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Product of vectors

SCALAR PRODUCT
Definitionsand Key Points:
Def: Let abbe two vectors dot product (or) scalar product (or) direct product (or)

inner product denoted by ab.Which is defined as ‘éHE( cos@ where 6= (3,b).
* The product ab is zero when ‘é‘ =0(or) ‘B‘ =0(or) 6=90°.

* Sign of thescalar product:  Let a,b aretwo non-zero vectors

(i) If ¢ isacutethen ab>0(i.e0<#<90°).

(ii) If 6 isobtusethen ab<0(i.e 90° <6 <180°).

(iii) If =90° then ab=o.

(iv) If 6=0° then ab= \5\\5\ .

(v) If 6=180" then ab=|al[p].

Note: -

(1) The dot product of two vectorsis always scalar.

(2) ab=b.a i.edot product of two vectors is commutative.

(3) If ab aretwo vectorsthen a.(-b) = (-a)b=—(ab).

(4)(-a).(-b)=ab.

(5) If I,m aretwo scalars and ab are two vectors then (la).(mb) =Im(ab).

(6) If aandb are two vectors then é.B:J_r‘éHB‘.
(7) If a isavector then 5.5:‘5‘2.
(8) If aisavector aaisdenoted by (a)? hence @)2=‘é‘2.

* Component and orthogonal projection
Def: Let a=OA b=0OB betwo non zero vectors let the plane passing through B and
perpendicular to aintersect OA In M.

(i) If (a,b) isacutethen OM is called component of b on a.

(ii) If (a,b)is obtuse then |(OM) is called the component of bon a .
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(iii) The vector OM is called component vector of bon a.
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Def: Let a=0A; b=PQ be two vectors let the planes passing through P, Q and
perpendicular to a intersect OA in L, M respectively then LM is called orthogonal

projection of b on a
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Note : i) The orthogonal projection of avector b on a is equal f& component vector

of bona.

i) Component of avector b on a isalso called projection of b on a

iii) If A< B, C, D are four points in the space then the component of AB on CD is
same as the projection of AB ontheray CD.

* |f a,b betwo vectors (a=0) then

%

iii) The orthogonal projection of b on a is

i) The component of b on a is

(ba)a

a

* If i,],k form aright handed system of Ortho normal triad then
) ij=]j.j=kk=1
i) i.j=ji=0; jk=kj=0; ki=ik=0

* |f 51=a17+a2]+a3R; b=bi+b,j+bk then 5.B=a1b1+a2b2+a3b3_
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* If a,b,c arethree vectors then

i) (a+b)?>=(a)’+(b)>+2ab

i) (a—b)? =(a)>+(b)*—2ab

iii) (a+b).(a—b)=(a)?—(b)?

iv) (a+6)° = (a-b)° = 2{(a)’ + (b)’]

V) (a+b)?—(a—b)?=4ab

Vi) (a+b+c)?=(a)?+(b)? +(c)>+2ab+2bc+2ca.

* If r isvector then r =(ri)i+ (@ +])j+rKk.

Angle between the planes :- The angle between the planes is defined as the angle
between the normals to the planes drawn from any point in the space.

SPHERE * The vector equation of a sphere with centre C having position vector c
and radiusais (r—c)?=a’ i.e. r —2rc+c? =a?

* The vector equation of a sphere with A(a) and B(b) asthe end points of a diameter
is (r—a).(r—b)=0 (or) (r)>-r.(a+b)+ab=0

Work done by aforce:- If aforce F acting on a particle displaces it from a position
A to the position B then work done W by thisforce F is F.AB

* The vector equation of the plane which is at a distance of p from the origin along
the unit vector n is r.n=p.

* The vector equation of the plane passing through the origin and perpendicular to
the vector mis r.m =0

* The Cartesian equation of the plane which is a a distance of p from the origin
along the unit vector n=Ili+mj+nk of theplaneis n=Ix+my+nz

* The vector equation of the plane passing through the point a having position vector
a and perpendicular to the vector m is (r —a).m=0.

* The vector equation of the plane passing through the point a having position vector

a and parald totheplane r.m=q is (r-a).m=0.
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CROSS( VECTOR) PRODUCT OF VECTORS

* Let a,b be two vectors. The cross product or vector product or skew product of
vectors a,b isdenoted by axb and is defined as follows
i) If a=0 or b=0 or a,b are parallel then axb=0

ii) If a=0, b»0, ab are not parallel then axb=|a||b|(sin6)n where n is a unit vector

perpendicular to a and b so that a,b,n form aright handed system.
Note:- i) axb isavector

ii) If a,b are not parallel then axb is perpendicular to both aand b

iii) If a,b are not parallel then a,b,axb form aright handed system .
iv) If ab arenot parallel then |axb) =|a||b|sin(a,b) and hence |axb|<|al|p
v) For any vector a axb=0

2. If a,b aretwo vectors axb=-bxa thisis called “anti commutative law”

3. If a,b aretwo vectors then ax(-b) = (—a)xb=—(axb)
4. If a,b aretwo vectors then (-a)x(-b) =axb
5. If a,b aretwo vectors|,m are two scalars then (1a)x (mb) = Im(axb)

6. If a,b,c arethree vectos, then

—

i) ax(b+c)=axb+axc i) (b+c)xa=bxa+cxa

7.1f 1,1,k from aright handed system of orthonormal triad then

* If a=al+a,m+an, b=hli+bm+bn where I,mn form a right system of non

mxn nx| |

X
coplanar vectorsthen axb=| a a, a
b b b

* If a,b aretwo vectors then (axb)?+(ab)? = a%?
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* VECTOR AREA :-

If A isthe area of the region bounded by a plane curve and n is the unit vector
perpendicular to the plane of the curve such that the direction of curve drawn can be
considered anti clock wise then An is called vector area of the plane region bounded

by the curve.

* The vector area of triangle ABC is %ExA—C :%ﬁtxﬁzécﬁx@

* If a,b,c are the position vectors of the vertices of a triangle then the vector area of

* If ABCD is a paralldlogram and AB=a, BC=b then the vector area of ABCD is
axb.
* If ABCD is a parallelogram and AC=a, BC=b then vector area of parallelogram

ABCD is %(éxﬁ)

O

* The vector equation of a line passing through the point A with position vector

and perpendicular to the vectors bxc is r =a+t(bxc).

O

* The vector equation of a line passing through the point A with position vector

and perpendicular to the vectors bxc is r =a+t(bxc).

SCALAR TRIPLE PRODUCT

* If a,b,c are the three vectors, then the real numbers (axb).c is called scalar triple
product denoted by [ab c]. Thisisread as‘box’ a, b, c

2. If V is the volume of the parallelepiped with coterminous edges a, b, ¢ then
V= \[é b 6]\

3. If a,b, ¢ form the right handed system of vectorsthen v =[a b c]

4. 1f a, b, ¢ form left handed system of vectorsthen -V =[a, b, c]

Note: i) The scalar triple product isindependent of the position of dot and cross.

i.e. axbc=abxc
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i) The value of the scalar triple product is unaltered so long as the cyclic order
remains unchanged
[abc]=[bc a]=[cab]
1ii) The value of a scalar triple product is zero if two of its vectors are equal
[aab]=0[bbc]=0
iv) If a,b,c are coplanar then [abc] =0
V) If a,b,c form right handed system then [abc] >0
vi) If a,b,c form left handed system then [a b c] <0
vii)The value of the triple product changes its sign when two vectors are interchanged

[abc]=-acb]

viii) If I,m, n arethree scalars a, b, ¢ are three vectors then [lamb nc] =Imn[a b c]
* Three non zero non parallel vectors a bc nare coplanar iff [abc]=0

a a &
b b, b
¢ G G

* If a=aji+a,j+ak, b=hi+b,j+bk, c=ci+c,j+ck then[abc]=

* If a=al+a,m+a,n, b=bl+bm+bn, c=cl+c,m+c,n Where I,mn form a right

handed system of non coplanar vectors, then [abc]=| bb b, b,

G G G
* The vectors equation of plane passing through the points A, B with position vectors
a,b and parallel to the vector c is[r—ab-ac]=0 (or) [r bc+[rca]=[ab ]
* The vector equation of the plane passing through the point A with position vector a
and parallel to b,c is[r-ab c]=0i.e.[rb c]=[ab(]

Skew lines :- Two lines are said to be skew lines if there exist no plane passing

through them i.e. the lineslie on two difference planes

Def:- I, and |, aretwo skew lines. If Pisapoint on I, and Q isapoint on I, such that
PQ 11, and PQ 1" I, then PQ is called shortest distance and PQ is called shortest

distance line between thelines I, and |,.
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\[a_e b a]\
bxd|

The shortest distance between the skew lines r =a+tb and r =c+td is ‘b :
X

VECTOR TRIPLE PRODUCT

Cross Product of Three vectors : For any three vectors a, b and c¢ then cross
product or vector product of these vectors are given as a x (bxc), (axb) x cor
(bxc) x aetc.

i. ax(bxc)isvector quantity and |[ax (bxc)|=|(bxc) xa|

ii. Ingenera ax (bxc)# (axb) x.c

iii. ax (bx c)=(ax b) x c if a and c are collinear

iv. ax(bxc)=—bxc)xa
V. (axb)xc=—cx(axb)=

(a.c)b—(a.b)c=ax(bxc)

vi. If a, band care non zero vectors and ax (bxc) = O then band care parallel (or
collinear) vectors.

vii. If a, b and care non zero and non parallel vectors then ax (bx c), b x (cx
a)and ¢ x (ax b) are non collinear vectors.

viii. If a, b and ¢ are any three vectors then a(bx c) + bx (cxa) + ¢ x (axb) =
0

ix. If a, b and c are any three vectorsthen a(bx c) + bx (cxa)+ ¢ x (axb) are
coplanar. [since sum of these vectorsis zero]

X. a(bx c) isvector liesintheplaneof band cor parallel to the plane of band c.
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PRODUCT OF FOUR VECTORS

* Dot product of four vectors: The dot product of four vectors a, b, ¢ and d is

givenas(ax b) . (cxd)=(a . c)(b.d)~ (a.d)(b.c) =|*7 gg
C .
* Crossproduct of four vectors: If a, b, c and d are any four vectors then (axb)

X (oxd) =

=[abd]c—[abc]d
al bl
* [abc][Imn]=|am bm
an bn

* The vectoria equation of the plane passing through the point aand parallel to
the vectorsb, ¢t is|rbc| =[abc|.

* The vectoria equation of the plane passing through the points a,b and parallel
to the vector ¢ is|rbc| +[rcal = [abc].

* The vectoria equation of the plane passing through the points a, b, t is
[Fbc] +[rcal +|rab] =[abc] .

* If the points with the position vectors a,b,t,d are coplanar, then the condition
is[abd]+[bcd] +[cad| = [abg]

* Length of the perpendicular from the origin to the plane passing through the

| abe]|

| bxt+ctxa+axb |

pointsa,b,c is

* Length of the perpendicular from the point ¢ on to the line joining the
_ |@-o)xc-b
pointsa, b is ‘(a C)X<_C 1 :
21
* P, Q, R are non collinear points. Then distance of P to the plane OQR is
0P(0QxOR)
| |OQXOR] |

* Perpendicular distance from P(a) to the plane passing through A(a) and

[o-a b ¢

parallel to thevectors b and ¢ is —
| bxC|
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L ength of the perpendicular from the point ¢ totheliner=a+tb is
| (C-a)xb]|
bl
PROBLEMS
VSAQ'S
1. Findtheangle between thevectors i +2j+3k and 3i — j + 2k .
Sol. Leta=i+2j+3kandb=3i-j+2k

Let 6 be the angle between the vectors.

b
ol

|allb]
(i +2j+3K)-(3i — j+2k)
JT+2]+3k\31 - ]+2k
3-2+6 7 1

1414 14 2

CcosO = % = €0S0O = cos60°

Then cos6 =

ol
ol

Ccos0 =

-.6=060°

2. If thevectors 2i +Lj—k and 4i —2j + 2k are perpendicular to each other, then
find A.

Sol. Leta=2i+Aj—-kandb=4i-2j+2k
By hypothesis, a,b are perpendicular then a-b=0

= (2i +Aj—k)-(4i —2j+2k)=0
—8-2.-2=0

—6-2L=0

=A=3
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3. a=2i-j+k,b=1i-3j-5k. Find thevector c such that a,b and t form the
sides of triangle.
Sol.

T=-2i+j-k—i+3j+5k
C=-3i +4j+4k

4. Find the angle between the planes 7-(2i - j+2k)=3andT-(3i +6] +k) =4.
Sol. Givenrt-(2i-j+2k)=3
T-(3i+6]+k)=4
Given equation T-f, =p, T-N, =q

Let 6 be the angle between the planes.

=

Then cos6 = 2

|

1
Ny |7 |
_(2i = j+2k)- (31 +6] +k)
J2T =7 +2K\[3T +6] +K

 6-6+2 2
Joa6 346

2

cosO=———
3746
2

~0=cost| —

(3\/46j
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5. Let § and &, be unit vectors containing angle 6. If —|el € EsinAg, then

find A.

Sol. |§ -6 [=sinAb

N[

Squaring on both sides
:%(él—éz)zzsinzke

1r,_ 2 — \2 == | _ 2
= (@) +(®)*-288 |=dn’10
:%[éf+é§—2|él||§2|cose]=§n2x6
= %[1+1— 2c0s8]=sin*A0
:%[Z—Zwse]:sinzke

= %[1— cos@] =sin’ A0

= %[1— cos@] =sin® A0

:l{zgnzg}:gnzxe
2 2

:sinzgzsinzke

:>9:7»6:>7u:1
2
6. Find the equation of the plane through the point (3, -2, 1) and
perpendicular to the vector (4, 7, -4).

Sol. Leta=3i-2j+k,b=4i-7j-4k

-A(a)(3 2,1) |

Equation of the required plane will beintheform 7-b=a-b
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T-(41 +7]-4k) =
(Bi —2]+k)- (41 +7]—4k)
=T-(4i+7j-4k)=12-14-4
=T -(4i+7]-4k)=-6

7. If |pE2 |gkE3and (E,G):g,then find |pxgp.
Sol. Given|pf2 [gl-3and (p.6) =

153 P=[IP G |sn(E,d)]

T 2 1 2
=[2-3sin=| =|2-3-=
[ 6} { 2}

8. If a=2i-3j+kandb=i+4j-2k, then find (a+b)x(a-b).
Sol. a+b=3i+j-k, a-b=i-7j+3k

(@a+b)x(@a-b)=|13 1 -
1 -7 3

=i(3-7)- j(9O+D) +k(-21-1)
(@+b)x(a-b)=—-4i -10j — 22k
9. If 4i_+2—:fT+pE isparallé tothevector i+2j+3k, find p.

Sal. Leté:4i_+%7+pk,5:i_+27+3§
From hyp. a isparallel to b then a=Ab, A isascalar.
:>4T+2—;T+pE:x[i_+zT+3E]
Comparing i, j,k on both sides

4=A=>A=4
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Z—SE):Zk:p:Bk: p=12

10. Compute ax(b+T)+bx(C+a)+Tx(a+b).

Sol. ax(b+T)+bx(C+a)+Ccx(a+hb)

11. Compute 2jx(3i —4k)+(i +2j)xKk.
Sol. 2jx@Bi-4k)+(i +2])xk
=6(jxi)—8(jxKk)+(i xk)+2(jxk)
=—6k—-8i —j+2i
=—6i — j—6k

12. Find unit vector perpendicular to both i+j+k and 2i +j+3k.

Sol. Leta=i+j+kandb=2i+j+3k

P P —
w ~ X

T
axb=|1
2

=1(3-D)-j(B-2)+k(1-2)

=2i-j-k
|axb|=+/6
Unit vector perpendicular to
_ .= , axb 2i—j-k
aand b=+ —=%
laxbl| J6
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13. If 6 isthe angle between thevectors i + j and j+k, then find sin 6.

Sol. Leta=i+jandb=j+k

14. Find the area of the parallelogram having a=2j-k and b=-i +kas adjacent
sides.
Sol. Given a=2j-kand b=-i +k

.. Areaof paralelogram = |axb|

I
o —l
x|

~1=|2i - j+2kE\/9=3
1

o N —

-1
15. Find the area of the parallelogram whose diagonals are
3i+j-2kandi-3j+4k.

Sol. Given AC=3i+j-2k,BD=1i-3]+4k

Area of parallelogram = %lA_CxB_l
T 7 k

L3 1 o

2
1 -3 4

[T(4-6)-j(12+2)+ E(—Q—l)]‘

NI N

[—2T—14T—10E]‘
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=|-i =7 -5K|
=1+ 49+25=/75
. Areaof parallelogram = 53 sq.units.

16. Find the area of thetriangle having 3i +4] and -5i +7] astwo of its sides.

Sol.

B C
Given AB=3i +4], BC-5i +7]
We know that,
AB+BC+CA =0
CA=-AB-BC=-3i —4j+5i -7]
CA =2i -11j

. Areaof AABC = %@xA_q

i j k
1 1r—
-=13 4 0/==[k(-33-8
2 [k(-33-8)]
11 0
‘—4]1( 41

17. Find unit vector perpendicular to the plane determined by the vectors
a=4i+3j-k and b=2i-6j-3k.

Sol. Given a=4i +3j-k, b=2i-6j-3k

i ] kK
axb=[4 3 -
2 -6 -
=i (-9-6)— j(-12+2) + k(—24-6)
=-15i +10j —30k =5(-3i + 2] —6k)
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|axb|=5V9+4+36=5x7=35
. Unit vector perpendicular to both

_ . —15i +10j -30k
| 35

18. If |alz13|be5 and a-b=60, then find |axb].
Sol. Given |al=13|bj=5 and a-b=60
We know that
|axb f=|af|bf (@ b)?
=169- 25— 3600
= 25(169-144) = 625
|axb [’=625
~]axbz25
19.1f a=i-2j-3k,b-2i +j-k, T=i+3j-2k then compute a-(bxc).
Sol. Givena=i-2j-3k,b-2i+j-k,T=i+3j-2k
i j k
bxt=|2 1 -1=i+3j+5k
1 3 -2

a-(bxtT)=(i —-2j-3k)-(i +3]j +5k)

20. Simplify (i —2j+3k)x(2i + j—Kk)-(j+k).
Sol. (i-2j+3k)x(2i +j-Kk)-(j+k)
1 -2 3
=2 1 =
0 1 1
=11+ +2(2-0)+3(2-0)
=2+4+6=12
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21. Find the volume of parallelepiped having co-terminous edges i+ j+k, i -]
and i+2j-k.
Sol. Leta=i+j+k,b=i-j,c=i+2j-k

Volume of parallelepiped=[a b t|

1 1 1
=1 -1 O
1 2 -

=11-0)-1(-1-0)+1(2+1)
=1+1+3=5Cubic units

22.Compute [i-] j-k k-i]
1 -1 O
Sol. [7-7 F-k k-T]= 1 -1
-1 0 1

=11-0)+10-1)+0(0+1)
=1-1=0

23. For non-coplanar vectors a,b and ¢ determine the value of p in order that
a+b+T, a+pb+2C and —a+b+T arecoplanar.

Sol. Let

From hyp. Given vectors are coplanar.

1 11
Then|1 p 2a b c]=0
111

=[Yp-2)-11+2)+L1+p)][abT] =0
=[p-2-3+1+p][abT]=0
[-[abT]=0]

are non-coplanar vectors|

[ -
ol
ol
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11 1
:%1 10

12 1
=%[1(_1—0)—1(1—0)+1(2+1)]

1
==[-1-1+3
Al ]

=£[1] =£ cubic units
6 6
25.Let a,band T be non-coplanar vectors and o=a+2b+3c,=2a+b-2c and

y=3a-7c thenfind [¢ B 1v].

12 3
Sol. [a B y]=]2 1 -2[a b T
30 -7

=[1(-7-0)-2(-14+6)+3(0-3)][ab C|
=[-7+16-9)[abT]
=0[abtc]|=0
26. Provethat ax|ax(axb)|=(a-a)(bxa).
Sol. ax|ax(axb)|=ax[(a-b)a-(a-a)b]

=(a-b)axa-(a-a)axb (- bxa=-axb)
=(a-b)(0)+(a-a)(bx3a)

ax| ax(axb) |=(a-a)(bxa)
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27.1f a,b,c and d are coplanar vectorsthen show that (axb)x(cxd)=0.
Sol. If a,b,c arecoplanar < [a b T]=
(axb)x(ctxd)=[(axb)-d]-c—[(axb)-T]d
=[abd]c-[abt]d
=0-t-0-d [ ab,c, darecoplanar]
. (@axb)x(cxd)=0
28. Show that [(axb)x(axt)]-d=(a-d)[a b ¢].

Sol. [(axb)x(axt)]-d

QJI grl
ol

29. Show that é'[(5+6)><[5+5+6]] =0.

Sol. LHS=a|(b+C)x[a+b+T]]

=a-[bxa+bxb+bxCT+Txa+CTxb+CTxT]
=a-[bxa+0-Cxb+Txa+Txb+0]
=a-[bxa+cxa]

=a-(bxa)+a-(txa)

=[a b a]+[a T 3]

=0+0=0=RHS

30. If a,b and T are unit vectorsthen find [23—5 2b-¢T 26—5].

[25—6 2b-¢ 26—5]

=[2(4-0)+1(0-1)+0(0-2)][a b
=[2x4-1](0)

=[8-1](0)

=[7](0)=0

ol

]
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31. Show that (a+b)-(b+T)x(c+a)=2[abc].
Sol. Weknow that a-(bxc)=(a b ©)

11 0
(@+b)-(b+T)x(c+a)=0 1 1[abc|

10 1
=[1(1-0)-1(0-1)+0(0-D][a b c|=@+1)|a b |
=2[a b t]

32. Find the equation of the plane passing through (a, b, ¢) and parallel to the
plane 7-(i + j +k) = 2.
Sol. Cartesian form of the given planeis
X+y+z=2
Equation of the required plane will beintheformx +y +z=k
Sinceit is passing through (a, b, €)
atb+c=Kk
Required planeis
XxX+y+z=a+b+c
Itsvector formis: 7-(i + j+k)=a+b+c.
33. Let aand b be non-zero, non collinear vectors. If |[a+b|=|a-b], then find the
angle between aand b.
Sol. |a+bl|=|a-b|
—|a+bf=|a-bf
— (@a+b)(@+b)=(a-b)(@a-b)
—a’+2ab+b?=a%-2ab+b?
—4ab=0=a-b=0

Angle between aand b is90°.
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34. Let a,band T be unit vectorssuch that b isnot parallel to ¢ and
éx(ExE):%E. Find the anglesmadey a with each of b and ¢.
Sol. %B:EX(BXE):(E-E)E—(EB)E

Such band © are non-coplanar vectors, equating corresponding coefficients on

both sides, a-c==anda-b=0.

N

. @ makes angle m/3 with Tt and is perpendicular to b.

35. For any four vectors ab,candd, prove that (bxt)-(axd)+(cxa)-(bxd)+
(@axb)-(cxd)=0.

=(b-3a)(c-d)—(b-d)(c-a)+(c-b)(@-d)—(a-b)(c-d)+(a-c)(b-d)—(a-d)(b-c) =0
36. Find the distance of a point (2, 5, =3) from the plane 7-(6i —-3j +2k) =4.

Sol. Herea=2i+5j-3k, N=6i —-3j+2k,andd =4.

. The distance of the point (2, 5, =3) from the given planeis

|(2i +5] —3Kk)(6i —3] +2k) - 4]

|61 —3j +2K|

_|12-15-6-4|_13

J36+9+4 7

37. Find the angle between theline XJFl:%: 2;3 and the plane

10x + 2y — 11z = 3.

Sol. Let ¢ bethe angle between the given line and the normal to the plane.

Converting the given equations into vector form, we have
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T=(-i +3K)+A(2i +3]j +6k)
and T-(10i +2j -11k) =3
Here,
b=2i +3j+6k and n=10i +2j —11k
(21 +3j +6k)- (101 +2j -11k)
2 262102+ 22 4172
—40|_8
7x15

sno

38.I1f a-b=a-t and axb=ax¢c,a=0 then show that b==¢.
Sol. Given that,

a-b=a.c=ab-7)=0 ..(1

From (1) and (2) it is evident that, the vector (b—<c) cannot be both perpendicular
to a and parallel to a.

Unlessitiszero

SAQ'S

39.If |alF2|b3and |Tl=4 and each of a,b,c isperpendicular to the sum of the
other two vectors, then find the magnitude of a+b+c.
Sol. a.l (b+0)

=3a-(b+C)=0

=a-b+c-a=0 ..Q)
bL(c+a)

= b-(C+73)

—=b-T+b-a=0 (2
Tl (a+b)

=T-(a+b)=0

—~T-a+c-b=0 ..(3
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Consider
|a+b+CP=(a+b+¢)?
=(@)%+(b)®+(€)’+2(a-b+b-tT+c-q) =2°+3*+4?
=|aP +|b [ +|cf +0 (.- from(4))
=4+9+16=29

|a+b+TE/29

40.Let a=i+j+k and b=2i +3j+k find
i) Theprojection vector of b on a and its magnitude.

ii) The vector componentsof b in thedirection of a and perpendicular to a.

Sol. Giventhat a=i+j+k,

(on

=2i +3j+k
: _— — _ ab_

1) Then projectionof b ona=—; a7 -a

a

(I+j+k) (2i +3j +3K) AT+T+K|

|T+]+kP
_2+3+1 '_+T K
3?2
:Mzz(i—"'T'i‘E)
3
Magnitude = 3 bl |(i +j+K)-(2i +3]+K)]|

EY [T +7+k|

|2+3+1| 6 .
=122l — 23 unit
N3] 3

(@b _

ii) The component vector of b inthedirection of a= af
a

=2(i + ] +k) (.- from 10(i))

The vector component of b perpen-dicular to a.
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(a-b)a _

:t_)—-l_|2 (21 +3j+k)-2(i + j +Kk)
a

=2i+3j+k-2i -2j-2k=j-k
41.1f a+b+c=0,|afE3|b=5 and |t|= 7 then find the angle between aand b.

Sol. Given|al=3|b5]|c=7 and

Squaring on both sides
a’+b*+2a-b=7c?

=|af +|bP|2|a|b|cos(@ b)] =|Tf
= 9+ 25+ 2[3.5c03(3, b)] = 49

= 2[15c0(a, b)] = 49-34

.. Angle between a and b is60°.

42. Find the equation of the plane passing through the point a=2i +3j-k and
perpendicular to the vector 3i —2j-2k and the distance of this plane from
the origin.

Sol. Leta=2i+3j-kandb=3i-2j-2k
Equation of the required planeis
T-b=ab
T.(3i -2j-2k) =

(21 +3j—k)-(3i —2j —2Kk)
=6-6+2
T.(3i -2j-2k)=2

Its Cartesian form is
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(Xi +yj+2k)-(3i —2j-2k)=2
=3X-2y-22=2

Perpendicular distance from the origin to the above planeis

43.1f a=2i+j-k,b=-i+2j-4k and c=i + j+k then find (axb)-(bxTt).

=i(-4+2)- j(-8-D+k(4+))
=—2i +9j +5k
i j k
bxt=|-1 2 -4

=1 (2+4)- j(-1+4)+k(-1-2)
6i —3j -3k

(axb)-(bxT)

=(-2i +9] +5k)-(6i —3] —3k)

=-12-27-15=-54

44.1f a,b,c are unit vectors such that a is perpendicular to the plane of b,c
and the angle between b and © is7@/3, then find |a+b+t]|.
Sol. a perpendicular to plane contain b and ©.
—a-b=0,acT=0
Consider
|a+b+c=(a+b+7t)?
=a’+b?+c*+2ab+2bc+2ca
=af +|bf+|cf+0
+2|b||T|cos(b,T)+0
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=1+1+2+2()(2) cosg

=3+ ZX%: 3+1=4

~]a+b+C2

45.I1f a=2i +3j+4k,b=i+j—k and c=i-j+k then compute ax(bxc) and

verify that it is perpendicular to a.

Sol. Given a=2i+3j+4k,b=i+j-k,c=i-j+k
i] k
bxt={1 1 -1 =i(1-D-j@+D)+k(-1-1) =-2j-2k
1 -1 1
i ]k
ax(bxT)=[2 3 4|=i(-6+8)—j(-4-0)+k(-4-0)=2i +4j-4k
0 -2 -2

(ax(bxT)-a =(2i +4j—4k)-(2i +3] +4k)
=4+12-16=16-16=0
~.ax(bxt) isperpendicular to a.

46. Let 3,b and C are non-coplanar vectors provethat if [a+2b 2b+C 5c+a|=
A[abtc],then find A.
Sol. Given
[a+2b 2b+T 5c+a|= A[abc]

— [1(10-0)-2(0-1) + 0(0-2)]
[abc]=A[abc|

= (10+2)[abt|=A[abT]

S A=12
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=i(-2+3)— j(-4+1) +k(6-1)
bxT=1i+3j+5k

7k
ax(bxT)=|1 -2 -3=i(-10+9)— j(5+3)+k(3+2)
1 3 5
ax(bxt)=-i —8j +5k
i j k
axb=|1 -2 -3 =i(2+3)-j(-1+6)+k(1+4)
2 1 -
axb=5i —-5j+5k
i ] k
(axb)xt=|5 -5 5|=i(10-15)— j(-10-5)+k(15+5)
1 3 -2

(axb)xT=-5i +15] + 20k

- ax(bxT) # (@axb)x<T

48. Let b=2i + j-k,c=1i+3k. |f aisaunit vector then find the maximum value

i
Sol. Consider bxt=2 1 -
1 0
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|bXT 9+ 49+1=+/59
Let (a,bxT)=6
Consider [ab €]=a-bx¢T
=|a| bx<|coga bxt]
= (1)(~/59) cos
=+/59 cosO

We know that -1 < cos6 <1
. Maximum value of [a b ¢]=+/59.
49. Let a,b,c be mutually orthogonal vectors of equal magnitudes. Prove that
thevector a+b+¢ isequally inclined to each of a,b,c, theangle of
. . . . 1
inclination being cos‘lﬁ.
Sol. Let|al=|b|=|T|=)r
Now, |a+b+cf=a’+b*+c?+2xa-b
=3\%*(-a-b=b-c=¢-a=0)
Let 6 be the angle between a and a+b+¢

Then cosd == a+b+0) 4 _ 1

Similarly, it can be proved that a+b+¢c inclines at an angle of cos‘1% with

b and c.

50. In AABC, if BC=3,CA=b and AB=¢, then show that axb=bxTt=¢txa.

Sol. a+b+¢c=BC+CA+AB=BB=0

~.ax(a+b)=ax(-c)

s.axb=-(axc)=cxa
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51.Let a=2i+j-2k,b=1+].|f ¢ isavector such that a-c=c||c-afF2v2 and
the angle between axb and ¢ is30°, then find the value of |(axb)x¢]|.

Sol. |ak3|bE+v2anda-cc]

22 =|c-13|
=8=|c-af=cf+|alf -2(@c)
~.8=Tf+9-2|¢c|
~(IE|-1)*=0
STkl
ik
Now, axb=2 1 -2/=2i-2j+k
11 0

~|(@xb)xT|=|axb]||c|sin30°

il

52.If a isa non-zero vector and b,c are two vectors such that axb=axc and
a-b=a-c then provethat b=

Sol. axb=axt=ax(b-C)=0

. If b=¢C,then b—T isparalé to a and is perpendicular to a which isimpossible.

. b=cC.

ol
ol
ol
L1
N
1
ol
ol
ol
L1

53. Provethat for any three vectors a,b,c, [B+E T+
Sol. [b+t t+a a+b|
=(b+7T)-{(c+a)x(a+Db)}
= (b+7)-{Txa+Txb+axb}
= b(txa) + b(Txb) +b(axb)

+C(cxa)+T(Txb)+T(axb)
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=[bT a]+0+0+0+0+[C a b]
=2abc]

54. For any threevectors a,b,c provethat [Bxc‘: txa axE]z[aBE]z.

Sol. [bxé Txa axb]

55.For any four vectors ab,candd, (axb)x(cxd)=[acdlb-[bcdla and
(@axb)x(cxd)=[abd]c—[a b c]d.
Sol. Letm=cxd
s (@xb)x(txd)=(axb)xm
=(a-m)b—(b-m)a
= (a-(txd))b—(b-(cxd))a
[aT dlb-[bcda

Again, Let axb=n, then

Q|

(axb)x(txd) =nx(cxd)
=(n-d)c—(n-c)d
= ((@xh)-d)c—((@axb)c)d
=[abd]c-[abt]d

56. Theanglein semi circleisaright angle 2
Proof: Let APB be asemi circle with centre at O.
OA =0OB =OPaso OB=-0A B
AP.BP = (OP—OA).(OP—OA) A v

= (OP-0A).(OP+OA) OB =-0A

= (OP)? - (OA)? { (a+b0.(a-b) = (a)* - (b)’
=[P -|[oA =oP*-0P*=0  {-OA=OP)
APBP=0 .. APLrPB Hence ZAPB=90
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Hence angle in semi —cricleis 90°

57. For any two vectors a and b provethat (axb)?+(ab)’ =‘é‘2‘6‘2

Sol:  (axb)?+(ab)?

a’ [0 sin?(a,b) + (ab)?

QD
jox}

*{1-cos(3,b)} + (ab)’

j8b)
o

jab]
(ox]

2 _‘5‘2 ‘5‘2 cos’(a,b) + (ab)?

al 52—@55{+@BS{

—12 |2
=|a o =RH.S
i J k
58. If a=aji +a,j +a;k b=bi+bj+bk, then axb =|a, a, a
b b, b

Proof : axb=(ai +a,] +a;k) x(i +b,] +bk)
= aoy (T xT) + &y, (T T) + @y (1 xk) +8,b (7 xT) + 8,0, (T ) + by (T k)
+agfy (K xT) +agb, (kx T) + by (k xk)
= a0, (0) +a, (k) +a;(-7) +a,b(~k) +a,b,(0) +a,b;(7) +aghy (7) +agb,(~T) +ay3(0)
=T (ab;—agh,) - T(ab; —ah) +k(ab,-ah)

i J k
=la; a, &
b, b, b

NS _ -~ -~ - lac ad

59. If a,b,c,d arefour vectorsthen (axb).(cxd)zgf ga

.C .

Proof : (axb).(cxd)={(axb)xc}.d {--dot and cross areinter changeable}
{(ac)b-(bc)a}.d = (ac) (b.d)— (b.c)(ad)

- = - —

ac ad
bc bd
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60. If a,b,c,d arefour vectorsthen (axb)x(cxd)=[abd]c—[abc]d
=[acd]b—[bcd]a
Proof :- (axb)x(cxd)=(axbd)c-(axbc)d =[ab d]c-[ab c]d
(axb)x(cxd) = (cxd.alb—(cxd.bla

=[a c d]b-(b c d]a

LAQ'S
61. a, b, cand d arethe position vector s of four coplanar points such that
(@a—d).(b —c) = (b —d).(c—a) =0 show that the point ‘d’ represents the
orthocenter of thetrianglewith a, b and c asitsvertices.
Sal.

A@)

D(d)

B(b) C(c)
Let O bethe origin and
OA =3,0B=b,0C=¢,0D =d
Giventhat (a-d)-(b-c)=0
— (OA-0D)-(OB-0C) =0
—DA-CB=0
— DA perpendicular to CB
D isan atitudes of AABC
Consider (b—d)-(c-a)=0
(OB-0D)-(OC—-0A)=0
DB-AC=0
— DB perpendicular to AC
= DB isalso an altitude of AABC
The atitudes DA,DB intersect at D.
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— D isthe orthocenter of AABC.

62.Let a=4i +5j—k, b=i-4j+5k and ©=3i + j—k. Find the vector which is
perpendicular to both a and b whose magnitude istwenty onetimesthe
magnitude of ¢.

Sol. Giventhat a=4i +5j-k,b=i-4j+5k and c=3i + j -k

|T|=v9+1+1=+/11

The unit vector perpendicular to both aand b is= nggl
X
i ] kK
Now axb=4 5 -
1 -4 5

=i(25-4)- j(20+1) +k(-16-5)
=21i —21j-21k

=21(i - j—k)

|axb = 21/1+1+1 =213

The vector perpendicular both a and b and having the magnitude 21 times
magnitude of cis
21|c|(axb)
|axb|
21/11x21(7 - ] —k)
214/3
_+21J11(7 - -K)
B NE
+7-3J11(7 - ] —K)
) NE
= +7/3V11(7i - ] k)
=+7/33(1 =] -K)

I+

I+
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63. G isthe centroid AABC and a, b, c are the lengths of the sides BC, CA and
AB respectively. Prove that a® + b + ¢ = 3(OA? + OB? + OC? — 9(0G)?
where O isany point.

Sol.

c
B a

Giventhat BC=a, CA=b,AB=c
Let O betheorigin
OA + OB +0C = 30G
a2 =BC’ = (OC-0B)?
~0OC’ +0B - 20C-OB
b? =CA’ = (OA —OC)?
—OA’+0OC —20A-0C
c?=AB’ = (OB-OA)?
- OB +O0A’—20B-OA
Consider

?+b%+¢2 =2 OA”+OB’ +0C" | -2 OA-OB+0B-0C+0C-0A..()

We have OA + OB + OC = 30G
Squaring on both sides
—2 ——=2 —2 _— e — — = —— —2
OA“+0B +0C +2[OA-OB+OB-OC+OC'OA]=9OG
— —2(OA -OB+OB-OC+OC-OA)
—OA’+0B°+0C —-90G" (2
Substituting in eg.(1), we get
a2+b2+c2:z[o—Az+@2+o—c2} {{OA’ + OB’ + 0C*]-90G"

a2+b2+c2=3[072+@2+o—c2}_9@2
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64. A line makes angles 64, 6,, 6; and 0, with the diagonals of a cube. Show that

4
cos’ 0, +cos’ 0, +cos” 0, +cos* 0, = 3

Sol.

C B’

Let OAB’C, BC'PA’ be a unit cube.

Let OA=17,0B=j and OC=k

OP,AA’,BB’,CC’ beits diagonals.

Let T=xi +yj+zk beaunit vector along alinelL.

Which makes angles ., 8,, 05 and 6, with AA’,BB’,CC’ and OP.

=S| TEYXP+y*+2° =1

We have OB'=0A-0OC=1 +k
OP=0B’-BP=i+k+|[~BO=0B=]]

=i+j+k
AA’=OA'—OA=j+k—1=—1+]+k
BB'=OB'-OB=i+k—]=1-]+K
CC'=0C-0C=1+]-k
Let (F,OP) =6,
cos6 T-OP _ (xi+yj+2k)-(i +]+K)
L |T|0P| 141+1+1
X+y+2z
= (@
7 @

Similarly (T,AA") =6,
_T-AAT (XT+Y[+ZK)- (=T + ] +K)
|T||AA’| 1-41+1+1

_-X+y+z

—T ...(2)

= cos0,
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(F,BB) =6,

BB’
BB’

=l

= €0S0; =

=l

_(Xi+yj+2k)-(i —j+k)
1.vV1+1+1

NG WE)

_(Xi+yj+2K)-(i +] k)
1.v1+1+1
_X+y-z

= (4

. c0s” 0, +cos” 0, +cos” B, +00s° 0,
2 2 2 2
:(x+y+z) +£—x+y+zj +(x—y+zj +(x+y—z]
Ne Ne s )T

2 2 2
(X+y+2)2+(=X+y+2)° = (X+y+2) +(X=y+2) +(X+y-2)

3
_2(X+Yy) 4222 +2(x—y)? +22° 2[(x+y)2+(x—y)2]+422
3 3
2[2x2+2y2]+4z2
- 3
A2 +4y*+42° Ar 5 o o7 4, 4
3 3[ y ] 3() 3

65. If a+b+cT=0 then provethat axb=bxt=txa.

Sol. Given a+b+tc=0

X<C ..(D
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=Cxa -.(2)

66. Let aand b be vectors, satisfying |a|=|bl=5 and (a,b)=45°. Find the area of
thetriangle have a—2b and 3a+2b astwo of itssides.
Sol. Given aand b are two vectors.
|a|=|be5 and (a,b) = 45°
T=a-2bandd=3a+2b

|exd|

The areaof Ale having © and d as adjacent sidesis >

|exd = (a-2b)x(3a+2b) |

=|3(axa) + 2(axb) - 6(bxa)—4(bxb) |
=|3(0) + 2(axb) + 6(ax b) —4(0) |
=|8(axb)|

=8|axb|

=8|a|/b|sin(a,b)

=8.5.5sin45°

— 200X —100y2

J2
_|exd|_100v2
2

= 50v/2 sq.units

www.sakshieducation.com



www.sakshieducation.com

67. Find a unit vector perpendicular to the plane deter mined by the points
P(1, -1, 2), Q(2, 0, -1) and R(0, 2, 1).
Sol. Let O bethe origin and

=1i(0+6)— j(-1-2)+k(3-0)
POxPR =61 +3] +3K
|PQxPR |=3V4+1+1=3/6

.. The unit vector perpendicular to the plane passing through

PQandRis =+ —="—- PQxPR
|PQxPR|

:+3(2i_+T+E) 20 + j+
N J6

k

I
-+

68. If a,band T represent the vertices A, B and C respectively of AABC, then

provethat |(@axb)+(b+7T)+(cxa)| istwicethe area of AABC.
Sol.

A(a)

B(b) c(c)

Let O betheorigin,

OA =3,0B=b,0C=
Areaof AABCis A:%‘(ﬁxA_C)‘
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(OB—OA)x(OC-0A)|

(b-a)x(c-3)|

Il
NIFE NP NP NP N e
ol
%
ol
[
ol
X
s?a
m
X
(@]
_+_
®
%
»

2A = [axb+bxT+CTx3. Hence proved.

69.1f a=4i-2j+3k,b=2i+8k and Tt=i+j+k then axb,axc and ax(b+T).
Verify whether the cross product isdistributive over vector addition.

Sol. Given

i j k
axb=|7 -2 3
2 0 8

=i(-16—-0)— j(56—6)+ k(0+4)
axb=-16i —50j + 4k

=i(-2-3) = j(7-3)+k(7+2)
axCT=-4i —4)+9%
i ]k
ax(b+c)=7 -2 3
3 1 9
=i(-18-3)— j(63-9)+k(7+6)
s ax(b+¢€)=-21i -54j +13k
axb+axc=-21i —-54)+13k

s ax(b+C)=axb+axc
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Let b=xi +yj+zk

ik
axb=|1 1 1=i(z-y)-
Xy z

axb==¢C

www.sakshieducation.com

k, then find vector b such that axb=¢ and a

J(z=x)+k(y-x) =T(given)

= i(z-y)-[(z-x)+k(y-x)=]-k

z-y=0 ..(D
Xx—z=1 (2
y—-Xx=-1=x-y=1..(3)
ab=3

(i+j+k)-(xi +yj+2zk)=3
X+y+z=3 ..(4)
Puty=zin (4)
X+z+z=3

X+2z=3 ...(5)

From (2) and (5)
X+2y=3
Xx—z=1

3z=2= Z:E:>y:E
3 3

Now, we have

X+y+z=3
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x+g+2=3
X+—==3
x=3—ﬂ=§
3 3
b=2T+ 2742k =257 +2]+2K]
3 3 3 3

71. a,b,c arethree vectors of equal magnitudes and each of them isinclined at

an angle of 60° tothe others. If |a+b+t+/6, then find |3].

Sol. |a+b+CE+6

—|a+b+CF=6

—a’°+b’+T?+2ab+2bc+2ca=6

Let |aEbETl=a

— a®+a’ +a’ + 2a° cos(a, b) +2a% cos(b, T) + 2a° cos(C,a) = 6

— 3a” + 2a® cos60° + 2a° cos60° + 2a° cos60° = 6

— 3a’ +6a® cos60° = 6

:>3a2+6a2><%=6

—3a°+3a°=6

—6a>=6

—a’=1l=a=1=|al1

following.
i) (@axb)x(cxd)

ii) (axb)-c—(axd)-b

i
Sol. i)  axb=|3 -1
~1 3

N N X

=i(-2-6)-j(6+2)+k(9-1)
axb=-8i —8j +8k
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i ]k
txd=[4 5 -2
13 5
=i (25+6)— j(20+2)+Kk(12-5)
=31i —-22j+7k
i j kK
(axb)x(cxd)=|-8 -8 8
31 -22 7
=i (-56+176) — j (—56— 248) + k(176 + 248)
- (axb)x(Cxd) =120i +304 | + 424k

ii) (axb)-T=(-8i —-8j+8k)-(3i — j +2k)

=-24+8+16

=i (-5-6)— j(15-2)+k(9+1)

=-11i —13j +10k

(axd)-b(=11i —13] +10Kk)-(—i +3]j + 2k)

=11-39+20=-8

~.(axb)-c—(axd)-b=0-(-8)
=0+8=8

73.1f a,b and T are mutually perpendicular unit vectors then find the value of
[abzc].

Sol. Case(i): Let a,b,c form aright hand system
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Case(ii) : Let a,b,c form aleft hand system

. In both cases we have [a b ET =

74.1f a,band © are non-zero vectors and a is perpendicular to both b and c. If
|aE2|bE3|cl4 and (b, c)—— then find \ [abt] \

Sol. If aisperpendicularto bandc.

— aispardld tobxT

:>[€1,t_)><6]:0

= bxT=|b]||c|sin(b,T)a

:>|5><E|:3><4sin2—;é

:|5x6|=12sin120.1:12x§:6\/§

~[labt|]=|a:(bxT)-|allbxT|cos(@ b T)
=(2-6+/3)cos0=12/3

~|3a-bxT|=(2-643) =123

75.1f [b ¢ d]+[c a d]+[a b d] =[a b c]thenshowthat abzcd are
coplanar.

Sol. Let O bethe origin, then
OA =3,0B=Db,0C=c,0D=d are position vectors.

~—aand AD=d-a

_|
=0
K
)>
w
cr
ml
O
Il
ol

The vectors AB,AC,AD are coplanar.
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~[AB AC AD]-0

:[B—a [ d—a] =0
= (b-3)x(c-3a)-(d-a)=0

— (bxTt+axb+ctxa)-(d-3a)=0
(-axa=0)

= (bxT)-d+(axb)-d+(cxa)-d—(bx<C)-a—(axb)-a—(cxa)-a=0

= (bxT)-d+(axb)-d+(cxa)-d—(bx<T)-a=

=[b © d|+[a b d]+[tc a d|=|a

ol o

c)

76. If a,b,c non-coplanar vectorsthen prove that the four points with position
vectors 2a+3b-¢,a-2b+3c,3a+4b-2¢ and a-6b+6c arecoplanar.
Sol. LetA, B, C, D bethe position vectors of given vectors.
Then OA =2a+3b-¢,0B=a-2b+3¢C
OC=3a+4b-2c,0D=a-6b+6C

AB=0B-0A =-a-5b+4¢C
AC=0C-0OA=3a+b-¢C
AD=0D-0A =-3a-9b+7¢C

Let AB=xAC+yAD wherex, y are scalars.
—a-5b+4C=x(a+b-7T)+y(-a—9b+7c)
—a-5b+4c=(x-y)a+(x—-9y)b+(—x+7y)c

Comparing a,b,c coefficients on both sides

X—y=-1 (D
X—9y =-5 ..(2)
X+7y=4 ..(3)
V- =8=4=y=2

From (1) : x :—%
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:>£+Z:4:>§:4:>4:4
2 2 2

.. Given vectors are coplanar.

77. Show that the equation of the plane passing through the points with
position vectors 3i -5j—k,—i +5j+ 7k and parallel tothevector 3i - j+7k is

X+2y—-z=0.

Sol. Let OA=3i-5j-k,0B=-i +5]+7k

OC=3i-]+7k
Let P(xi +yj+zk) be any point on the plane with position vector.
Such that OP=xi +vyj +zk
AP=0P-0A =Xi +yj+zk-3i +5] +Kk
=(x=3)i +(y+5)j+(z+Dk
AB=0B-0A =-i+5]+7k-3i +5] +k .. The vector equation of the plane passing
=—4i +10j +8k
C=3i-j+7k
through A, B and parallel to C is:
[AP AB C]=0
X-3 y+5 z+
=4 10 8 |=0
3 -1 7
= (x-3)[70+8]-(y+5)[-28—24] +(z+1)[4-30]=0
= (X-3)78+(y+5)52+ (z+1)(-26) =0
= 26[(x+1)3+ (y+5)2+(z+1)(-1D]=0
= 3X-9+2y+10-z-1=0
= 3X+2y-z=0
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78. Find the vector equation of the plane passing through the intersection of
planes 7-(2i +2j-3k)=7,T-(2i +5] +3k) =9 and through the point (2, 1, 3).
Sol. Cartesian form the given planesis
2X+2y—-3z2=7 ...(1) and
2X+5y+32=9 ..(2
Equation of the required plane will bein the form
(2x+2y—-3z—-7)+M2x+5y+32-9)=0
Since it is passing through the point (2,1,3)
[2(2) +2(1) —3(3) — 7] +A[2(2) + 5(1) + 3(3) —9] =0
4+2-9-7)+7M4+5+9-9)=0
—10+ 91 =0

9\ = 10 :x:%

Required planeis:

10
(2x+2y—32—7)+§(2x+5y+32—9) =0
18x +18y — 27z— 63+ 20x + 50y +30z-90=0

38x +68y +32—-153=0

Its vector formis

T-(38i +68] +3k) =153.

79. Find the shortest distance between thelines T =6i +2j + 2k +A(i —2j +2k) and
T=-4i —k+u(3i -2j-2k).
Sol. Givenlinesare

T=6i +2j+2k+A(i —2j +2k)

T=—4i —k+n(3i -2j -2k)

Let a=6i +2j+2k,b=i-2j+2k

T=—-4i -k,d=3i -2j-2k

Shortest distance between the given linesis
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a-c=10i +2j+3k

10 2 3
[a-tbd|={1 -2 2
3 -2 -2

=10(4+4)-2(-2-6)+3(—2+6)
=80+16+12=108

i j k
[bxd]=]1 -2 2
3 2 -2

=8i +8j +4k
|bxd|=+/64+64+16 =+/144 =12

(4+4)— j(-2-6)+k(-2+6)
i

.. Distance = % =9 units.

80. If a,b,c aretheposition vectors of the points A, B and C respectively. Then
provethat thevector axb+bxc+txa isperpendicular to the plane of
AABC.

Thus T is perpendicular to AB

(- neither of them is zero vector)
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Similarly we can show that ¥-BC=0 and hence T is aso perpendicular to BC.

Since T is perpendicular to two linesin the plane AABC, it is perpendicular to the

plane AABC.

81. Show that (ax(bxt))xc=(a-c)(bxt) & (axb)-(axct)+(a-b)(@-c)=(a-a)(b-c).
Sol. [ax(bxT)]xc=[(a-T)b—(a-b)c]xCT
=(a-¢)(bx<T) =(a-b)(cxT)
=(a-t)(bxt)-(a-b)(0)
[ax (bxT)]xT = (a-T)(bxT)
(axb)-(axt)+(a-b)@-c)=(a-b)(b-T)

o
ol ol

=(@-a)(b-c)-(a-t)(b-a)

ol ol
ol ol

(axb)-(axc) =

L.HS =(axb)-(@axc)+(a-b)@-c)
=(a-a)(b-€)—(a-c)(b-a)+(a-b)(a T)
=(a-a)(b-c)=RHS

82.1fA=(1,-2,-1),B=(4,0,-3), C=(1,2,-1) and D = (2, 4, -5) find the
shortest distance between AB and CD.
Sol. Let O betheorigin
Let OA=17-2j—k,OB=4i -3k
OC=1i+2j-k,0OD=2i —4j-5k
The vector equation of aline passing through A, B is

T=(1-t)a+th,te R
=a+t(b-a)
=i-2]-k+t(4i -3k—i +2j+k)

|
=i-2j-k+t(38i +2j-2k)

The vector equation of aline passing through C, D is
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T=(-9s)cC+sd,se R

T:E+s(a—6)

=i+ k+s{2| —B5k—1i—2j+k]
=i+2j-k+di- 4k]

=c+sd

i j k
bxd=(3 2 -2
1 -6 -4

= 1[-8-12] - j[-12+ 2] + kK[-18-2]
=-20i +10j —20k =10[-2i + j — 2K]
|bxd|=10V4+1+4=10-3=30

a-CT=i-2j-k—i-2j+k=—-4]j
[a-Tb-d (a-c)-(bxd)

bxd|  |bxd|

—4j-10-2i + j —2K] _104] _40_4
- 30 30 30 3

‘. The shortest distance between the lines = 4/3.

83.1f a=2i+j-3k,b=i-2j+k, C=—i+j—4kandd=i+]+k

|(@xb)x(cxd)].
i ] k
Sol. axb=]2 1 -
1 -2 1

=i(1-6)- j(2+3) +k(-4-1)
axb=-5i -5j -5k

txd=|-1 1 -4 =i@+4)-j(-1+4)+k(-1-1)
1 1 1
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txd=5i -3j-2k

i ] k
(@axb)x(cxd)=|-5 -5 -5/=i(10-15)— j(10+25)+k(15+ 25)
5 -3 -2

=-5i —35]j +40k
(axb)x(cxd) = +5[—i_— 7j+ 8R]
| (@xDb)x (Txd) |= +5V1+ 49+ 64
~.|(@xb)x (Txd)|=+5v114

84.1f A=(1aa%,B=(1bb? and c=(1c c® arenon-coplanar vectorsand

a a 1+3°
b b? 1+b%=0 then show that (abc+1)=0.
T ¢ 1+C°
a a2 1+3
Sol. Given|b b?> 1+b%=0
T T 1+¢°
a a2 1 [a a¢ &
b b?> 1|+|b b?> b¥=0
tc® 1 [c ¢ ¢
a a1 1 a @
—=|b b? 1|+abtll b b?=0
[ 1 € ¢
a a1 a1l @
=|b b? 1|+abclb 1 b?=0
c 21 %1
a a1 a a1
= b b? 1|+abtlb b? 1|=0
c 1 % e 1
a a1
—=|b b® 1|(1+abc)=0
T ¢ 1
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(-ab€ are non-coplanar vectors)
—=a,bt=-1
85. If a,b,c arenon-zerovectors |(axb)cl= |a||b||cl=a-b=b-c=t-a=0.
Sol. Given a#0,b#0andT=0
|axb-t|=|a||b]|T|
=|axb]|c|cos((axb) -c)=a|lb]IT|
—|a||b|sin(a, b)-cos(@xb-T) =|a||b|
= sin(a,b)-cos(axb-t) =1
— sin(a,b) =1 and cos(axb-¢T) =1
—=a-b=90°and axb-c=0

—a-b=90° and axb parallel toT

|

-b=90° and @, b are perpendicular to €

0°anda-c=b-Tt=0

Ql

b=
b=

U
ol

b-c=t-a=0

86. If |a|=1|b|=1|c|=2 and ax(axt)+b=0, then find theangle between aand .
Sol. Giventhat |al=1|b|=1|T[2

Let (3,€)=6
Consider a-c=|a||<|cosé

=(D(2) coso

=2cos6 ..
Consider ax(axc)+b=0
(a-c)a-(a-a)c+b=0
(2cos)a-()c+b=0 .(2)
(2cos®)a—-c=-b
Squaring on both sides
[(2cosB)a—-T]? = (-b)?
= (4cos®0)(a)? +(T)? —4cosh(a-T) = b?
= 4c0s? 0(1) + (2)? — 4cos6(2cos0) =1
— 4c0s’0+4—-8cos’H =1
= 4-4cos’0=1
— 4c0s°0=3
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:>cosze=§:>cosezi£
4 2
Casel :
If cose):ﬁ:e:E
2 6
T
— (3,T)=—=30°
(ac) 5
Casell :
If cose:—ﬁzse:n—g;—g:woo

~ (a0 = %" —150°

87. Prove that the smaller angle 6 between any tow diagonals of a cubeis given

by cos 6 = 1/3.
Sol.  Without loss of generality we may assume that the cube is a unit cube.

- Let OA=17,0C=7] and OG =k be coterminus edges of the cube.

G D
N
F - —E
k4 /,‘«\" ]
I AY
A B
.. Diagonal OE=1i +j+k and diagonal BG=-i - j +k.

Let 6 be the smaller angle between the diagonals OE and BG.

|OE-BG| |-1-1+1] 1

Then coso=——'= -
|OE|IBG| +/3/3 3

88. Thealtitudes of atriangle are concurrent
Proof : Let OA=a, OB=b and OC =c be the position vectors of the vertices of of a

triangle ABC
L et the altitudes through A and B meet at p. let OP=r now

AP 1" BC = AP.BC=0
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(r-a).(c-b)=0=r.(c=b)=a.(c—b) > (1)

Also BP L' BC = BP.CA=0
(r-a).(a—c)=0=r.(a—c)=b.(a—-c) = (2)

(1)+(2) = r.(c-b)+r(a-c)=a(c—b)+b.(a—c)
r.(a-b)=c.(b-a)

r(b-a)—c(b—a)=0

(r-c).(o-a)=0
CP.AB=0 ..CPLl" AB
- Altitude through C also passes through

- Altitudes are concurrent

89. The perpendicular bisectorsof sides of atriangle are concurrent.
Proof: Let A ,B, C bethe vertices of atriangle with position vectors a,b,c.
Let D, E, F be the mid points of BC, CA, AB respectively Let ‘O’ be point of
intersection of perpendicular bisectors of BC and AC
op-P*t¢ og_2tc
2 2
OD 1" BC=O0D.BC=0
(bLZCJ.(E—B):o E

©°-(0)’=0—()

= (a)’-(0)’=0->(2
(1)+(2) we have (a)’>—(b)> =0= (a+b).(a—b)=0

(%b].(a_s):o:o—pm:o
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OF 1" BA
-.L" bisector of AB also passes through O

Hence perpendicular bisectors are concurrent.

go. The vector equation of plane passing through the points A, B, C having
position vectors a,b,cis[r-a b—ac-a]=0 (or) r{(bxc)+(cxa)+(axb)]=[abc]
Sol:  Let OP=r beany point on the plane OA=a, OB=b, OC =c are the given points
AP, AB, AC are coplanar
[AP AB AC] =

[r-a b-ac-a]=

(F_a).(s_a)x(a_a):o

- - = - = - -

B - - — —

91. If a,b,c arethreevectorsthen
i) ax(bxc)=(ac)b—(ab)c ii) (axb)xc=(ca)b—(ch)b

Proof : i) Let a=al+a,j+ak, b=bl+b j+bk, c=cl+c,j+ck be three

i ] k
vectorsaxb=|a, a, a,|=I(ab,—ab,)-](ab,—ab)+k(ab,—ah)
b b b
i j K
(axb)xc=ab,—ab, ab-ab ab-ab
c c, c,

=I{c, (ab,—ab,) - c,(ab, —a,b)} - j{c, (ab, —ab, — ¢ (ab, —ab)} + k{c,(ab, —ab,) — ¢, (a0, — ab,)}

(ca)b—(ch)a=(ac +a,c, +a.c){bl +b, j +b;k)

(3B +abc, +abc, — abc —abc,)l +(abc +abc, +abc —abc — abt —abc,)]
+(@o,c, +a,bic, + abic; — abc —ab,c, —abic )k
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={c,(ah —ah,) —c,(ab, —a,b)}H + [{cy(ab, —ab,) — ¢ (ab, —ab) +k{c,(a,b, —ab,) - ¢ (aby — ab,)}
Hence proved

]
Proof ii ; bxc=[n b,
G G

S P X

=1(b,c,—bc,) - (e, —be) + k(bc, - b,e,)

i j k
a a, a,
bc,-bc, bg-hbe bc,-bg

={a,(bc, —b,c)—ay(bye — e - j{a(be, —bo) —a;(be, —be)} + k{a (bic, —bc;) —a, (bc; — bc,)}

ax(bxc)=

R.H.S. (ac)b—(ab)c
(a,G +8,C, +a,C){bI +b, |+ bk} — (o +ab, +ab){cl+c, | +c,k}
= 1{a,(bc,-bc)—a, (bc —be,)} - [{achc, —b,e) —a,(be, —b,e)} +k{a, (be —be,) —a,(b,c, —bc,)}

92. If a,b,c,d arefour vectorsthen (axb).(cxd)= ?f ad

bc bd

Proof : (axb).(cxd)={(axb)xc}.d {--dot and cross areinter changeable}

(@b B3 d = GO (BI)- BH@Ed = ¢ 2

bc bd

93. If a,b,c,d arefour vectorsthen
(axb)x(cxd)=[abd]c-[abc]d =[acd]b-[bcd]a

Proof :- (axb)x(cxd) = (axbd)c-(axb.c)d

[abd]c—[abc]d
(axb)x(cxd) = (cxd.alb—(cxd.bla

=[a c d]b—(b c d]a
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94. The vector area of atriangle ABC is %Kéxﬂééégéxéﬁ, :%Cﬁxéé

Sol: In atriangle ABC, AB, BC, CA are the vectors represented by the sides AB,
BC, CA
A=(AB,AC) B=(BA BC) C=(CB,CA)
Let n be the unit vector L' AB,AC and AB,AC,n form right handed system

areaof triangle ABC

A:%AB.ACsinA A

AZE\A—BHE\%A
2

Aﬁ:%\A—BHE\agM
el -
An==ABx AC
2
An=1BCxBA=1CAxCB
2 2
95. If a,b,c arethe prove that of the vertices of the triangle ABC then vector
area=%{5x6+6x5+éx5}
Sol: OA=a OB=b OC = bethe given vertices
Vector area :%ﬁsxA—c
T~ - —~ =
=§{(b—a)><(c—a)}
1.9 . - - . _ .
:—{bxc—bxa—axc+a><a}
2

_ LIbxc+axb+oxa
A J
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96. In AABC thelength of the median through the vertex A is %(2b2+2c2-a2)1/2

Proof: Let D be the mid point of the side BC. Take ‘A’ asthe origin. Let AB=aand
AC =B so that (@, B) = ZA

C

B D
A o B
Fig. 216
Since AD - ﬁzﬁ,we have 4AD° = +B°+20.p = AB + AC- +2|AB ]AC cos( AB, AC)

= c2 + b2 + 2bc cosA = ¢ + b2 + (b2+c2—a2)= 2b2 + 2¢2 — a2
-~ AD = %\/sz +2c¢% - a?

97. Theorem : If a,b,c arethreevectorsthen
i) ax(bxc)=(ac)b—(ab)c ii) (axb)xc=(ca)b—(ch)b

Proof : i) Let a=al+a,j+ak, b=bl+b, j+bk, c=cl+c,j+ck be three

i ] k
vectorsaxb=|a, a, a,|=I(ab,—ab,)-](ab,—ab)+k(ab,—ah)
b b b
i j K
(axb)xc=|ab,—ab, ab-ab, ab-ab
G c, c,

=I{c, (ab,—ab,) - c,(ab, —a,b)} - j{c, (ab, —ab, — ¢ (ab, —a,b)} + k{c,(ab, —ab,) — ¢, (a0, — ab,)}

(Ca)b—(Ch)a=(ac +ac, +ac,){bl+b, ] +bK)

(3B +abc, +abc, — abe; —abc)l +(abc +a,bc, +abc, —abe — bt —a,bc,)]
+@bye +a,b,c, +ab,c, — b —ab,c, —abc,)k

={cy(ap —ab;) —c,(ab, —ab)} + j{c,(ab, —ab,) —c (ab, —a,b) + k{c,(ab, —ab,) — ¢ (ah —ab,)}
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Hence proved

Ko
S F o x!

i
Proof ii ; bxc=|b,
o

(g

2

=1(b,c, ~bc,) - (e, ~bey) +k(be, ~byc)
i i k
8 a, a,
be,-be, be-he, he-bg

={a,(bc, —b,e)—ay(bye —be)} - j{a(bc, —bo) - a;(be, —be)} +k{a (bic, —be;) —a,(bc; —b,c,)}

ax(bxc)=

R.H.S. (ac)b—(ab)c
(aG +8,c, +a,C){bl +b, |+ bk} — (af +ab, +ab){cl+c, | +c,k}
=1{a,(bc,-bc)—a, (bc —be,)} - [{achc, —b,e) —a,(be, —b,e)} +k{a, (be —be,) —a,(b,c, —bc,)}
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