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COMPOUND ANGLES

Definitions and Formulae :

1.

The algebraic sum of two or more angles is called a compound a compound angle. i.e.
A+B,A-BA+B+C,A+B-C,A-B+C,B+C—-A, ...... etc. are called
compound angles.

If A and B are any two angles then

i) Sin(A + B) = sin A cos B + cos A sin B.

ii) Sin(A —B) =sin A cos B — cos A sin B

iif) cos(A + B) = cos A cos B—-sin Asin B

iv) cos(A — B) = cos A cos B + sin A sin B.

If A, B, A + B, A— B are not odd multiples of n/2 then

i) tan(A + B) = M
1-tanAtanB

i) tan(A — B) = NA-taNB
l1+tanAtanB

If A, B, A+ B and A — B are not integral multiples of &, then

i) Cot(A + B) = cotAcotB-1
cot B+ cot A

i) cot(A — B) = SXACHBHL
cot B—cot A

i) sin(A + B) + sin(A —B) =2 sin Acos B
ii) sin(A + B) —sin(A—-B)=2cos AsinB
iii) cos(A + B) + cos(A—B)=2cos A cos B

iv) cos(A + B) — cos(A - B) =-2 sin Asin B
v) cos(A — B) — cos(A + B) = 2sin A sin B.

i) sin(A + B) sin(A — B) = sin® A —sin’ B
= cos® B — cos® A
ii) cos(A + B) cos(A — B) = cos® — sin® B
=cos® B —sin® A
tan® A —tan’ B
1-tan® A tan® B

iii) tan(A + B) tan(A - B) =

cot’Acot’B -1
cot?B — cot?A

iv) cot(A + B) cot(A - B) =
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v) tan(45° + 0) = —cose+s!ne
cosO—sino
= cot(45° — 0) = L+ten®
1-tan6
vi) tan(45° — ) = £089=sin®
cos0+sno
= cot(45° + 0) = =tV
1+tan6

and tan(45° + 0) . tan(45° — ) = 1.
7. i) sin(A + B + C)
=>(cos A cos B cos C) —sin AsinBsin C
ii) cos(A + B + C)
=cos A cos B cos C — X (sin A sin B sin C)

> (tanA)—n(tanA)

Wan(A+8+C)= TS (anatang)

VSAQ'S
Simplify the following

1. cos 100° e cos40° + sin 100° « sin 40°
Sol.L.H.S. =

= cos 100° - cos40° + sin 100° - sin 40°
= cos (100° —40°) = cos 60° = % =R.H.S.

2. tan(£+e]-tan(£—ej
4 4
tanE+tan6 tanE—tane
Sol. — 4 4

1—tanEtan9 1+tanEtane
4 4

_ (I+tan6) (1-tano) _1
"~ (1-tan®) (1+tan®)

3. tan 75° + cot 75°
Sol. tan75° = 2++/3
cot75°=2-+/3
- tan75°+cot 75° = 2++/3+2-/3=4
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4. EXxpress (\/5008252+an5 ) asasine of an angle.
Sol. (+/3c0s25° +5in 25°)
2
NE

= —00325°+£sin 25°
2 2

= 35N 60° cos25° + cos60° sin 25°
=sin(60° + 25°) =sin85°

5. tan@intermsof tan o, if sin(6 + o) = cos(6 + o).
Sol. sin(0 + o) = cos (0 + )

sn0+a)

cos(9+oc)_

tan(6+a) =1

tan0+tano

1-tanOtano,
tan0+tana=1-tanOtano

tan6+tanOtana=1-tano
tanO[1+tanoa] =1-tano
_1-tana

stanf=
1+tano

6. If tano=Ct SN 9 isin thethird quadrant, find 6.
cosll°-sinll1°

_ cosll®°+sinll®

~ cosl1°-sin11°
sinll°

cosll"}

sinl1l°

cosll‘”}

Sol. tan©

cosll® ‘:1+

cosl11° [1—

1+tanll®
T 1-tanlr°
_ tan45°+tanll®
1-tan45°tan11°
tan = tan(45°+11°)
= tan56°
= tan(180° + 56°)
= tan 236°
0 =236°

(.- tan 45° =1)
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7. 1f0°<A, B<90°, such that cosAzl—S3 and sinBzg,find thevalue of sin (A —B).

Sol. cosA:E and sinB:ﬂ
13 5

P

12 13

A
R
Q 5

PQ? = PR2 - QR?
=(13)> -5° =169—25=144
PQ =12
COsA :i,sinA :E
13

13
X

AN
Y 3 Z
YZ?2 =XZ?-XY?
=52 _4°=24-16=9
YZ =3
sinB:ﬂ, cosB:§
5 5

sin(A -B)=sinAcosB—-cosAsinB
12 3 5 4 36 20 36-20 16

13’5 13°5 65 65 65 65

8. What isthe value of tan 20° + tan 40° + /3 tan 20° tan 40°?
Sol. tan 20° + tan 40° + ~/3tan 20° tan 40°
Consider 20° + 40° = 60°
Tan(20° + 40°) = tan 60°
tan20° +tan40°
1—tan20°tan40°
tan 20° + tan 40° = +/3(1— tan 20° tan 40°)
tan 20° + tan 40° = /3 — /3 tan 20° tan 40°

tan 20° + tan 40° + /3 tan 20° tan 40° = /3
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9. Find thevalue of tan 56° —tan 11° —tan 56° tan 11°.

Sol. We have 56° — 11° = 45°

Sol. £

Sol.

Sol.

tan(56° —11°) = tan 45°
tan56°—tan1l®

1+ tan56°tan11°
tan56° —tan11° =1+ tan56°tan11°

tan56° —tanl1l1°—tan56°tan11° =1

sin(C-A)
cosCsinA
sin(C-A) :ZsinCcosA—cosCsinA
sinCsinA sinCsinA

sinCcosA cosCsinA

sSnCsinA  sinCsinA
=XcotA—cotC
=CcotA —cotC+cotB —cotA+cotC—cotB=0

10. Evaluate X if noneof sin A, sinB, sin Ciszero.

11. tan 72° = tan 18° + 2 tan 54°
72° —18° = 54°
Take tan on both sides
tan(72°—18°) = tan54°

tan72° —tan18°

1+tan72°tan18°

tan72° —tan18°

1+ tan(90-18) tan18°

tan 72° —tan18° _ tan54°
1+ tan18°tan18°
tan72°—tan18°

1+1
tan 72° —tan18°

= tan54°

= tan54°

=tan54°

= tan54°

tan72° —tan18° = 2tan 54°
tan 72° = tan18° + 2tan 54°

12. sin 750° cos 480° + cos 120° cos 60° = _71

sin 750° = sin(2-360° + 30°) = sin 30° = %

cos 480° = cos(360° + 120°) = cos 120°
= 120° = cos(180° — 60°)
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=—0s60° = 1
2

cos 120° = —1

Ccos 60° = i

.. L.HS. =
=sin 750° cos 480° + cos 120° cos 60°

1/ 1 1\1
=— —— |[4+| —— |[—
23
11 -2 -1

=->->=""=""=RHS
4 4 4 2

13. cosA + 005(4—; — A) + cos(4—:;c + Aj =0

Sol. Consider (:05(4—;c - Aj + 005(4—; + Aj

= c0s(240° + A) +cos(240° - A)

= C05240° cosA —sin240°sin A
+€0s240° cosA +sin 240°sin A

= 2C0s240° cosA

= 2¢05(180° + 60°) cosA

=—2c0s60° cosA

= —ZX%COSA =—COSA

14. cos® 0+ cos? (E+ej+cos2 (E—Gj _3
3 3 2

Sol. cos? (2—§+ ej +cos? (2—;— 9)
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= c0s?(60° + B) + cos? (60° — 6)
=[cos60° cos — sin60°sin 6] +[cos60° cosO + sin 60°sin 6]
= 2(cos’ 60° cos® 0+sin® 60°sin )| (a+b)? + (a—b)? = 2(a® + b?)]

=2 (%)2 cos” 0 +[§jz sin? e}

=2 1(:0329+§sin26)}
|4 4
2 2 s 2
:Z[COS 0-+3sin“ 6]
_L o204+ 34n?0
2 2
1, 3.,
- L.HS =cos 9+§cos 9+§sm 0
_ 3020+ 2sin20
2 2
=§[cosze+sin29}
2

:g (- cos’0+sin’e=1)
=RHS

o

15. Evaluate sin28215—sin2 225.

Sol. Put A:sjnzszlE and B:sjnzzzl? then

sin?82% _sin? 22
2 2
=sin’A-sin’B
=sin(A +B)sin(A-B)
=sin105°sin 60°
=3sin(90° +15°) sin 60°
= c0s15°sin 60°
_1+\/§ @_3%@
T2 2 a2
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0 0
16. Provethat sin? 52l —sin222l = J3+1
2 2 42

:singsinA =sin45°sinA :isinA

J2
18. cos? 5.21°—s,in2 2210
2 2

Sol. 003252%°—sin222%°

[ cos’ A —sin? B = cos(A + B) cos(A — B)]

= CO0S 521°+221° Cos 521"—22Eo
2 2 2 2

= C0S75°cos30°
:ﬁ(cos75°)
2
B(\3-1) 3-43
2 242 ) 42

0 0 0 0 0 0
19. 00521121 —sin2521 = CoS 112E +521 cos 1121 —52l
2 2 2 2 2 2

(- cos® A—sin® B=cos( A+ B) cos(A- B))

= 00s165°. cos60° = %cos(1800 - 150) = % cos15°

_ 1]43+1
2| 242

www.sakshieducation.com



www.sakshieducation.com
20. Provethat tan3Atan2Atan A=tan3A—tan2A—tan A

Solution:

Sol.

Sol.

Sol.

We know that tan3A=tan(2A+ A)

_ tan2A+tan A

~1-tan2Atan A
tan3A—tan2Atan Atan3=tan2A+tan A
tan3A—-tan2—-tan A=tan Atan2Atan 3A

tan3A

21. Find the expansion of sin(A + B + C).
sin(A +B +C)
=sin[(A+B)-C]
=sin(A +B)cosC—cos(A—-B)sinC
=(sinA cosB+ cosAsinB) cosC—[cos(A —B)cosB—-sinAsinB]sinc
=sinA cosBcosC+ cosAsinBcosC—cosA cosBsinC+sinAsinBsinC

22. Find the expansion of cos (A —B —C).
cos(A-B—-C)=cog(A-B)-C]
=C0S(A —B)cosC+sin(A—-B)sinC
= (cosA cosB+sinAsinB)cosC+ (sinA cosB—cosAsinB]sinC
= Cc0SA cosBcosC+sinAsinBcosC +sinA cosBsinC—-cosAsinBsinC

23. For what values of x in thefirst quadrant Lt IS positive?
—tan“ x

2tanx

“—2>0:>tan2X>O
—tan™ X

= 0<2x <g (since x in the first quadrant)

:>O<x<E
4

Therefore, Lan;( ispositivefor 0<x < T
1-tan“ X 4
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SAQ'S

24. Prove that sin4%+sin43§+sin4%[+sin47—”= 3

Solution:

sin*Z 4 sin® S +sm45—”+sm47—”
8 8 8 8

o) ] o5 2] ol 5]

W T
8

2
2lsin*Z ycost El =2l sn?Z 4 cot Z | — 2sin?Z cos?
8 8 8 8 8 8

=2-4sn? Z ot ™
8 8

A
sin*Z + cos* Z + cos* Z + sin
8 8 8

T Y V.4 1 3
=2-|2sin=cos= | =2-gn*==2-=-==
8 8 4 2 2

25. Provethat cos’ Z~ + cos* 3% +cos“5—7z+cos“7—”=§
8 8 8 8 2

26. Provethat (i) sin Asin(60— A)sin(60° + A) :%sinSA
(ii) cosAcos(60+ A) cos(60° - A) = % cos3A

(iii) tan Atan(60° + A) tan(60° — A) = tan3A

(iv) sin20°sin40° sin60°sin 80° _3
2 3r Ar 1
(V) cos— COS— COS— COS— = —
9 9 9 9 16

27. Provethat tan@ + 2tan 20 + 4tan 46 + 8cot 80 = cot
28. 1f cos o = =3 and sinB:%,whereg<oc<n and 0<[3<g,then find the values of
tan(o + B) and sin(o + B).
SoI.cosoc=_—3,WhereE<0c<n
5 2

o in 1l quadrant
sinB:l,where0<B<E

25 2

Bin | Quadrant
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AB? = AC?-BC?
=52_-3°=25-9=16

~AB=4
. 4 4
coso=——,9no=—,tano=——
5 3
X
7 25
v 24 z
YZ? =XZ%-XY?
=25°-7°
=625-49=576
YZ=24
. 7 24 7
sSnB=—,cosf=—,tanf=—
P 25 P 25 P 24
~tan(o+B) = M
1-tanatanf
;4+1 -32+7
_.3 24 __ 4
1+ﬂ><l 1+1
3 24 18
-25
__24 _~25 18 3
18+7 24 25 4
18
sin(o.+ ) =sina.cosP +cosasin
4 24 -3 7
=—X—4+ —X—
5 25 5 25

9% 21 75 3
125 125 125 5

www.sakshieducation.com



www.sakshieducation.com

29.1f 0<A <B<Z and sin(A+B):% and cos(A—B):g,then find the value of

tan 2A.

Sol. sin(A +B) = 22
25

24

2

N

tan(A +B) =

cos(A -B) =

L]
4

_3
tan(A-B) = 2
Now 2A = (A +B) + (A —B)
tan2A =tan[(A + B) + (A —B)]
_ tan(A +B) +tan(A - B)
 1-tan(A + B) tan(A — B)

24 3
774 9%6+21 -117

- 24 3 28-72 44

1
7 4
30.If A+B, A areacuteanglessuch that sin( A+ B):% and tan A:Z find the value of
cosB
Solution:
sin( A+ B):ﬁ -.cos( A+ B):l
25 25
tanA:§ .-.sinA:§ & cosA:ﬂ
4 5 5

cosB = cos( A+ B— A)=cos( A+ B)cosA+sin(A+B)sin A
7 4 24 3 100 4
—X—t—X—=——=—

25 5 25 5 125 65
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31. If tan oo —tan 3 = m and cot oo —cot B = n, then provethat cot(o.—f) :%—%.

Sol. Wehavetano —tan 3 =m
1 1

coto. cotp
cotf—coto
cotocotp
. cotocotfp 1
" cotB—cotor m
cota—cotf=n

(D)

—(cotB—coto) =n
cotB—cota=-n
1 1
cotp—coto,  n -(2)
cotocot B
cotf—cota
cotoccot[3+ 1
cotp—coto cotf—cota
1 1

=———(-from) & (2))=RHS
m n

L.HS =cot(a—B) =

7
32. If tan(o.—PB) = — and tanoa =
(=B) =,

o+ B=m/2.

Sol. tan(a — B) = 7 and tanoc=il
24 3

g, where o and 3 arein thefirs quadrant provethat

www.sakshieducation.com



www.sakshieducation.com

tan(o—B) = tano —tan3
1+tanoctanf
4
. g—tanB 7
4. o 24
1+—tanf
3
4-3tanf3
3 7
3+4tanB 24
3
4-3tanf _ 7
3+4tan 24

= 24[4-3tanB] = 7(3+ 4tan )
= 96— 72tan3 = 21+ 28tanf
= 96—21=28tanP+ 72tanf

— 100tanf = 75
npe 53
100 4
- tan(o+B) :M
1-tanotanf3
4
34
= =0
143
34

T
LoHB==
P 2

sin(o+B) a+b

sin(@-B) a-b

sn(o+PB) a+b

sin(@—-p) a-b

By using componendo and dividendo, we get

sn(a+PB)+sin(o—P) a+b+a-b 2a a

sn(a+B)—sn(e—B) a+b-a+b 2b b
sin(o+B)+sin(a—-pB) _a
sin(o.+B)—sin(e.—B) b

N sino.cosP+ cosasinf+sino . cosP—cosa.sin _a

sino.cosB+cosasinB-sino.cospB+cosasin b

33.If

, then provethat atanf3 =btano.

Sol. Given that
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2sino.cosf  a

2cososinf b
:tanacotB:%

= btano=atanf
hence, atan3 = btano

34. If A—B=37n,then show that

(1-tanA) (1+tanB) = 2.

Sol. A—B=3—Tc
4

A-B=135°
tan(A —B) = tan135°
=tan(90°+45)°=—cot 45°=-1
_tanA-tanB _
“1+tanAtanB
tanA —tanB=—(1+tanAtanB)

tanA-tanB=-1-tanAtanB

tanA-tanB+tanAtanB=-1
tanB-tanA-tanAtanB=1...()

LHS=(1-tanA)(1+tanB)
=1+ (tanB-tanA —tanAtanB)
=1+1 (- from(1))

=2=RHS

3. If A+B+C:g and if none of A, B, C is an odd multiple of n/2, then prove that
cot A + cot B + cot C = cotA cotB cotC.
Sol. A+B+C:g

A+B=C_cC
2

cot(A+B) = cot(g— Cj

cotAcotB-1
CotB+COtA
cotAcotB-1 1

cotB+cotA  cotC

cot C[cot A cotB—1] =cotB+cot A

cot A cotBcot C—cot Ccot A +cotB
cotAcotBcotC=cotA+cotB+cotC

anC

..CotA+cotB+cotC=cotAcotBcotC
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36. If A+B+C:g and if noneof A, B, C isan odd multiple of /2, then provethat,
tanAtanB+tanBtanC+tanCtan A =1

Sol. A+B+C:g

Sol.

Sol.

A+B=2_C
2

tan(A + B) = tan (g— Cj

N tanA +tanB _
l1-tanAtanB
N tanA +tanB _ 1
l1-tanAtanB tanC
= tanC[tanA +tanB] =1-tanAtanB
= tanCtanA +tanCtanB=1-tanAtanB

= tanAtanB+tanBtanC+tanCtanA =1

cotC

cos(B+C) _o
cosBcosC
cos(B+C)
cosBcosC
cosBcosC—-sinBsinC

cosBcosC
cosBcosC sinBsinC
cosBcosC  cosBcosC
=X(1-tanBtanC)
=1-tanBtanC+1-tanCtanA+ 1-tanAtanB
=3-(tanAtanB+tanBtanC+tanCtanA)
=3-1(. from(b))
=2=RHS

37. 2

LHS =X

=X

38. Provethat sin? o + cos? (o + B) + 2 sin o sin B cos(a. + B) isindependent of o
Given expression,
sino. + cos® (0+P) + 2 sinat sinP cos(o+P)
=sin®o+1-sin®(o.+P) + 2sino.sinfcos(o. + )

=1+[sin® o.—sin?(a.+B)] + 2sinasin P cos(o. + B)
=1+sin(a+o+P)sin(o— o —P) + 2sinasin B cos(o+ P)
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=1+sin(2o+B)sin(—P) + 2sina.sinf cos(o. + B)
=1-sin(2o.+PB)sinB+[2sino.cos(o+P)]sinP
=1-sin(2o.+B)sino+[sin(o.+ o+ P) +sin(oe— o —P)]sinB
=1-sin(2o.+PB)sino+[sin(2a+B) — sinB]sinP
=1-sin(20.+B)sino.+sin(2o.+B)sinf—sin? B
=1-sin’p =cos’p
Thus the given expression is independent of o.

39. Provethat cotl‘ cotﬁ-cots—n...cotﬁ =1.
16 16 16 16

2n 3r n

Sal. cotl-cot—-cot—...cot—
16 16 16 16

T V! 21 6n 3n 5n 4rt

=| cot—-cot— || cot— -cot— cot—-cot— |-cot—
16 16 16 16 16 16 16

I T T T 21 T 27 3n T 3rn T

=| cot—-cot| ——— ||| cot—-cot| ——— | || cot—-cot| ——— | |- cot—

16 2 16 16 2 16 16 2 16 4

- cotl-tanij(cotﬁ.tan@j (cotﬁ-tanin)-l

16 16 16 16 16 16
=1x1x1x1=1

40. Provethat tan 70° —tan 20° = 2 tan 50°.
Sol. tan 50° = tan(70° — 20°)
_ tan70°—tan 20°
1+ tan70°tan 20°
= tan70°—tan 20°

= tan50°(1+ tan 70°- tan 20°)

= tan50°(1+ tan 70° - tan(90° — 70°)]
= tan50°[1+ tan 70° - cot 70°]
=tan50°1+1]

= 2tan50°

-~ tan 70° — tan 20° = 2tan 50°
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41. If A + B = 45°, then prove that
i) (1+tanA)(1+tanB)=2
ii) (cot A—1)(cot B—-1)=2.
Sol.i) A+B=45°
= tan(A+B)=tan45°=1
N tanA +tanB _
1-tanAtanB
= tanA+tanB=1-tanAtanB
= tanA+tanB+tanAtanB=1...(2)
Now, (1+tanA)(1+tanB) =1+tanA +tanB+tanAtanB =2
(from(2)
i) A+B=45°=cot(A+B)=cot45° =1
cotAcotB-1
cotB+cotA
= cotAcotB—-1=cotA +cotB
= cotAcotB—cotA—-cotB=1...(2)
Now, (cotA—-1)(cotB-1)= cotAcotB—cotA—cotB+1=2

(from(2))

42.1f A, B, C arethe angles of a triangle and if none of them is equal to n/2, then prove
thati)tanA+tanB+tanC=tanAtanBtanC

ii) cotA cotB + cotB cotC + cot C cot A =1
Sol.i) GivenA+B+C=mx
=A+B=n-C
= tan(A +B) =tan(n-C)
tanA +tanB
:>—
1-tanAtanB
= tanA +tanB =-tanC(1-tan A tanB)
=tanA+tanB=—-tanC+tanAtanBtanC

=tanA+tanB+tanC=tanAtanBtanC

=—tanC

ii) Replacing tan A by 1 etc., in (i) above, we get
CotA
1 1 1 1
+ + =
cotA cotB cotC cotAcotBcotC
= cotAcotB+cotBcotC+cotCcotA =1
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LAQ'S

43. Let ABC beatriangle such that
cot A + cot B + cot C = /3. Then provethat ABC isan equilateral triangle.
Sol. Giventhat A + B + C = 180°
WegetXcotAcotB=1
Now, X(cot A — cot B)? = 3cot? A + cot’? B — 2 cot A cot B
= 2cot? A + 2cot? B+ 2cot? C—2cot A cot B —2cot B cot C— 2cot Ccot A
(on expanding)
= 2{ (cot A + cot B + cot C)* — 2(cot A cot B) — 2cot Bcot C— 2cot Ccot A}
—2(cot A cot B+ cotBcot C+cotCcotA)

= 2(cot A + cot B+ cot C)% — 6(cot A cot B + cot Bcot C+cot Ccot A)
=2-3-6=0
= cotA =cotB=cotC

3

(since cot A +cot B+ cot C =+/3)
=A+B+C=60°
(Since each angle liesin the interval [0,180°]

= cotA =cotB=cotC=

V31
3
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