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2MATHEMATICAL INDUCTION

Principle of finite M athematical | nduction:

Let{P(n)/ne N} beaset of statements. If (i) p(1) istrue
(@i1) p (m)istrue = p(m+l) istrue; thenp(n)istrueforevery n N.
Principle of complete induction:

Let {P(n)/ n N} beaset of statements. If p (1) istrueand p(2), p(3) .... p (M-1) are true => p(m)
istrue, then p (n) istrue for every n e N.

(I\il )()te:rhe principle of mathematical induction is a method of proof of a statement.
(i) We often use the finite mathematical induction, hence or otherwise specified the mathematical
induction is the finite mathematical induction.
Some important formulae:
_n(n+1)

1 =——
2n=—

n(n+1)(2n+1)

2 _
2. Zn— 6 ’

2 2
e
4
4. a,(a+d),(a+2d), .. areinap

n" term t, =a+(n-1)d, sumof nterms S, :2[2a+(n—1)d] :g[a+l] ,
a=first term, |=last term.
5. aar,ar’,... isag.p.
Nthterm t = ar™. a=1%term, r=common ratio.

r"—1 —r"
Sum of n terms snza( );r>L :a1r <1
r-1 1-r
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Using mathematical induction prove the following

»_n(n+1)(2n+1)
- 6
Sol:  Let S, bethe given statement
Forn=1 LHS=1

1. 12+2°+3F+....+n

RH.s= X+DE+D) _,
LHS=RH.S
. S, istrue
Assume S istrue
kK(k+1)(2k+1)

T+22+3 +....+k?*=

6
Adding (k+2)™ term on both sidesi.e. (k+1)? on both sides

P+22+F 4. +k2+(k+1)? :W+ (k+1)°

:(k+1){k(2k+l)+6(k+1)}
6
_ (k+D){2k?+ 7k + 6}
6
_(k+D)(k+2)(k+3)
6
_(k+D{(k+D+1}{2(k+D)+1]
- 6
=S, Istrue
- §, istrue
2
2. Provethat 2.3+ 3.4+ 45+ ....Upton tamsw
Sol: 2,34 n terms t =2+(n-Y1l=n+1
3,4,5........... n terms t=3+("n-D1l=n+2
2
2.3+34+45+....... +(N+1)(n+2) =w
Let S, bethe given statement
Forn=1 LHS=23=6
RH.5= 1H6HD g
L.HS=RH.S
~ Sy Istrue
Assume S istrue
2
©23+34+445+4 ... +(k+1)(k+2)=W+(k+z)(k+3)

_ k(k?+6k+11)+3(k*+5k +6)
3
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_ K®+9k*+26k +18
3
1 9 26 18
(k+1){k*+8k +18] k=-1
= 3 0 -1 -8 -18
1 8 18 0
(K+D{(k+1)*+6(k +1)+11]
- 3
=S, istrue
Hence S, istrueforall ne N
1 1 1 1 n
3. —t—+——+....+ =
13 35 57 (2n-)(2n+1) 2n+1
Sol:  Let s, bethegiven statement
Forn=1 L.H.Si:E
13 3
RHS= -1 -1
2+1 3
Assume S istrue
1 1 1 1 k
—t—t+—+...t =
13 35 57 (2k-D(2k+1) 2k+1
Adding (k+2)"termi.e. 1 on both sides
(2k+1)(2k+3)
1 1 1 1 1 Kk 1
. + + = +
1.3 35 57 (2k-1)(2k+1) (2k+D(2k+3) 2k+1 (2k+1)(2k+3)
_ k(2k+3)+1
(2k+1)(2k +3)
_ 2k*+3k+1
(2k+1)(2k +3)
_ k+1
2k +3
=S, istrue

Hence S, istrueforal ne N

4. A +8+12°+.... up ton terms = 16n* (n+1)?

Sol: Let S, bethegiven statements
Forn=1 LH.S=4’=64
R.H.S =16(1)* (1+1)* =64
- LHS=RH.S
Hence S, istrue

Assume S, istrue
A8 +12° 4.+ (4K)*=16K? (k+1)?
Adding {4(k+1)}" on both sides
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Sol:
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B+ & +12°+...+ (4K)* +{4(k+D)} =16K? (k +1)% + 64(k +1)°
#8412+ ...+ {AK+D} =16(k +2)? [K* + 4k + 4]
=16(k +1)? (k +2)?

=S, Istrue
Hence S, istrueforal ne N

a+(a+d) +(@a+2d) +....upto nterms a:g[2a+(n—1)d]

a+(a+d)+(a+ 2d)+....+[a+(n—1)d]:g[2a+(n—1)d]

Let S, bethegiven statement

Forn=1
LHS =a

RH.S =%[2a+(1—1)d]=a

LHS =RH.S
Assume S istrue
a+(a+d)+(a+2d)+.... +a+(k—1)d+(a+kd):g[2a+(k—1)d]+(a+kd)
a+(a+d)+....+a+kd:ak+g(k—1)d+a+ kd
=a(k+1)+d{§(k—1)+k}
:a(k+1)+kd{k_l+2}
=(k7+1j{2a+(kd)}
- S, Istrue
Hence S, istruefor all ne N
at+ar+ar’+..... uptonterms=a(r e (r+1
atar+ar’+..ai=C"D
r-1
Let S, bethegiven statement
Forn=1
LHS=a
RHs=2D_,
(r-1)
~LHS=RH.S
. S, istrue
Assume S istrue
2 - ()
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Sol:

Sol:
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Adding ar® on both sides

a+ar+ar-+...... +ar T +art= I
r_

ajr—1+rkt—rk

a+ar+ar’+..... +ark = { }
r-1
a(rk+l 1)
r-1
Hence S ,, istrue
- §, istrue Vne N
24T +124 . +(5n—3)=@
Let S, bethegiven statement
Forn=1
LHS=2
RH.S= @:2
.~ LHS=RHS forn=1
Hence S, istrue
Assume S, istrue
24 7+12+.... +(5k—3)=&2_1)
_5k*+9k+4  (k+1){5(k+D-1}
2 2

=S, istrue
Hence S, istrue Vne N

(n)

4" —3n-1lisdivisibleby 9

Let S, bethegivenstatementi.e. S, =4"-3n-1

For n=1= S, =4-3-1=0 isdivishleby 9

Assume S, istruei.e. 4‘—3k—Llisdivisibleby 9

S =439 _1=4“4-3k-4
={9m+3k+1}4-3k-4
=36m+12k +4-3k -4
=36m+ 9k =9{4m+k} thisis

Divisible by 9

Hence S ,, isdivisibleby 9

- §, isdivisbleby 9 Vne N
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Sol:

10.

Sol:

11.

Sol:
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Show that 3.5 +2°"*+2°™ jsdivisible by 17
Let S, =35""+2"" bethegiven statement
S, =35 +2'=375+16=391=17x23
Thisisdivisible by 17
Assume S istrue
S, =3.5%"+2%" isdivisibleby 17
Let 3.5 +2%* =17m
3.52k+l — 17m_ 23k+l
S( _ 3 52k+3 + 23k+4
+1 7
— 3.52k+1.2 + 23k+l-23
= 25{17m- 2%} + 2% 8
= 25x17m-17(2*")=17{25m-2*"} isdivisibleby 17
Hence S, istrue
- §, istruefor al ne N

1.0342.34+345+.......... up to n terms = ”(””)(”: A(n+3)
1.2.3+ 2344345+ ...+ n(N+1)(N+2) = ”(””)(”: A(n+3)
Let S, bethegiven statement
Forn=1
LHS=123=6
RH.S= %:6
Assume S, istrue
12342344345+ ... +K(k+1)(k+2)= k(k”)(k: A(k+3
Adding (k + 1) (k + 2) (k + 3) on both sides
2123423443454 . A K(K+D(K+2)+ (k+2)(k+2)(k+3) = k(k”)(k: A(k+3)
S..istrue
Hence S, istrue Vne N
3 3 3 3 3
T 2 A1 +2+3 +.....upton terms :l[Zn2 +9n+13]
1 1+3 1+3+5 24
3 3 3 3 3 3 3 3
L 1+2 T+2 +33+ .............. s 112 43+t :1[2n2+9n+13]
1 143 1+3+5 1+3+5+...+(2n-) 24
Let S, bethegiven statement
Forn=1
3
L.HS =l—=1
1

RH.S= :i[2+9+13] =1
24
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LHS=RH.S
Hence S, istrue

Assume S istrue
3 3 3 3 3 3 3 3
P P+2 P42 +33+“"+1 +22+3 4.tk =£[2k2+9k+13}
1 1+3 1+3+5 1+3+5+....2(k-) 24
3 3 3 3 3 2 2
Ljlez T4e +33+....+M:L[2k2+9k+13]
1 1+3 1+3+5 4k 24

2
Adding (k+42) on both sides

L r+2 +13+23+33 Fot (k+D)° + (k+2)° :L{Zk2 +9Kk+13}+ (k+2),
1 1+3 13+5 4 4 24
PP+ +13+23+33 L (k+2)* k{2k® + 9K +13} + 6(Kk* + 4k + 4)
1 1+3 13+5 4 24
_ 2k?+9Kk+13+6K* + 24k + 24
- 24
_ 2k?+15k* + 37k +24
- 24
k:_jr 15 37 2
0 -2 -13 -24
2 13 24 O
(k+1){(2K* +13k + 24}
- 24
(K+D{2(k* + 2k +1)+9(k +1) +13}
- 24
(k+D{2(k+1)* +9(k +1) +13]
- 24
=S, Istrue
- §, istrue Vne N
P+P+2)+ 1 +2°+3F) +.......... uptonterms = n(n+1i;(n+2)
P+@+2°)+ (P +22+3F) +........ +(P+2°+3F +...n°) = n(n+1i;(n+2)
P+@P+2%)+@+2°+3F) +.ene. _n(n+D@n+1) _n(n+1*(n+2)
6 12

Let S, bethe given statement
Forn=1
LHS=1
1(1+12)*(1+2)
12
Assume S istrue

RH.S=
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k(k+D)(2k+1) _ k(k+1)?*(k+2)
6 B 12

Adding (k+1)" term e, = KFDK +62)(2k+3) on both sides

P+@P+2)+ P +2°+3F) +...+

(k+)(k+2)(2k+3) _k(k+1)?(k+2) , (k+D(k+2)(2k+3)
6 B 12 6

P+@+2)+P+2°+3F) +.t =

_ k(k+D*(k+2)+2(k+D(k+2)(2k +3)

B 12
(K+1)(k+2){k* +k+4k +6}

B 12
(k+1)(k+2){k* +5k +6]

B 12

_(k+D)(k+2)(k+2) (k+3)

B 12

_(k+)(k+2)*(k+3)

B 12

13. Using mathematical induction, provethefollowing statements, for all n € N.

(1+§j+(1+EJ(1+Zj...(1+ 2n :1j =(n+1)?
1 4 9 n

Sol. Let S(n): (1+§j+(1+%)(1+8_"(1+ 2””} — (n+1)? bethe given statement.
n

2

Let n=1

LHS =1+3=4
RHS=(1+1)?%=2°=4
LHS =RH.S.

Therefore, S(1) istrue.

Let us assume that S(k) istrue.

i.e(1+§j+(1+§](1+zj ......... (1+ 2k:1): (k+1)?
1 4 9 k

To prove S(k + 1) istrue.

We know that (k + 1)th factor is:

+2(k+1)+1_{ 2k+3}

! (k+D)? 1+(k+1)2

Consider [1+ §j (1+ E] (1+ Zj ......... (l+ 2K +1j = (k+1)?
1 4 9 k?

2k +3
(k+1)?

Multiplying both sides by (1+
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[1+ §j [1+ Ej (1+ Z] ......... (1+ 2k +1j (1+ 2k+3 j
1 4 9 k2 (k+1)2
2k+3j
(k+1)2
ZBK+DZ+2k+§}
(k+12)?
=k®+1+2k+2k+3
=k?+4k+4
= (k+2)2 =[(k+D+1]
Thus S(k + 1) istrue

=w+32@+

= (k+1)

By the principle of mathematical induction S(n) istruefor al ne N.

If x and y are natural numbersand x # y, using mathematical induction show that
X" —y"isdivisibleby x —y for all n e N.
.Let S(n): x" —y"isdivisibleby x —y bethe given statement.
Putn=1,x'—y'=x-y
x"—y"isdivisibleby x —y
s S(1)istrueforn=1
Putn =k, x—y*=(x —y)p (- pisaninteger)

AXy = (x=y)p (D)
S(k) istruefor n =k
We know that,

XKFE koL 2yl kg ey ki
=x“ x—x y+xky—y*.y
=x“(x=y)+y(x“ -y")
=x*(x=y)+y(x-y)p (- from())
= (x=Y)(X“ +yp)

=(X-Yy)q (. g isaninteger)

Sincepisapolynomia inx andy, soisq.
Hence x*** —y**! is divisible by (x —)
s Sk+1)istrueforn=k+1

By the principle of mathematical induction, S(n) istruefor all ne N.
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15. Show that 49" + 16n — 1 isdivisible by 64 for all positive integersn.
Sol. Let S(n): 49" + 16n — 1 isdivisible by 64 be the statement.
Since 49" + 16.1— 1 = 64 is divisible by 64.
= S(n)istrueforn=1
Assume that the statement S(n) istruefor n=k
i.e. 49"+ 16n -1 isdivisible by 64
Then 49 + 16k —1 =64 M ...(1) (+ M isan integer)
We show that the statement S(n) istrueforn=k + 1
i.e. we show that 49“"* + 16(k+1) — 1 is divisible by 64.
From (1), we have
49+ 16k —1=64 M
49=64M — 16k + 1
49 x 49 = (64 M — 16k + 1) x 49
49" + 16(k + 1) — 1 = (64M — 16k + 1)49 + 16(k + 1) — 1
=64x49M —-49x 16k + 49+ 16k + 16 -1
=64x49M —48 x 16k + 64
=64x49M —64x 12k + 64
= 64(49 M — 12k + 1)
=64 N [ Nisaninteger]
s 8(n)istrueforn=k+1

.. By the principle of mathematical induction, S(n) istruefor al ne N.
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