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Trigonometry

1.TRIGONOMETRIC RATIOS

%
1. If a ray OP makes an angle 6 with the positive direction of X-axis then
i) Sin 6= Y
r

iii) tan 6 = L (x = 0)

v)sec@:i(x;tO)
X

X

Relations :
i) sin @ cosec 6 = 1

ii) cos 6 secH =1
jii) tan 6 cot 6 = 1
iv) sin® 6 + cos® 0 = 1

v) 1 +tan? 6 = sec® 0

—secH+tan 6 =

i) cos 6= 2

r
. X
|v)cot9=§(y¢0) y

Vi) cosec 6 = r (y=0)
y

— (sec 6 + tan 0) (sec 6 —tan 0) = 1.
1

secH—tan 0 -

vi) 1 + cot? 8 = cosec® & — (cosec 0 + cot 8) (cosec 6 — cot 0) = 1

— cosec 0 + cot 0 =

1
cosecO—cot 0

vii) sec? 6 + cosec® 8 = sec? 0 . cosec® 0
viii) tan® @ — sin® 6 = tan® @ . sin® 6;

cot? @ — cos? 6 = cot® 0 . cos® @
ix) sin? 8 + cos* 0 = 1 — sin® 6 cos? O

=sin* 0 + cos® 0

x) sin* 8 + cos* 6 = 1 — 2sin® 6 cos® O
xi) sin® 8 + cos® 6 = 1 — 3sin” 6 cos® O
xii) sin® x + cosec® x > 2

xiii) cos® x + sec? x > 2

xiv) tan? x + cot® x > 2.

Values of trigonometric ratios of certain angles

angle
1 -
ratio

00

/6 n/4 /B /2

sin

0

12 | U+/2 |32 1

COs

1

J32| 142 | 12 0

tan

0

1 \/§ \/§ undefined

cot

undefined

J3 1/4/3 0

CoseC

undefined

2/+/3 1

1

SISINE

2
2/\/3

2 undefined
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Signs of Trigonometric ratios :

trigonometric ratios are as follows.

If 6 lies in I, Il, lll, IV quadrants then the signs of

I |
90° < 6 < 180° 0°<0<90°
sin 6 and cosec 6 al the ratios

are (+)ve are (+)ve

11 v
180°< 0 <270° | 270°< 6 < 360°
tan 6 and cot 6 cos 6 and sec 6

are (+)ve are (+)ve
v

Note : i) 0°, 90°, 180°, 270°. 360°, 450°, etc. are called quadrant angles.
i) With “ALL SILVER TEA CUPS” symbol we can remember the signs of
trigonometric ratios.

Coterminal angles : If two angles differ by an integral multiples of 360° then two angles
are called coterminal angles.
Thus 30°, 390°, 750°, 330° etc., are coterminal angles.

Fn 90F6 1806 | 270F6 | 360F6
sin® cos6 +sno —coso Fsino
coso +sin6 —Cos6 Fsno cos6
tan6 tcoto Ftano +coto Ftano
cosecH seco tcosecO| —secO | Fcosec
secH + cosecO —secO | FcosecH seco
cot 6 t+tan6 Fcotd t+tan 6 Fcoth

Complementary Angles : Two Angles A, B are said to complementary = A + B = 90°

Supplementary angles : Two angles A, B are said to be supplementary
= A +B=180°
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PROBLEMS
VSAQ'S
Convert thefollowing into simplest form :
1. tan(6-—14n)
Sol. —tan(14x — 6)
=tan[7-2n—-6] ={—tan 6] =tan 6

2. cosec (5m + 0)
Sol. cosec (5m + 6) = —cosec 6

(.- cosec(nm+0) = (—1)" cosech)

3. Find thevalue of cos( j

Sol. cos(—7—j 7 =0
2 2

(- cos(2n +1)g =0)

4. Find thevalue of cot(315°)
Sal. cot(315°) = —cot 315°
= —{cot 360° — 45°]
= —[—cot 45°]
=cot45°=1

5. Evaluate
C0s%45° + cos°135° + cos’ 225° + cos’ 315°

Sol. cos45° = 1 ,€0s135° = cos(180° — 45°)

V2’
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=C0s45° = L

V2

€0s225° = cos(180° + 45°)

1
=c0s45° =-——
V2
cos135° = cos(360° — 45°)

1
= 00s45° ==
J2

Given expression

() (&) - ZJ (&

1 111
=2ttt
6. C€0s225° —sin 225° + tan 495° — cot 495°
Sol. cos 225° = cos(180° + 45°)
o 1
= Cc0s45° = _ﬁ
sin225° =sin(180° + 45°)
-1
V2
tan 495° = tan[5(90°) + 45]
=—cot45°=-1
cot 495° = cot[5(90°) + 45°]
=—tan45°=-1

GE. :_T;_(_%J_Hl

\/_ T—1+1 0

= —sin45°=

7. Ifcosb=t(0<t<1) and6doesnotlieinthefirst quadrant, find the value of (a) sin6
(b) tan 6.
Sol.cos® =t = liesin IV quadrant.

x?=AC?-BC?=1-t?

X =1-t?
a)sinezﬁz— 1-t?
AC

2
) tang— AB __ 1=t
BC t
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8. If sinH:—% and @ doesnot liein third quadrant, find the values of
(i) cos@ (ii) cotd

Solution:
sinez—% @ doesnot lieinlll Q

-0 liesin 1V Quadrant

cosezwll—sinzez,/l—$=¥

sin@
9. Find thevalueof sin330°.cos120° + cos210° . sin 300°
Solution:
sin330° =sin(360° — 30°) =—sin30° =_%

J3

cos120° =—%0052100 =——-1sin300° =sin(360° - 60°) = -~

sin330° cos120° + cos210° .sin300° = — %x—l + (—ﬁj [—EJ =1

10. If cosec 6 + cot 6 = % find cos 6 and determine the quadrant in which 6 lies.

Sol. cosec” @ —cot? 0 = 1
(cosec 6 + cot 0) (cosec 6 —cot 6) =1
cosecH—cot 0 =3 ..(1)

(2

and cosec 6 + cot 0 =

Wl

From (1) + (2
cosecO —cot6 =3

cosece+cot6:§

2c0sec 0 = 3+}=Q
3 3
cosecezE
6
sinG:E
16

From (1) — (2)

cosecO —cot6=3

COSGC@'*'CO'[@Z%
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—Zcote:?,—l:§

3 3

cotp=——2 -8

2x3 6
.'.cosezcote-sinez_—8x£:__4
6 10 5

Thussin@is+veand cosb is—ve

Then 6 liesin Il quadrant.

. If sec 6 + tan 6 =5, find the quadrant in which 6 liesand find the value of sin 6.
.SecO+tanb6=5 ..(D)
We know, sec?6 —tan’ 6 = 1
(secO +tanB)(sec 6 —tanB) =1
1

secO+tano

sece—tanezé -(2)

secO—-tan0 =

Adding (1),(2)
secO+tan6=5

sece—tan(a:E
5

Zszrecez5+l

2500 = 25+1

Sec(9=§><1
2

sec9:1—3

tanezg,sine:E
5 13

- Sin 6 - sec B and tan O are positives

- 0 liesin | quadrant.
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12. If cosA:cosB:—l: A does not lie in second quadrant B does not lie in third quadrant

find the value of 23N B = 4tan A
tanB+snA
Solution:
cosA:cosB:—%; A doesnot lieinll Q
S Aliesinlll Q
sinA:—\—/E
2

cosB:—% B doesnot liein 11l Q

. Bliesinll Q
sinBzg tanA=+3 tanB=-+/3

J3
ssnB-3tmA X, -3V 3

tanB+sin A _*/é_\/zé —32\/:_3

win

sin(3n—A) cos(A _n) tan (SR—A)
2 2

=—cos*A

COSGC(]-?;I‘FA)S&(?)TC-FA) cot[A —725)
Sol.sin(83t—A) =sin A
cos(A —E) = cos(E—AJ =SinA
2 2
tan(s—zn—Aj:cotA

cosec(%+Aj =—SecA

sec(3n+A) =—secA
cot(A—Ejz—cot(E—Ajz—tanA
2 2

SiNA-sinA-cotA

LHS =
—SecA - —secA - —tanA
Sin2A><C_OSA
— SnA
B 1 sinA
cos® A COSA
3
:sinAcosAxCO_S A =—cos* A
—SnA
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14. cot( jcot(gnjcot[‘rmjcot[hjcot(gnj 1
20 20 20 20 20

Sol. cot(iJ =cot9° = 1
20

tan9°
cot Sn =cot27° = L
20 tan27°
cot on =cot45°=1
20
m
cot 0 = cot 63° = cot(90° — 27°) = tan 27°
9n
cot 0 = cot81° = cot(90° —9°) = tan 9°

3n 5r Ve Or

cot—cot—cot—cot—cot—

20 20 20 20 20
1 1

B tan9° tan 27°

1-tan27°-tan9° =1

3
5n n 17n)
cos COSec cos
[ Jeosel 7 Jo T
Sol.sin(—&j —sm%z—sinGGOo

= —sin(2-360° - 60°)

=sin60° = ﬁ
2
tan (@j = tan1050° = tan(3-360°-30°) =-tan30°= 1
6 NE

sec(_%‘j = se(—420°) =5ec420° = e0(360° + 60°) = SeC60° = 2

5r 1
cos| — = c05(225°) = cos(180° + 45°) = cos45° = ——

4j S(225°) = cos( ) 72
csc 774“} — csc315° = CSo(360° — 45°) = — e 45° = —/2

cos 1%“} = c0s510° = cos(360° +150°)

= c0s100° = cos(180° — 30°) = —cos30° = _g
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-1 2

RN

2

=RHS

o o _n2
16. If tan 20° = p, prove that tan610°+ tan 700 :1 pz.
tan560° —tan470°  1+p

tan 610° + tan 700°
" tan560° — tan 470°
_ tan(360° + 250°) + tan(360° + 340°)
~ tan(360° + 200°) — tan(360° + 110°)
_ tan 250° — tan 340°
~ tan 200° — tan110°
_ tan(270° - 20°) — tan(360° — 20°)
~ tan(180° + 20°) + tan(90° + 20°)
_ cot20°—tan 20°
~ tan 20° + cot 20°
1
_ tan20°

tan 20° +

—tan 20°

tan 20°
1 1-p?

—=p
_p_ p _1-p’
p+1 p’+1 p?+1
b p
_ tan610°+tan700°  1-p?

" tan560°-tan470° 1+ p?

17. If a, B are complementary angles such that b sin o = a, then find the value of
(sinocosP—cosa@sin fB).
Sol. o and 3 are complementary angles.

o+ B =90°
B=90°—o

. . a
bsno=a= smoc:B

cofo=1-sina = 1—(—
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b? - a?
CoSOL =

Since3 =90° —a.

sinf =sin(90- o) = cosa
s.cosa=sinf

and oo =90°-

sina =sin(90° - ) = cosP

. a
s.cosp=sina=—

b
a

b
sino.cosP—cosasinf

-.cosP =

2 2 2 2
:gxg_\/b —-a ><\/b -a
b b b b
_a® (b®-a%) a’-b*+a® 2a*-b?
Tp2 p2 p2 PP

18. If cos@+sin@=~/2cosé then provethat cos@ —sing = J2sine

Solution:
cos6 +Sin6 =+/2 coSH -------- (1) squaring and adding (1) & (2)
Let cos@ —sinf@=x ------- 2

(cosé +sin)” + (cosd —sinb)’ :(\/5 00319)2 + X
= 2-2c0s?0=x=x=+/2sn@ -.00s0 —sin@=+/2siné

19. If 8tan A = 15and 25 sin B =—7 and neither A nor B isin the fourth quadrant, then show

that sin A cosB + cosA sin B = —ﬁ.
425
Sol.8tan A =-15
8

A liesin Il guadrant
sinAzg,cosA:_—8
17 17
25sinB=-7
sinB:—l
25
B liesin Il quadrant
sinB:—l,cosBz_—24
25 25

L.HS.:sinA cosB +cosA snB

www.sakshieducation.com



www.sakshieducation.com
15 =24 -4, 8 —8 -7  -3x24 4 —8x -7
17 25 17 25 17x5  17x25
_ -360 N 56 _ -304
425 425 425

20. Provethat sin? +sn24—”+sm26—7[+sm29—”=2
10 10 10 10
Solution:
> 4r , 61 , 9
in?Z +sin2 2E 4 sin2 XX L g2 28
10 10 10 10

st Z psin?| ZoZ | vsin?| 2+ E |+ 6in? i
JR— —_— e — — JR— 7[__
10 2 10 2 10 10

dn? X 4o X 4o Z 4 sin? ——2{sm —+coszlo} 2

10 10 10 10 10
—sin?Z ycosr =1
10 10

tan160° - tan110°  1- A?

21. If tan20° = A then show that . ==
1+ tan160" tan 110 24

22. If secd +tanéd :g find the value of sin@ and determinethe quadrant in which @ lies

Solution:
2 3
SeC9+tan=§ SeC0+tan0:§
2sech=2+3 - sec=13/12 gng=@no _—15
3 2 sece 13

-0 liesin IV Quadrant

23. If A, B, C, D areangles of a cyclic quadrilateral then provethat
i) snA—-snC=snD-snB
i) cosA +cosB +cosC+cosD=0
Sal. A, B, C, D arethe angles of acyclic quadrilateral.
A+C=180°B+D=180°
A=180°-C,B=180°-D
i) ShA—-snC=sinD-sinB
snA+snB=snC+snD
we have
A=180°-C=SnA=snC ...()
B=180°-D=snB=sinD ...(2
Adding (1) and (2)
SnA+snB=sinC+snD
ii) cosA =cos (180°—-C) =—cosC
= CcosA+cosC=0 ..(1)
cos B = cos (180° — D) =—cos D
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=cosB+cosD=0 ..(2
Adding (1) and (2)
CosA +cosB +cosC +cosD =0.

24. 1f acos0—b sin 0 = ¢, then show that asin@+bcosd =++va’+b%—c? .

Sol.acos6—-bsnB=c ..(1)
Letasn®+bcosO=k ...(2
Squaring and adding

25. If 3sin A+5cosA =5, then show that 5sin A —3cosA =+3.
Sol.3sinA+5cosA =5
Let5sinA —3cosA =k
Squaring and adding
(3sinA +5cosA)?+ (5sin A —3cosA)> =25 + k?
9sin? A +25c0s® A +30sin A cosA + 25sin? A +9cos® A —30sin A cosA = 25+ k2
34sin? A +34cos® A = 25+ k?
34(sin® A + cos® A) = 25+ k?
34(1) = 25+ k?
34=25+k?
k?=34-26=9
k=43
tan6+sec6-1 1+sin®
tan0—secO+1 cosO
tan®+secH -1
tan0—-secH+1
_ (tan 0+ secO) — (sec® 0—tan” 6)
tan0—secO6+1
_ (tan©+secB) — (secH + tan ©)(secO — tan 6)
tan0—secH+1
_ [tan©+secB][1-secO + tan 6]
tan0—sec6+1
=tan0+seco

26. Provethat

Sol. We have

:sin6+ 1 :1+sin6
cos® cosO cos6

 tanB+sec6-1 1+sin6
" tan0-secO+1  coso
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27. Provethat (1+cot6—csco)(1+tan0+sech) =2.
Sol.L.H.S.: (1+ cot6—cscO)(1+ tan 6+ sech)

coso 1 sino 1
=1+ ——— 1+ +
{ sin® sne}{ CosH cose}

_{sine+cose—1}{cose+sine+l}
sin6 cos6

_ (sinB+cosh)® 1% sin®0+cos”H+2sinHcosh -1

sin6coso sinBcoso
_ 1+ Zgnecose—lz Zs!necose =2=RHS
sin®cosO sin@coso

Eliminate 6 from the following equations.

28. x=acos®;y=bsin’0
Sol.x=acos’0;y=bsn®0

y INIE
Z=cos’0= cosf=| =
a a

13
X:sin36:>sin6:(lj
b b

Wehavecos? 0 +sin’0=1

X 2/3 2/3
e
a b
29. x=acos'0=bsin*e.

X
Sol. x =acos*0 = cos*o="
a

:coszez\/g
a
Yy

y=bsin*9=sin*6= .

:anez\p
b

cos?0+sin’0=1
X X 1/2 1/2
\/:+\/2:1:>(—j +[X) =1
a b a b

30. x=a(secH +tan 0) ; y = b (sec 6 —tan 6)
Sol.x =a(sec6 +tanB) ; y =b (sec 6 —tan 0)
Xy = ab(sec? § —tan®0) = ab (1) = ab

Xy = ab.
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cos(z — A)cot [72[ + Aj cos(—A)

31. Provethat =COSA

tan (7 + A)tan(372[+ Ajsin(Zfr—A)

SAQ’S

32. Provethat 3(sin®—cos6)* +6(sinf+cosB)? + 4(sin® 6+ cos® §) =13

Sol. Consider (sin@—cosf)? =sin6 + cos’ 8 —2sin® cosH=1—2sinH cosO
(sin® —cos 0)*=[(sin 6 — cos 0)?]? =[1-2sin cosh]? =1+ 4sin? B cos’ 6 —4sinOcosO
- (sin6—cosB)* =1+ 4sin? @ cos® 6 —4sinOcosO
(sin®+cosh)? =sin® H+ cos” O + 2sin O coso

=1+2sin6coso

~. (SN0 +cosh)? =1+ 2sinHcose
sin® 0+ cos® 6 = (sin? 0)° + (cos® §)°
= (sin? 0+ cos® 0)° —3sin? H cos® 6(sin? 6+ cos 0)
=1-3sin’0cos’ 0 (-sin®0+cos’H=1)
~.sin®0+cos’0=1-3sin’Hcos? O
. 3(sin®—cosh)* + 6(sin B+ cos)? + 4(sin® B+ cos® 6)
= J1+4sin?0cos’ 6—4sinOcoso] + G[1+ 2sinOcoso] + 41— 3sin® 6 cos 0]
= 3+12sin?600s? 0—-12sin0cosO+ 6+12sinHcosd +4—12sin” 8 cos”
=34+6+4=13

2

33. Show that cos* o+ 2cos? oc[l—
sec? o

}zl—Sin“oc.

Sol.L.H.S.: Cos40c+200520{1— 12 }
sec? o

= cos” oL+ 2cos? asin? o
(- 1-cos’ o.=sin? o)
= cos? ofcos® oL+ 2sin? ]
= (1-sin® a)[(1-sin® o) + 2sin® ]
= (1-sina)(1+sin’ o)

=1-sin*a=R.HS
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(1+sin@—cosB)® _ 1-cosh
(1+sin6+cosB)? 1+cosO

Sol. Consider
1+sin®—cos6 = (1-cosB) +sin6

34. Provethat

= 23in29+ Zsingcosgz Zsing sin9+cosg
2 2 2 2 2

Again consider
1+sin6+ cos6 = (1+ cos6) +sin6

= Zcoszg+ Zsingcosg

9{ 0 .9}
=2C0S—| COS—+Sh—
2 2

2

.. 0] . 6 0
ZsmE S|n§+cos§
LHS:

0 6 . 06
2C0S—| COS—+9Nn—
2 2 2
S 2sin 2 1-cos6
=——%= &= =RHS
02? 2c02? 1+ cos6
2 2
35 1f — 2310 _ find thevalue of T=0S8+SNn6.
1+cosO+sn6 1+sn6
2sin@ _
"1+ cosO+sin®

. 0 0

2.5in— cos—
= 0 ° 92 g~
200S° — +2siN— CoS—
2 2 2

. 0 0
48 n—COS—
= 2 2 =X

0 06 . 0
2C0S—| COS—+SNn—
2 2 2

Zgng
:>—29=x (D
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2sin? e+25inecose
1-cos6+sin® 2 2770

1+sin® 6n?® 4 o2 @ 4 26n ¥ cos?
2 2 2 2
Zsing sin9+cosg ZSinQ
2 2 2 2
5 5 Sl 5 =X (~. from()
Sin—+C0S— Sin—+C0S—
[ 2 2} 2 2
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