 2 4
b)S+C<0,S-C>0if
3n A 5n
_<_ —_—

4 2 4
c)S+C<0,S-C<0if
5n A n

—_— _<_

4 2 4
dS+C>0,S-C<Q0if
- _A_Tm

4 2 4
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VI.
18° 36° 54° 72°
sp ¥5-1 10-205  V5+1  J10+25
4 4 4 4
Cos V10+2y5 V541 flo-25  V5-1
4 4 4 4
VSAQ'S
! ) sin20
1. Simplify ———
P y1+00529
sin26 2sin06coso

"1+c0s20 1+2cos?0-1
_2sin@cos® _ sin6
2c0s’0  cosH

tan©

2. Evaluate sin?42°—sin?12°.
Sol. sin(42° +12°)sin(42°—12°)
=sin54°sin30°
J5+1 1 B+1
4 2 8

1-cos6+sing . 0

3. Express —— intermsof tan—.

1+cosf+sind 2
1-cos6+sin® 1+sinB-cos6

"1+c0s0+SNO 1+sinO+coso

Sol

1+2$ingcosg— 1—25in29
2 2 2

1+ 25in§0039+200529—
2 2 2

1+Zsin§cosg+25in29—1
2 2 2

Zsingcosg+ 2c0s? 9
2 2 2

25in9c059+23in2§
2 2 2

Zsingcosg+ 2c0s? 0
2 2 2

. 0 0 . 0
29Nn—| cOS—+9SNn—
2 2 2 0
= =tan§

6/ . 6 0
2C0S—| SiIN— + COS—
2 2 2
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4. If cosAzzl5 and %<A<2n,thm find the value of coté.

Sol. cosA:l,where%<A<2n

24 2

7

sinAz—ﬁ,tanA:—%,cosAzl
25 7 25
24
cotho_SNA___ 25
2 l-cosA 4 7
25

A 24 4 16
25 18 18 3 9

5. If O<9<g,showthat J2+2+2+2cos40 :Zcosg.

Sol. 242+ 2+ 2c0s40

1+ cos46 = 2cos® 20
2(1+ cos46) = 4cos® 20
2(1+cos48) = 2c0s20

2+./2(1+cos46) = 2+ 2c0s20
= 2(1+ c0s26) = 2(2c0s? 6) = 4cos” O

JJ2+/2(L+cos46) =+/cos? 6 = 2cos6

2+ \/2+ 2(1+cos40) =2+ 2cos6

= 2(1+ cos6) = 2(2cos2 g] 400822

6. Provethat COS3A +SIn3A =1+2sin2A.

CosA —sinA
cos3A +sin3A

COSA —sinA

Sol.L.H.S. =
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4cos® A —3cosA +3sinA —4sin® A
- COSA —sinA

4(cos® A —sin® A) —3(cosA —sinA)
- COSA —SinA

4[(cosA —sinA)(cos® A + cosAsinA

+sin? A)] —3(cosA —sinA)
COSA —sinA

(cosA —sinA)[(4+4sinAcosA) —3]
- (cosA —-sinA)
=1+4sinA cosA
=1+2sin2A=RHS

C0s?20
1-sin29

7. Provethat cot[g—e) = and hence find the value of cot 15°.

C0s20
1-sin20
2 P2
3 cos“0—-sin“0
cos? 6 +sin’6—2sin0cosO
_ (cosO+sinB)(cosd—sin®)
(cosf—sing)?

Sol.R.H.S. =

_ cosf+sin6
cosf0—-sind

sine{c_ose+l}
sin®

Sin({cose_ }

sin®
_coto+1
cot6-1

cote-cotE+1
4

cote—cotE
4

= cot(E—G) —LHS
4

cos60°

Put@=30°=cot 15°= ——
1-sin60°

1

2 1 2443
1_@ 2—\/5 2+x@
2

2+\/§:2+\/§

4-3
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8. Provethat 1 1 = i

+ -,
c0s290° /3sin250° /3

SOL
€0s290° = cos(270° + 20°) =sin 20°
" sin250° = sin(270° — 20°) = cos20°

Lhso L 1 J3c0s20°—sin20

Sn20° /3cos20°  +/3sin20°cos20°

2 @ c0s20° —Esi n20°
2 2 4

[ sin60° cos20° — cos60°sin 20° }

. NG in40°
\/2§(an20°003200) & SN
4 Sin(60°—20°) 4
_ 2 SN -0) _ 4 _RHS
J3  sin4o° J3

9. Provethat Sin2x . Sec2x :tan(xj.
(secx+1) (sec2x+1)

Sol.LH.g = SN2X | sec2x
(secx+1) (sec2x+1)
1

__SN2X _ cos2x
1 1
+1 +1
COSX COSX
sin 2x 1 C0S2X

X X
1+cosX cos2x 1+ cos2x
COSX

_ Sin2x-cosx 1
~ 1+cosx '1+ COS2X
_2sinxcos’x 1
~ 1+cosX 20082 X

ZsinxcosX
snx 2779

1+cosx 1, 000X 1

. X X . X
2sin—cos— Sn— X
_ 2 X2= )z(:tan—:R.H.S
2cos” = cos= 2
2 2
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10. If cosa:gand cosﬂ:1—53a,,6 are acute anglesthen

Prove that (i) sinz(uj:i (i) cos® (MJ:E
2 65 2 65
Solution:
3 5
cosa=- COSf=—
5 p 13
. 3 . 5
snag== snf=—
5 p 13
5 4 12 _63

3
cos(o — cosacosf+snasinf=—x—+—
(@=h)= o h= 4 13 5 13 65

Zsinz(u —1—cos(a—,6’):l—§:> zsinz(ﬂj _2
2 65 2 65
gnz(ﬂ :i
2 65
1+ cos(o
e AT AN ( ’B):>Zcos2 a+pl_,_ 38
2 2 65
2cos’ atp =% & cos? M E
2 2 65
Ccos3A :
11. Show that cosA =——— . Hencefind the value of cos 15°.
(2cos2A -1)
Sol.RH.S = — C0S3A
(2cos2A -1)
_ 4cos” A —3cosA
2(2c0s? A-1)-1
_Cod4c0S’A=3) _ g

(4cos’ A -3)
cot15° = cot(45° —30°)
cot 45°-cot 30°+1
~ cot30°-cot 45°
\/§+1 \/§+1 (\/§+1)
J3-1 \/§+1 3-1
C3+1+243  4+23
2 2
2[2+\/_] =2++/3

socotlse = 2+f
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12. Show that cosA = Sin3A . Hencefind the value of sin 15°.

1+ 2cos2A
Sol.RH.S = _SN3A
1+ 2cos2A
_ 3sinA-4sin®A

- 1+2(1-2sin%A)
_sin[3-4sin®A]
[1+2-4sin’A]
_SNA[3-4sin®A]
[3-4sin’A]
=sinA=LHS
gn1se = SN45°
1+ 2cos30°
1

__\2
J3
2

1+ 2.

1 A3
CJ2(1+4/3) V3-1
_B-1 B-1
“J2(3-) 22

13. Provethat tanoc:ﬂ and hence deduce the values of tan 15° and tan 2210.
1+ cos2a

Sol. RH.S = 3N2%
1+ cos2a
_2sinoicoso.  2SiN0LCOSO,
" 1+2c08f0-1  2c0s’a
_sina
~ coso

=tana=L.HS

0 =15°= tan150 = N30
1+ cos30°

H

2
2+«@

2 _1,
1+£ 2
2

_ 1 xz—@zz—@zz_\/é
2+43 2-43 4-3
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o=22Yo tanoplo_ SN
2  1+cos45°

V3 =4.

14. Provethat _1 -
sin10° cos10°

1 V3

Sol.L.H.S. — -
sin10° cosl10°
_ 00s10°— J3sin10°

sin10° cos10°
21 cos10° — \/Zési n10°
;(Zsi n10°cos10°)
_4 [sin30°cos10° - cos30°sin10°]
sin20°
_4 sin(30°—10°)
sin20°
_4302" 4 RHS
sin20°

15. Provethat \/5051320"—39(:200 =4
Sol.L.H.S. = v/3csc20° - sec20°

V3 1

- sin20° \ c0s20°

«/5 €c0s20° —sin 20°
sin 20° cos20°

ﬁsinzof’—}sinZOO
2 2
;(Zsi n 20° cos20°)

2.

_ 4(sin60° cos20° - cos60°sin 20°)

- sin40°

_ ,Sin(60°—20°) _ 4. sin40°
sin40° sin40°

=4=RHS
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16. tan9°—tan27°—cot 27°+cot9° =4.

Sol. Consider,

sinA cosA
+

tanA +CcotA = -
CoSA SnA

_sin®A+cos” A
~ sinAcosA
B 1
~ sinAcosA
2
~sin2A
tan81° = tan(90° —9°) = cot 9°
tan 63° = tan(90° — 27°) = cot 27°
A =9°= tan9°+cot 9° = 2¢cscl8°
A = 27° = tan 27° + cot 27° = 2csc54°
L.H.S = 2(cscl7°—csc54°)

=2Csc2A

:2(¢§4-1‘¢§4+J

1 1
:ZX“(@{@J
:8(\/§+1—«/§+1j

5-1

=%:4: RHS
4
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SAQ'S
17.1¢ 3N _ 0S¢ , then provethat asec2o+bcos2a.=Db.
a
Sol. Given that 20 = ©05¢
a b
sino. _a
coso. b

a
stano=—

L.H.S. = asec20.+ bcos2o

[ 2tana 1-tan® o
= ——— |[+b| ————
| 1+ tan“ o 1+ tan“ o
_ 2
22 | ()
1+( 1+()
b b
232 | b?—a?
b b?
= +b
b? +a? b? +a?
b? b?

_2¥b+uw—¥)
a’+b*>  a’+b?
_ 2a’b+b’—ba’
a2+ b?
:ﬁ:grsz+i5:b=RHS
a“+b a“+b

18. In aAABC, if tané:§ and tanE:Q , then show that tan
2 6 2 37

N[O
alnN

Sol.A +B + C=180°
A+B 180°-C
2 2

tan(A * Bj = tan(90°—9j
2 2
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185+120

222 _ .C
= 22100~ OS5

222
305 1
- =
122  tan(C/2)
c_122
2 305
C_2x6l
2 5x61

= tan

19.If «, f arethesolution of the acosé +bsinég =c then provethat

2ac N ¢’ —b?
cosacos S =———— and (ii) cosa cosf =
p a’+b? (i) P a’+b?

Solution:
bsing =c—acosd = b?sin®@ =c? +a200826’—2accos6?+(c2 —b2)=0

Since ¢, # are solution coser, cosf are roots

. cos cosﬂ—ﬂ cosa cosﬁ—ﬂ
B a’ +b? ' a? + b?
. . 2oc .. c®-a’
(Provethat sna+snf=——— sinasinf=——— TRY YOUR SELF)
a“+b a+b
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20. If cos6 :1—53 and 270° < 6 < 360°, evaluate sin(6/2) and cos(6/2).

Sol. cosf = 1—53 where 270° < 6 < 360°

_ \/13—5_ \/ 8 _[4_ i
2x13 2><13 13
/1+cose /
COS—
~ \/13+5_ \/ \f
2x13 \2x13 V13

Since 0 liesin 1V quadrant and 6/2 liesin Il quadrant.

Hence, sing:i and COSQ:— 3

J13 2 13’

21. Prove that coszg+ cos® 3_n+ cos® 5_n+ cos® G - 2.

Sol.L.HS. = coszg+cosz%n+cos 58 +cosZE

2 T 237[ 2( 37[) 2( TC)
=C0S"—+COS —+COS" | T—— [+COS™ | T——
8 8 8

2 T
:COS 8+COS E-FCOSz—-i-COS —

8
= 2| cos? T 4 cos? _ch
8 8

= 2| cos? 2 + cos? (E—Ej
8 2 8

=2 coszg+sinzg):2(l) -2=RHS
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22 If tanx+tan(x+%}+tan£x+2—;j=3, show that tan 3x = 1.
Sol. Consider,

tanx+tan(x+gj+tan(x+2—;j=3

tanx+tan™  tanx+tan 2F
tanx + +

1-tanxtan® 1-tanxtan 2~

= tanx + tanx ++/3 + tanx—+/3 =3
1—\/§tanx 1+\@tanx
(tanx+\@)(1+ﬁtanx)+
= tanx + (tanx—ﬁ)(%—\@tanx):?’
1-3tan“ x
tan x ++/3tan? x ++/3+3tan x +
p— 2 —
:>tanx+tanx \/§tan X 2\/§+3tanx _3
1-3tan” x

8tan x
=X+ ———=
1-3tan“ x
_ fan X(1-3tan” x) +8tanx 3
1-3tan® x
:tanx—3tan3x+8tanx_3
1-3tan®x
:>9tanx—3tan3x_
1-3tan®x
3(3tanx —tan*x)
= : =
1-3tan“ x
_ 3
:%:13]:&’]3}(:1
—3tan®x

3
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23. Provethat sm— smﬁ sn?’—n sin41t 5
5 5 16
Sol.L.H.S. = sm— smﬁ smE sinﬂ
5 5
=sin36°-sin72°-sin108° - sin144°
=sin36°-sin(90° —18°) sin(90° +18°)
sin(180° —36°)
=sin36°-cos18°-cosl8°-sin36°
=sin®36°- cos?18°

_10-2V5 10+2\5
16 16
_100-20 80 _ 5

= = =—=RHS
16x16 16x16 16

24. Show that cos? +cos? S +cos? 3n +cos? £ =2.
10 5 5 10

Sol. L.H.S. =cos? +cos? S +cos? 3n +cos? &°
10 5 5 10

o T 5 2T 2n s

=00 — + 00 == + cos? | m— == |+ cos?| mt——

10 5 5 10

5 2T
= cos? ™~ + cos —+cosz—+cos N
10 5 10

= 2(0032 Tt cos? E)
10 5

= 2(cos?18° + cos? 72°)

= 2[cos? 18° + cos*(90° —18°)]

= 2[cos?18° +sin°18°]

=2 =2

1-sec8o  tan8o
1-secdo.  tan 2o
1-sec8a

1-secdo

1 cos8o—1

cos8a _ _ cos8a
1 cosdo -1

cos4o. cos4o.

25. Provethat

Sol.L.H.S. =

1-

1-
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_cos80c—1>< cos4a,
cos8ao.  cosdo -1

_ —2sin” 4o.cos4o,

~ —2sin? 20.cos8
_ 2sin4o.cos4a.sin4a;
~ 2sin?2a.cos8a
_sin8a-sinda
~ (2sin? 20)) cos8a

_ sin8o. 2sin 2000820
T cos8o.  2sin?2a
cos2a.
sin2o
=tan 8o - cot 20

_ tan8a
~ tan2a

=tan 8

=RHS

26. Provethat 1+cos£ 1+cos§ 1+cosE 1+cos% :i.
10 10 10 10/ 16

Sol.L.H.S. =

(1+ cosij (1+ coss—nj [1+ cosﬁj (1+ cosg—nj
10 10 10 10
T j 31tj 3n T
=|1+cos— || 1+ cos— || 1+ cos| T—— 1+cos|l 1——
10 10 10 10

=[1+cos = || 1+ cos?’—7t 1- cos3—7t 1-cos~
10 10 10 10

=| 1- cos? %) (1— cos® %)

10
. 2T . o3 . n [ 3]

=SN™"—sSN"—=| SIN— SnN—

10 10 10 10
=sin?18°sin®54°

2 2

[VB-1|\B+1 _(JE—l)ZX(J§+1)2

4 4 16 16
BB (5-1* 4 18 1

16x16 16x16 16x16 16x16 16
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27. Provethat cos£ COSE 0053—7E cosﬂ cosS—n = i .
11 11 11 11 11 32

Sol.Let C = cos£ cosﬁ 0053—n cosﬂ cos.5—1t
11 11 11 11 11
o 2t . 3n . 4t . 5n

S=sin—sin—sin—sin
11 11 11 11 11

(. T nj( 21 21:)(. 3r SEJ(. 4r 47tj(. 51 5nj
C-S= sml—cos— Sin—Cc0S— || SSIh—C0S— || SSIh—C0S— || SiIh— Cc0S—

1 . T T . 2% 21 . 3n 3n . 4r 41 . bn 5n
=—| 29N—C0S— || 2sih—Cc0Ss— || 29IN—Cc0S— || 29iN—C0S— || 295Nn—Cc0S—
32 11 11 11 11 11 11 11 11 11 11

1 . 2. 4n . 6w . 8t . 10m
C.-S=—sn—sn—sn—sn—sin——
32 11 11 11 11 11

1 . 28 . 4m . 5n) . 3 . T
=—8n—sn—sn| t—— |n| T—— |Sin| T——
32 11 11 11 11 11 C—i

i 21 3n 41 50 1
.. COS— COS— COS— COS— COS— = —
11 11 11 11 11 32

28. 1T A isnot an integral multiple of &, prove that
- SiN16A
(i) cosA - cos2A - cos4A - cos8A =

16sinA

2n 4 8n l6n 1
COS— - COS— - COS— - COS—— = —.
15 15 15 15 16
Sal. (i) L.H.S. : cos A cos 2A cos 4A cos 8A
1

" 28nA

and hence deduce that

(2sin A cosA) cos2A cos4A cos8A

= _1 sin 2A cos2A cos4A cos8A
29nA

== 1 (2sin 2A cos2A) cos4A cos8A
2°sinA

= . sin4A cos4A cos8A

22sinA

1

= FanA 2sin4A cos4A cos8A
sin

= 3_1 Sin8A cos8A
2°sSnA

_ 1
2*sinA

:sm.16A _R
16snA

2sin8A cos8A

HS
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i) Put nzi—g in above result,

21 4r 8rn 16m
COS— COS— COS— COS——
15 15

15 15
32 gn(2n+2“j
_ 15 _ 15
16sin@ 165in@

15 15

. 2%

SIN— 1
:—12=—:R.H.S
16sin<* 16

15
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